
Abstract. The allowed intraband optical transitions in a
quantum dot are considered in the context of their applica-
tion in quantum-well IR detectors and unipolar semicon-
ductor lasers. The atom-like quantum dot is described by
using the harmonic oscillator model. An expression is
obtained for the absorption cross section which is independ-
ent of the wavelength and the quantum-dot size. Optical
absorption and amplification are estimated.

1. Introduction
The unipolar optical transitions (transitions of a carrier of a
certain sign between the subbands in a quantum-size struc-
ture) have been used successfully in semiconductor optoelec-
tronic devices, such as quantum-cascade lasers (QCLs) [1]
and quantum-well IR photodetectors (QWIPs) [2, 3]. Along
with the 2-D electron gas structures, new structures contain-
ing the so-called quantum dots can be used for the same
purpose, which offer some advantages [4 ^ 6]. Quantum
dots (boxes) exhibit a discrete energy spectrum, and the
selection rules for optical transitions in them may be modi-
fied depending on the profile of the potential that provides
the 3-D localisation of electrons.

The quantum-dot structures represent a new interesting
medium containing artificial atom-like objects (`quasi-
atoms'). Unlike the real atoms, a profile of the potential
energy in a quantum dot can be optimised for a specific tech-
nical problem. First of all, this concerns the choice of a proper
spectral range.

In addition, a proper choice of a profile of the potential
energy, including the dot geometry, allows one to optimise
in principle the selection rules in order to obtain, for example,
a required anisotropy or isotropy of the optical interaction.
For example, because all the emission outside a single
mode in a laser is isotropic and is therefore lost, the isotropy
of radiative processes is undesirable.

In real atoms, a significant anisotropy is caused by the
stimulated emission, whereas the spontaneous emission
remains isotropic. The oriented anisotropic quantum dots,
as emitting components of the laser medium would have
advantages over real atoms.

As regards practical implementation of quantum-dot
structures, nanotechology offers a variety of methods of epi-
taxial crystallisation and photolithography for the 3-D
confinement of carriers inside a quantum-size object (the
typical radius of such an object is 5 ^ 50 nm). A direct
photo-lithographic method allows one to obtain `quantum
discs' with a lateral (largest) size of about 20 ^ 30 nm. Notice-
able progress was achieved in practice by using the technique
of a `self-assembled' growth of quantum dots during the epi-
taxy of strongly lattice-mismatched materials [4 ^ 6]. For
example, when a small amount of InAs is grown on GaAs,
most of the deposited InAs is located in islands with a vertical
size of a few nanometres and a lateral size of 20 ^100 nm.
Such objects can be also treated as quantum discs or `quan-
tum pyramids' (because their boundaries resemble
crystallographic faces).

Therefore quantum dots with the 3-D confinement of car-
riers represent real objects in experimental physics. It is likely
that quantum-dot lasers on interband (bipolar) transitions
will become real devices in the near future. It is interesting
that such structures exhibit IR emission, which is related
to unipolar transitions in quantum dots [7].

In this paper, the absorption and amplification coeffi-
cients of quantum-dot structures are analysed. These quan-
tities play a very important role in the design of real unipolar
devices, but they have not been discussed adequately in the
literature. In this paper, an expression is obtained for the
absorption cross section, which is independent of the wave-
length. Because a quantum dot was described by the
simplest harmonic oscillator model, the results obtained in
the paper can be used only approximately for the description
of the structures with another profile. We assume that our
qualitative results are quite general.

2. Model of an atom-like quantum dot
The forces acting on an electron or a hole in the region of the
chemical gradient are called sometimes `quasi-electric'. In
the band approximation, the chemical composition gradient
causes the slope and distortion of the band edges. These
deformations can overlap the deformations produced by
real electric fields. Therefore, by varying the composition
of the structure, one can create the potential wells and bar-
riers that confine the motion of carriers.

To obtain an atom-like object, a 3-D potential well should
be created by concentrating the chemical component that
provides the narrower band gap. If the components forming
the type-I heterojunction are mixed, the well is obtained for
carriers of both types. If the components form the type-II het-
erojunction, the well is obtained for carriers of one type. In
the first case, the quantum dot can capture carriers with
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opposite signs, remaining neutral (which is equivalent to the
exciton capture). In the second case, a carrier of one sign can
be readily captured by the dot, whereas to neutralise the bulk,
ions or free carriers are required. For example, by increasing
the local concentration of InAs in the isovalent GaSb ^ InAs
system, a quantum well can be obtained for electrons, but not
for holes. A quantum well for holes can be produced by
decreasing the local concentration of InAs.

The energy levels of the quantum dot are determined by
the depth and profile of the potential well, as well as by the
presence of captured carriers. To simplify the energy spec-
trum, a doped semiconductor can be considered, which
contains, along with quantum dots, comparatively shallow
donor centres. In this case, the bulk neutrality is provided
by ionised donors, and the electrons are captured at deeper
energy levels of quantum dots. If the concentrations of donors
and quantum dots are equal, there are no free carriers in the
medium. Such a medium is located as a layer between highly
doped materials (electrodes) with the conductivity of the
same type.

Because a profile of the potential well is determined by the
variation of composition of the isovalent components, it can
be in principle properly optimised for practical applications.
At present, we are able to provide the required spectral range
of optical transitions, whereas it is not possible to produce a
detailed profile of the potential. The potential profile is
smoothed because of some mixing of the components. The
final profile can be represented as a well, with smooth edges,
for example a parabolic well truncated at the height where the
energy reaches the conduction band edge of the surrounding
uniform medium (Fig. 1a).

The parabolic potential well for quantum dots or discs
was considered, for example, in Ref. [8]. When an electron
is strongly localised in such a well, it behaves like a harmonic
oscillator. We will use this assumption below. The potential
energy profile U�r� in a centrally symmetric well has the form

U�r� � 1
2m
�o 2r 2 , (1)

where m� is the effective mass of the carrier (a conduction
electron or a hole); o is the angular frequency of the tran-
sition between neighbouring levels. The harmonic oscillator

is features equidistant energy levels separated by the distance
�ho. The transitions between these levels are working transi-
tions for unipolar optoelectronic devices considered here.

3. Unipolar quantum-dot optoelectronic devices
When an external electric field is applied to the quantum-dot
structure, the motion of electrons can be accompanied by
intracentre transitions. Consider a simple scheme of a photo-
detector in which a layer (or many layers) of the quantum-
dot material is located between unipolar low-resistance
`electrodes'. Although there is an electric field inside the
layer, the ground-state electrons are quite strongly coupled
with quantum dots and the current is absent in the structure
(or is very weak). If upon irradiation by photons the
electrons transfer to the excited states (including the reso-
nance states), they may leave the quantum dot, resulting in
the appearance of the photocurrent in the structure. It is
important to know the value of absorption, which determines
the efficiency of a quantum-dot photodetector. Note that
such a structure resembles an impurity photoresistor in
which quantum dots play the role of impurities. Unlike a
chemical impurity, the spectrum of the quantum dot can
be `tailored' in accordance with a specified technical
problem.

Because typical energies of the intracentre transitions are
usually small compared with the band gap, the above mech-
anism can be applied first of all to the IR photodetectors. The
use of a wide-band-gap system, such as AlN ^GaNor GaH ^
InN allows one to obtain emission not only in the IR but also
in the visible region [9].

For a unipolar laser, the pumping mechanism is impor-
tant. One can imagine a structure that can also be used as
a photodetector, where electrons can tunnel resonantly
from one electrode to the upper working state of the quantum
dot and, similarly, they can tunnel from the ground state to
another electrode. This will lead to the population of the
upper level and depletion of the lower level, resulting in pop-
ulation inversion.

The use of resonance tunneling in a cascade unipolar laser
with a 2-D electron gas was earlier considered in Ref. [10].
The radiative processes inside a quantum dot can be con-
trolled to some degree by a choice of the potential-well
profile. The emission wavelength is determined by the energy
gap between the working states and can lie in the IR or visible
region. In contrast to the structures based on diagonal tunnel-
ing, in this unipolar structure the vertical (intracentre)
transitions are used.

When an external electric field is applied, the position of
the energy levels in the well changes. The effect of a uniform
field is shown schematically in Fig. 1b. A minimum of the
parabolic well is displaced in the direction of the field by
the distance Dx � qF=(m�o2), where q is an elementary
charge and F is the electric field strength. The bottom of
the well lowers by DE � ÿq 2F 2=(2m�o2). However, the
shape of the parabola does not change and therefore the
position of the local levels relative to the bottom of the
well also does not change until the energy barriers become
insufficient for electron confinement. Thus, unlike the energy
of the interband transition, which exhibits the quadratic red
shift, the resonance energy �ho of the unipolar absorption is in
fact insensitive to the electric field until tunnel ionisation
begins.
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Profile of the potential energy of a quantum dot and positions of the
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4. Probability of optical transitions
Consider optical transitions between the ground and the first
excited state of an electron localised at the quantum dot. The
probability of absorption of a photon with the linear polar-
isation ea per unit time per solid state element dO is [11]

dP � o3Nph

2pc3�h
jeadj2 dO , (2)

where Nph is the photon density; o is the angular optical
frequency; and d is the transition electric dipole moment.
This dipole moment can be calculated, for example, from
the expression

edba � qhbjerjai , (3)

where a and b refer to the wave functions of the initial and
final states; q is an elementary charge; e is the unit polar-
isation vector; and r is the radius vector of an electron. The
wave functions in the quantum system with a centrally sym-
metric field can be expressed in terms of the spherical func-
tions Yi;j(y;f) as

jai � Ra�r�Ylama�y, f� , jbi � Rb�r�Ylbmb�y, f� , (4)

where la, ma, lb, and mb are the quantum numbers deter-
mining the square of the momentum and its projection to an
axis in the initial and final states. When the vector e is
directed along this axis, we obtain [11]

edba � �4p=3�1=2
�
RbRar

3dr
�
Y �lbmbY1;0Ylama dO : (5)

An accurate normalisation of the wave functions for oscil-
lators of different dimensionalities is presented in
Appendix 1.

5. Dipole moment for the harmonic oscillator
The matrix element for oscillators of different dimensional-
ities is calculated in Appendix 2. The square of the matrix
element jd2j of the transition between the ground level and
the first excited level of the harmonic oscillator is described
by the expression

jdj2 � �hq2

2m�o
, (6)

where �ho is the distance between neighboring levels of the
harmonic oscillator (other transitions are forbidden). For
example, assuming m� � 0:06m0 and �ho=0.13 eV, we
obtain jdj*q � 1:15 nm. For comparison, note that the
dipole moment for the 0.129 eV intersubband transition
(10 mm IR region) in a 2-D electron gas in a rectangular
InGsAs quantum well was found to be q � �2:34� 0:1nm)
for a 10 nm thick layer [12]. Note that, because jd2j increases
proportionally to the number of the lower level involved in
the transition, the higher the working levels in the energy
spectrum of the harmonic oscillator rate, the higher the rate
of optical transitions between these levels. The calculation
performed for the 2-D well of width L with infinite barriers
shows that the dipole moment of transition between the
ground and the first excited level is 0:18qL [13].

6. Optical absorption in a quantum-dot medium
The absorption coefficient a related to the optical transitions
considered above can be calculated from the expression

(pp 137 ^139, Ref. [14])

a � �N0 ÿN1�jdj2�hog�n�
2�h2cne0

, (7)

where N0 and N1 are concentrations of quantum dots in the
ground and the first excited state; g�v� is the shape function
of the spectral band; e0 is the permittivity of vacuum; and n is
the refractive index of the medium. It is assumed that the
width of the absorption spectrum is determined primarily by
a simple Lorentzian broadening. In this case, the absorption
coefficient at the band centre is obtained by substituting
gmax � 4�h=DE instead of g(n), where DE is the full width
of the shape function of the spectral band at half maximum.
In reality, the broadening of the spectrum of quantum dots is
caused by the scatter in their size. In this case, the shape of
the absorption band is Gaussian, and the absorption coef-
ficient at the center of the band is obtained by the sub-
stitution gmax � 4�h�p ln 2�1=2=DE. The general expression
for the maximum absorption at the center of the spectral
band has the form

amax �
2goN jdj2
DEcne0

, (8)

where g � 1 for the Lorentzian line shape and g � 1:476 for
the Gaussian line shape. The effective absorption cross sec-
tion is defined as s � da=dN, where N is the concentration
of absorbing centres. Near equilibrium, the relation N �
N0 4N1 is valid, and we have

smax �
2gojdj2
DEcne0

� gq2�h
DEm�cne0

, (9)

and in the numerical form (in cm2),

smax � 7� 10ÿ17
g

n�m�=m0�DE
, (10)

where DE is expressed in electron volts. This expression is
universal in that it does not depend explicitly on the emission
wavelength and the quantum-dot size. The influence of the
medium is introduced via the material parameters n, m�,
and DE. For g � 1:476, n � 3:3 and m� � 0:06m0 (typical
values for the InAs ^GaAs structures), smax lies in the inter-
val from � 5� 10ÿ14 to 5� 10ÿ15 cm2, if DE changes from
0.01 to 0.1 eV (see table 1).

Let us compare our results with the scarce data on IR
absorption that can be attributed to absorption by quantum
dots. In Ref. [15], the absorption was observed in the
region between 13 and 15 mm for a periodic structure
(superlattice) with 20 periods containing quantum dots of
InGaAs/GaAs. The microphotographs presented in this
paper show that the 2-D density of the quantum dots equals
(5 ÿ 8)� 1010 cmÿ2. The width of the IR absorption band
was 11 meV, and absorption was estimated as a few percent
for the normal incidence of light. According to our estimate,
the absorption cross section is s � 4:7� 10ÿ14 cm2, which
means that for the bulk density of quantum dots of about
� 2:4�1016 cmÿ3 the expected absorption coefficient is
� 1130 cmÿ1. For a structure 680 nm in thickness, the
absorbed fraction of the light flux amounts to 7.6%, in satis-
factory agreement with the experiment. When absorption is
detected by using multipass geometry, the measured absorp-
tion becomes greater [15].

The photoinduced absorption by quantum dots in the IR
region was observed in Ref. [16]. The structure contained 30
layers with InAs quantum dots separated by the 50 nm thick
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GaAs barriers. The 2-D density of quantum dots was 1010 to
1011 cmÿ2. The working levels in the undoped structure were
populated by illuminating a sample by light at the frequency
within the interband absorption band. For this reason, both
electrons and holes could both produce absorption bands.
However, the relative variation of absorption induced by illu-
mination was about 10ÿ4 at wavelength of 6.5 mm. Since the
concentration of the populated quantum dots and back-
ground absorption are not known, we can say only that
the observed effect does not exceed the expected attenuation
of the light flux, which is about 1.5% for N � 2� 1016 cmÿ3.

To obtain the equilibrium absorption at a level of 1000
cmÿ1, the bulk concentration of quantum dots should be
2� 1016 cmÿ3. The same concentration of shallow donors
is required to populate the ground state by electrons. Quan-
tum dots are usually located in the growth plane. For the
typical 2-D density �1011 cmÿ2 of self-assembled quantum
dots of the bulk concentration of� 2� 1016 cmÿ3 is achieved
when the distance between the planes is 50 nm. It seems that
the production of quantum dots at higher densities will pose
significant technological problems. To enhance absorption,
the width of the spectrum should be proportionally reduced.
This can be achieved by producing quantum dots with a nar-
rower size distribution.

7. Optical amplification in a quantum-dot
medium
To calculate the gain, one should know the rates of non-
radiative relaxation of the excited state. It is known that
the nonradiative lifetime in unipolar lasers on the 2-D elec-
tron gas is much shorter than the radiative lifetime. For this
reason, the threshold current required to obtain the popula-
tion inversion is higher than that for usual `bipolar' lasers.
However, the short lifetime of the excited state provides very
fast response of unipolar optoelectronic devices (sources,
modulators, and photodetectors).

Quantum dots can have advantages over 2-D structures
because the nonradiative relaxation in them proceeds slower
than in the 2-D structures. To achieve a material gain of 1000
cmÿ1 in the medium described in Section 6, a total population
inversion is required.

The case of an incomplete inversion is more real. For
example, if the upper states are 60% populated, a material
gain of about 200 cmÿ1 can readily be achieved. Because uni-
polar lasers can be easily manufactured in the form of dense
multicascade structures, such a gain proves to be sufficient

for obtaining a mode gain of 20 ^ 50 cmÿ1, which is sufficient
in turn for lasing.

If the active medium is formed by packets containing
three planes each with the quantum-dot density of 1011

cmÿ2 and the relaxation time of the upper working level is
10 ps, the relaxation component of the threshold current esti-
mated as 3 kA/cm2 will be quite acceptable. If the device
design ensures the exclusion of various leakage currents,
this value will correspond to the lasing threshold.

So long as the distance between the working levels is much
greater than the thermal energy, the threshold current will
weakly depend on the temperature. For this reason, for wave-
lengths shorter than 5 mm the lasing threshold will be almost
the same at low temperatures and at room temperature (the
temperature dependence of the lasing threshold will be deter-
mined mainly by the temperature enhancement of absorption
by free carriers). It is obvious that to optimise the quantum-
dot structure in more detail, a more detailed knowledge of
parameters of the medium and processes governing the oper-
ating regime is required.

8. Discussion and conclusions
The above analysis demonstrated the possibility of applica-
tion of quantum-dot structures in unipolar optoelectronic
devices such as photodetectors and lasers. Taking into
account the use possibility of using wide-band-gap nitride
semiconductors, the spectral range of these devices will
cover the visible and mid-IR range. We considered the struc-
tures in which vertical intracentre optical transitions were
used. This operating mechanism suggests that spectral
parameters are stable and the output emission can be
tuned in a narrower range than in unipolar devices based
on diagonal transitions. It seems that threshold parameters
can be improved by reducing the spectral bandwidth caused
by the scatter in the quantum-dot sizes. In addition, the
structure should be optimised in detail to increase the pump-
ing efficiency (spurious currents through the structure should
be eliminated) and the mode gain (maximum optical confine-
ment factor), and to reduce reabsorption by free carriers and
defects.

Quantum dots offer the following advantages.
(1) Because the energy spectrum of a quantum dot is dis-

crete, thermal broadening of the population distribution does
not play a significant role. For this reason, the thermal level-
ing of population, which causes an increase with temperature
in the threshold current in semiconductors is excluded; how-
ever, the advantages of injection pumping in semiconductors
are retained (low voltage and high efficiency). The laser
becomes less sensitive to the ambient temperature, its own
overheating, and other temperature variations than other
semiconductor lasers.

(2) For the same reason, i.e., because its energy spectrum
is discrete, the quantum-dot laser is insensitive to the non-
parabolicity of the dispersion of carriers in semiconductors.
In other words, the nonparabolicity is no longer a factor of
the spectral broadening.

(3) It appears that the nonradiative relaxation of the
excited state of a quantum dot proceeds more slowly than
in the 2-D electron gas (excluding the resonance relaxation
involving optical phonons). For this reason, the quantum-
dot unipolar laser should have a lower threshold than the
2-D quantum-well laser under the same conditions. The the-
oretical analysis [17] showed that the advantage of the

Table 1. The absorption cross section and absorption coefficient calcu-
lated at the centre of the absorption band for linearly polarised emission
in the quantum-dot medium.

DE
�
eV InAs ±GaAs InGaN±AlN

s/10 ÿ14 cm2 a/cmÿ1 s/10 ÿ14 cm2 a/cmÿ1

0.01 5.217 5217 2.174 2175

0.05 1.043 1043 0.4349 435

0.1 0.522 522 0.217 217

0.2 0.261 261 0.109 109

Note: the bulk density of quantum dots is 1017 cmÿ3, n � 3:3; m� �
0:06m0 (for InAs ^GaAs), n � 2:5;m� � 0:19m0 (for InGaN ^AlN). The
result of calculations does not depend on the wavelength at the centre of
the absorption band.
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quantum-dot laser in the excited-state relaxation rate could
amount to a few orders of magnitude.

(4) The quantum-dot structures offer new principal pos-
sibilities for controlling characteristics of emitting objectsö
`quasi-atoms'. This concerns the spectral parameters and the
directionality and polarisation of emission. One can control
the selection rules for the radiative transitions by specifying
correctly a profile and geometry of the 3-D potential well.
Although at present such a new degree of freedom represents
a challenge to modern nanotechnology, the quantum-dot
devices already exist which have advantages over the 2-D
quantum-well devices related to the selection rules. These
are photodetectors for normally incident radiation. Because
of the specific selection rules, modern 2-D QWIPs are insen-
sitive to such radiation, whereas quantum-dot structures can
detect the normally incident radiation.

We derived the universal (not containing the wavelength)
expression (9) for the absorption cross section for intracentre
transitions in quantum dots with a parabolic potential well.
This expression can be used in the design of unipolar devices
operating at various wavelengths in the IR and visible ranges.
It is obvious that unipolar quantum-dot optoelectronic devi-
ces offer a new approach to the solution of many practical
problems (the sensitive detection in the IR region, generation
of coherent radiation at various wavelengths in a broad spec-
tral range, optical data processing, and ultra-high-speed
optical modulation and switching).

Acknowledgements.The author thanks K Malloy (University
of New Mexico) for useful discussions and G A Smolyakov
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Appendix 1.
The wave functions of the harmonic oscillator
The wave functions of the ground (1s) and the first excited
(1p) states are expressed as products of the radial and angu-
lar wave functions:

c00 � A00 exp
�
ÿ r2

2a2

�
, (A1.1)

c01 � A01r exp
�ÿr2
2a2

�
cos y , (A1.2)

where r is the radial displacement of a particle from the
centre; a � ��h=m�o2�1=2 is the characteristic size of the
potential well; A00 and A01 are normalized coefficients; m�

is a mass of the particle; and o is the angular frequency of
the oscillator of the corresponding transition. In the 1-D
oscillator, the radius r should be replaced by the coordinate
x, and the angular function cosy should be replaced by unity.
The normalisation equation�1

ÿ1
c2dx � 1 , (A1.3)

yields the expressions A00 � pÿ1=4aÿ1=2 and A01 � 21=2pÿ1=4

�aÿ3=2. Similarly, for the 2-D oscillator, we have the normal-
isation equation�2p

0

�1
0
c2rdrdy � 1 , (A1.4)

which gives A00 � pÿ1=2aÿ1 and A01 �
���
2
p

pÿ1=2aÿ2. For the

3-D oscillator, we have�2p
0

�p
0

�1
0
c2r2 sin ydrdydj � 1 , (A1.5)

and

A00 � pÿ3=4aÿ3=2 , A01 �
���
2
p

pÿ3=4aÿ5=2 .

Appendix 2
Matrix element of the electric dipole moment for the
1sÿ 1p transition
The operator of interaction of linearly polarised light (the
polarisation is described by the unit vector e directed along
the electric field of the wave) with the electric dipole d of the
harmonic oscillator is a projection of the dipole moment on
the direction of the electric vector of the wave. The matrix
element of this dipole moment for the 1sÿ 1p transition is

ed � qh01jerj00i, (A2.1)

where q is the elementary charge. The dipole transition is
allowed because the angular quantum number l changes by
unity, whereas the radial (n) and magnetic (m) quantum
numbers do not change. Calculations gave the following
results.

For the 1-D oscillator, the directions of e and d were
assumed coincident, and the matrix element is

M1D � q
�1
ÿ1

c01xc00dx

� qA00A01

�1
ÿ1

x exp�ÿx2=a2�dx � qa=21=2 : (A2.2)

This agrees with the results in Ref. [11],

h jÿ 1jxj ji � � j=2�1=2a , (A2.3)

where j � 2n� l is the principal quantum number in the
initial state. For j � 1, expressions (A2.2) and (A2.3) give
the same result. One can see that the matrix element
increases proportionally to j1=2, so that the transitions
between neighboring excited levels will have a higher prob-
ability (proportionally to the number of j of the lower
working level) than the transition from the ground state. In
the general case, the matrix element depends on the angle b
between e and d as cos b. For the 2-D oscillator, we have

M2D � q
�2p
0

�1
0
c01r cos yc00rdrdy � qa=21=2 , (A2.4)

and for a 3-D oscillator we have

M3D � q
�2p
0

�p
0

�1
0
c01r cos yc00r

2dr sin ydydj

� qA00A01

�2p
0

�p
0

�1
0
r4 exp�ÿr2=a2�dr�cos y�2 sin ydydj

� 1���
2
p qa . (A2.5)

One can see that the form of the matrix element is the same
for harmonic oscillators of different dimensionalities.
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