
Abstract. The method for phase matching of successive
high-order harmonic generation in gas-filled hollow fibres
is proposed. Successive harmonic generation allows the
energy of optical harmonics to be increased as compared
with the direct harmonic-generation process. With an
appropriate choice of the type and the pressure of the gas
filling the fibre, parameters of the fibre, wavelength of pump
radiation, and waveguide modes, the phase-matching con-
ditions can be simultaneously satisfied for all the steps of
successive nonlinear optical high-order harmonic genera-
tion. Under these conditions, a gas-filled hollow fibre may
serve as an efficient two-colour source of coherent short-
wavelength radiation.

1. Introduction
The fact that successive processes may play an important
role in nonlinear optical frequency conversion is known
from classical works on nonlinear optics [1]. Currently,
much attention is focused on the possibility of using sequen-
tial three-wave mixing in media with quadratic nonlinearities
in the presence of a common pump field for the enhancement
of the efficiency of quasi-phase-matched frequency conver-
sion [2 ^ 5].

In this paper, we will demonstrate that the idea of simul-
taneously phase matching two or more nonlinear optical
processes in order to enhance the efficiency of frequency con-
version and simultaneously to generate several new frequency
components of optical radiation offers much promise not
only for three-wave mixing, but also for higher order nonlin-
ear processes. In particular it is of special interest to extend
this approach to high-order harmonic generation in gas-filled
hollow fibres.

The possibility of increasing the length of nonlinear opti-
cal interactions in gas media by using hollow dielectric
waveguides was demonstrated by Miles et al. [6]. Important
theoretical aspects of four-wave mixing in gas-filled hollow
fibres were analysed in Ref. [7]. Nisoli et al. [8, 9] have opened
a new phase in the nonlinear optics of hollow fibres by dem-
onstrating that such fibres allow the efficient spectral
broadening of ultrashort laser pulses to be achieved by
self-phase modulation. This effect allowed extremely short
pulses to be produced. Currently, hollow fibres are widely

used for both efficient generation of short-wavelength radia-
tion [10 ^13] and the formation of ultrashort pulses [9, 14].

2. Basic relations
Suppose that the fields of the fundamental (pump) wave and
the qth harmonic propagating in a gas-filled hollow fibre
along the z axis can be represented as

E1 � 1
2 f

n
1 � q�An�t; z� exp�ÿi�otÿKn

1 z�� � c:c: , (1)
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q � q�Bm
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q z�� � c:c: , (2)

where o is the frequency of fundamental radiation; q is the
harmonic order; f n1 ( q) and f m1 ( q) are the transverse field
distributions in fundamental radiation and the qth harmonic
corresponding to the EH1n and EH1m modes of the hollow
waveguide, respectively; Kn

1 and Km
q are the propagation

constants of the pump and harmonic beams corresponding
to the eigenmodes of the hollow fibre; An( t, z � and Bm

q ( t, z �
are the slowly varying envelopes of the pump and harmonic
pulses, respectively.

Provided that the inequalities
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are satisfied, where a is the inner radius of the hollow fibre
and n1(oi ) is the refractive index of the gas filling the fibre
at the frequency oi � io, i � 1, 3, q, we can employ approx-
imate analytical solutions for the transverse distribution of
the electric field and propagation constants of light beams in
a hollow fibre. In particular, for EH1m modes of a hollow
fibre, we can write [15]

fi
m� q� � J0

�
umr
a

�
(5)

where J0(x ) is the zeroth-order Bessel function and um is the
eigenvalue of the EH1m mode. The propagation constants
are given by

Km � oin1�oi�
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where
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e2�oi� � n 2
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�
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for EH modes and e2(oi) is the dielectric constant of the
fibre cladding at the frequency oi.
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We will consider successive generation of the qth har-
monic

o3 � o� o� o, oq � �q ÿ 3l�o� lo3 , (7)

where l is an integer. The field with the frequency oq is
generated in two steps in process (7). In the first step, the
third harmonic is generated, whereas the second step
involves the qth-harmonic generation through the nonlinear-
ity of the (q ÿ 2l)th order.

In our analysis we will ignore pump depletion and assume
that the transverse distribution of the pump intensity corre-
sponds to the EH1n waveguide mode. Then the expression
for the amplitude of the EH1m mode of the third harmonic
is written as

qBm
3

qz
� ibnm3 �An

1 � exp�ÿiDknm3 z� , (8)

where Dknm3 � Km
3 ÿ 3Kn

1 is the phase mismatch that
includes the waveguide dispersion and
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is the nonlinear coefficient responsible for third-harmonic
generation. This coefficient depends on the amplitude of
the pump field via the amplitude P NL

3 of the nonlinear polar-
isation of the medium and includes the transverse
distributions of the third-harmonic and pump fields in the
relevant waveguide modes.

If the transverse intensity distribution in the third har-
monic corresponds to the EH1m waveguide mode, then the
equation for the amplitude of the qth harmonic produced
through the successive process (7) in the EH1h waveguide
mode can be represented as

qBh
q
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� KqB
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�
�
X
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(10)

Here 2Kq is the absorption coefficient at the frequency of the
qth harmonic; Dknhq � Kh

q ÿ qK n
1 is the phase mismatch for

the direct process of qth-harmonic generation; Dknmhql �
Kh
q ÿ (q ÿ 3l )Kn

1 ÿ lKm
3 � Dknhq ÿ lDknm3 is the phase mis-

match for the step process of qth-harmonic generation
involving l quanta of the third harmonic;
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is the nonlinear coefficient responsible for the direct process
of qth-harmonic generation, which depends on the pump
amplitude via the amplitude P NL

q of the relevant nonlinear
polarisation; and
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is the nonlinear coefficient responsible for qth-harmonic gen-
eration through the step process (7), which depends on the
pump and third-harmonic amplitudes via the amplitude P NL

ql

of the relevant nonlinear polarisation.

3. Results and discussion

As can be seen from expressions (10) ^ (12), the efficiency of
successive qth-harmonic generation through the step process
(7) depends not only on the pump field amplitude An, but
also on the amplitude Bm

3 of the third harmonic. If third-
harmonic generation is phase matched, then the amplitude
Bm

3 increases as a function of z, opening up an additional
channel of energy transfer to the qth harmonic. This circum-
stance allows the intensity of a high-order harmonic
produced through a phase matched step process (7) to be
increased as compared with the intensity of the same har-
monic produced through a direct process.

Fig. 1 displays the effective refractive index nef �
Km
q c=oöcalculated for the EH11, EH12, EH13, and EH14

modes of a hollow fibre with the inner diameter a � 85 mm
filled with helium at the pressure p � 0:018 atmöas a func-
tion of the wavelength. In these calculations, we employed the
data on the frequency dependences of the absorption coeffi-
cient and the refractive index of helium taken from Refs [16 ^
19]. As can be seen from the results of calculations presented
in Fig. 1, the effective refractive index Km

i c=oi for the EH11
mode of radiation with the wavelength l0 � 252:9 nm is
equal to the effective refractive index of the third harmonic
of this radiation at the wavelength l0=3 � 84:3 nm for the
EH13 mode. Both of these refractive indices are equal to
unity, which implies that any step process of harmonic gen-
eration of a sufficiently high order is asymptotically phase
matched, because the effective refractive indices for high-
order harmonics are also close to unity (see Fig. 1).

Fig. 2 presents the phase mismatches calculated for the
direct process of 13th-harmonic generation, step process
(7) of 13th-harmonic generation involving third-harmonic
generation, and third-harmonic generation, as well as the
absorption coefficient for the 13th harmonic as functions
of the pressure p of helium filling a hollow fibre with the inner
radius a � 75 mm for the wavelength of pump radiation equal
to 0.24 mm and the mode indices n � 1, m � 3, and h � 1. As
can be seen from the results of these calculations, direct and
successive 13th-harmonic generation and third-harmonic
generation in the EH13 waveguide mode can be simultane-
ously phase-matched at the helium pressure p � 0:017 atm.
Under these conditions a gas-filled hollow fibre may serve
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Figure 1. Effective refractive index nef � Km
q c=o for ( 1 ) the EH11, ( 2 )

EH12, ( 3 ) EH13, and ( 4 ) EH14 modes of a hollow fibre with an inner dia-
meter a � 85 mm filled with helium at the pressure p � 0:018 atm calcula-
ted as a function of the radiation wavelength.
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as a source of coherent radiation generating short-wavelength
light at two frequencies simultaneously.

The results of calculations presented in Fig. 2 also show
that absorption effects play an important role in high-order
harmonic generation in hollow fibres (curve 4 in Fig. 2).
Absorption at the frequency of the third harmonic is much
less important, which allows the efficiency of high-order har-
monic generation to be improved through the use of step
processes due to the energy transferred from the third har-
monic. The amplitude of the third harmonic continues to
grow as a function of the propagation coordinate when the
direct process of high-order harmonic generation saturates
due to absorption effects [20].

The physics of successive high-order harmonic generation
in gas-filled hollow fibres involves several substantially new
aspects as compared with nonlinear optical processes in
quasi-phase-matched structures.While frequency conversion
in quasi-phase matched crystals employs second-order non-
linearities [21, 22], allowing, as mentioned above, quasi-
phase-matched three-wave mixing to be implemented [2 ^
5], gases filling hollow fibres possess only odd-order nonli-
nearities. However, since the thresholds of optical
breakdown of gases filling hollow fibres are typically much
higher than the thresholds of optical breakdown in solids,
laser intensities that can be coupled into a gas-filled fibre
are typically much higher than the intensities that can be
coupled into quasi-phase-matched structures.Therefore, non-
linearities of very high orders can be involved in step
processes in gas-filled hollow fibres, allowing radiation
with very short wavelengths to be produced.

We should note also that the use of a gas filling a hollow
fibre as a nonlinear optical medium allows the broadening of
short laser pulses due to group-velocity dispersion to be
avoided in nonlinear optical processes [23, 24]. Finally, keep-
ing in mind high efficiencies of second-harmonic generation
and parametric wave mixing attainable in quasi-phase-
matched structures [21, 22], it would be of interest also to
extend the method of phase matching proposed in this paper
to nonlinear optical interactions in quasi-phase-matched
waveguides.

4. Conclusions

Thus, theoretical analysis performed in this paper demon-
strates that successive nonlinear optical interactions open up
new ways of improving the efficiency of high-order harmonic
generation in gas-filled hollow fibres and controlling such
processes. Analysis of propagation effects in nonlinear opti-
cal interactions in gas-filled hollow fibres shows that
successive harmonic generation allows the energy of har-
monic radiation to be increased as compared with
harmonic radiation generated through a direct process.

With an appropriate choice of the sort and the pressure of
the gas filling the fibre, parameters of the fibre, the wave-
length of pump radiation, and the waveguide modes
involved in the interaction, phase-matching conditions can
be simultaneously satisfied for each of the steps of successive
high-order harmonic generation. Under these conditions, a
gas-filled hollow fibre may serve as an efficient two-colour
source of coherent short-wavelength radiation.
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Figure 2. Phase mismatches for ( 1 ) direct process of 13th-harmonic gene-
ration (Dknhq ), ( 2 ) step process of 13th-harmonic generation involving
third-harmonic generation with l � 1 (Dknmhql ) and, ( 3 ) third-harmonic
generation (Dknm3 ) and ( 4 ) absorption coefficient for the 13th harmonic
calculated as functions of the pressure of helium filling a hollow fibre
with an inner radius a � 75 mm. The wavelength of pump radiation is
0.24 mm, and the mode indices are n � 1, m � 33, and h � 1.

Successive high-order harmonic generation in hollow fibres 353

http://www.turpion.org/info/lnkpdf?tur_a=qe&tur_y=1998&tur_v=28&tur_n=11&tur_c=1377


20. Koroteev N I, Naumov A N, Zheltikov A M Laser Phys. 4 1160
(1994)

21. Fejer M M, Magel G A, Jundt D H, Byer R L IEEE J. Quantum
Electron. 28 2631 (1992)

22. Byer R L J. Nonlinear Opt. Phys. Mater. 6 549 (1997)
23. Koroteev N I, Zheltikov A M Appl. Phys. B 67 53 (1998)
24. Zheltikov A M, Koroteev N I, Naumov A N Zh. Eksp. Teor. Fiz.

115 1561 (1999) [JETP 88 857 (1999)]

354 A M Zheltikov, A N Naumov


	f1f2

