
Abstract. It is shown that the resonant enhancements of the
optical Kerr effect and the optical Stark effect of the same
order are caused by the same change in the state of an
atomic system. The analysis of the known experimental
data demonstrates the identity of their influence on non-
linear optical processes. It is shown that a separate analysis
of the influence of Stark shift and resonantly enhanced Kerr
nonlinearities leads to incorrect results.

Among the main factors governing the interaction of optical
radiation with atomic media are optical Kerr and Stark
effects. These effects are commonly described by the pertur-
bation theory, where the unperturbed atomic spectrum is
taken as an initial basis and the action of the field is reduced
to small corrections to the unperturbed energies of bound
states [1 ^ 4]. In this case, one can expand the Stark shift of a
level in a power series in the field, and the expansion coef-
ficients represent susceptibilities of different orders [5]. In
particular, the proportionality factor of the second-order
shift of the ground level represents the linear polarisability
of an atom, and the factor corresponding to the fourth-order
shift represents a third-order Kerr nonlinearity. Note that the
quadratic (electronic) Kerr effect is described by the third-
order Kerr nonlinearities. Thus, these two effects are related
to one another.

However, there exists a deeper interrelation, which is
caused by a common nature of the Stark shift and the reso-
nance parts of optical nonlinearities, in particular, Kerr
nonlinearites. Nevertheless, in some papers, these two factors
are treated to be independent, and the competition between
these factors and cancelling out the effects caused by each
of them is analysed (see, e.g., Ref. [6] and the references cited
therein, and Refs [7, 8]). In this paper, we show that the opti-
cal Stark shift of levels of atomic states and their contribution
to the Kerr nonlinearity of the same order are caused by the
same change in the state of an atomic system, and we analyse
the influence of these effects on the frequency conversion of
laser radiation in gas media.

The response of an atomic system to the resonance inter-
action with the optical radiation e1 � fE1 exp�i�ot ÿk1z)]
+ c.c.}/2 can be described by the sum of resonance and non-
resonance parts of polarisation [4 ^ 6]. The resonance part of

polarisation is proportional to the element of the density
matrix for the resonance transition sn1. One can describe
the evolution of sn1 using the generalised two-level system
[4, 5]:
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where Z is the difference of populations for the resonance
transition; Z0 ^ is the equilibrium difference of populations;
T1 and T2 are the longitudinal and the transverse relaxation
times; d � on1 ÿ no is the frequency detuning from the res-
onance; the form of the perturbation Vn is determined by the
resonance order n; and similarly, the parameter On of the
Stark shift is determined by the order n of the approximation
being used. In the third-order of the averaging method,
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where w�1�i (o;o) is the linear susceptibility of an atom in the
state jii; qn is the composite matrix element whose form is
determined by the resonance order (q1 �m12; q2 � �hÿ1�P 0 m1imi3(o

r
i1 ÿ o)ÿ1 etc. and or

ij � oij ÿ i=Tij; mij and oij

are the dipole matrix element and the frequency of the tran-
sition between the states jii and jji). The prime means that
the resonance term is neglected. The solutions of (1) in the
stationary case and in the adiabatic-following limit have the
form (see, e.g., [6])
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The expressions for linear susceptibilities and the nonlinear-
ities describing optical Kerr effect can be using methods of
perturbation theory (see, e.g., [2 ^ 5, 9]):
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Because of the presence of secular terms in the derivation
of (5), one should solve equations of form (1).This leads to the
difference of (6) from the expressions obtained in the phe-
nomenological way, this difference consisting in the appe-
arance of the last term in the right-hand side of (6). From
the analysis of (5), it follows that the Stark shift and the cor-
responding part of the Kerr nonlinearity are described by the
same change in sn1. One can also see this by expanding (2)
and (3) in a power series with accounting for (4) ^ (6) for a
small shift On5 d and a considerable detuning from reso-
nance d4 1=T2.

In the case of one-photon resonance, the first term of the
expansion describes the resonance contribution to the linear
susceptibility and the contribution made to the third-order
Kerr nonlinearity, which is inversely proportional to the fre-
quency detuning (higher-order terms in the averaging
method describe the contribution to higher-order Kerr non-
linearities, which is also inversely proportional to frequency
detuning). The second term of the expansion describes the
contribution to the third- and fifth-order Kerr nonlinearities,
which is inversely proportional to the square of frequency
detuning. In this case, the shift of the excited and ground
states corresponds to the contribution to the second and third
terms of sum (6), respectively.One can similarly describe con-
tributions to Kerr nonlinearities in the case of higher-order
resonance.

Thus, in the case where it is required to take into account
the Stark shift, one should exclude from the analysis the res-
onance contribution of the corresponding terms in all types of
nonlinearities of different orders (both the nonlinearities
describing the self-action of radiation and the nonlinearities
determining the action of radiation fields on one another, for
example, the nonlinearities of the form w �3�(oi;oi;o;ÿo);
w �5�(3o;o;o;o;o;ÿo) etc.).

Ignoring this fact may lead to incorrect results. In partic-
ular, in Ref. [8], the authors experimentally and theoretically
studied the generation of the third harmonic of a Nd : YLF
laser in xenon near the three-photon resonance under condi-
tions of strong focusing to the centre of the medium (the
length of the medium L was much greater than the confocal
parameter b). In this region, the medium has a positive dis-
persion and, as follows from the analysis, the harmonic
should be absent because of the phase shift caused by focus-
ing [6]. However, the third harmonic was experimentally
observed, and its power dependence on the fundamental-radi-
ation intensity was of an enormously high order. The analysis
of the influence of optical Stark effect showed [8] that this
effect, under the given experimental conditions, increased
the frequency detuning from resonance, with the sign of dis-
persion being unchanged, and decreased the effective
nonlinearity. From these facts, the conclusion was made
that the optical Stark effect was not responsible for the fre-
quency conversion and that the harmonic generation was
caused by the fifth-order nonlinearity. Using expressions

from Refs [10, 11] for the third-harmonic generation in
focused beams on the basis of the fifth-order nonlinearity
and the phenomenological description of the resonantly
enhanced influence of the Kerr nonlinearity, an agreement
was obtained between the experimental and the theoretical
dependences of the harmonic signal on the xenon pressure.
However, the calculation [10, 11] of the ratio between har-
monic signals obtained at the optimum pressure under dif-
ferent focusing conditions gives the values that differ from
the experimentally obtained ratio by a factor of more than
300. Thus, the analysis presented in Ref. [8] failed to describe
the experiment, and the harmonic generation mechanisms
remained unexplained.

Similarly to Ref. [12], we obtain the following expression
for the amplitude of the third harmonic of the lowest mode of
a Gaussian beam of fundamental radiation (E1(x; r) �
E10 expfÿk1r 2=�b(1 � ix)�g=(1� ix), where x � 2(zÿ f )=b;
E10 is the maximum beam amplitude at the waist; f is the
beam waist position; z and r are the longitudinal and the
transverse coordinates) under the conditions of three-photon
resonance in the adiabatic-following limit:
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where k � bu3g=2; e � (dT2�ÿ1;Z(x; r) � �(1� Od)
2�

vjE1j6�1=2; a � bDk 0=2; u1 � q3Z0=(8�hd); u3 � m41Z0(2�hd)ÿ1;
v�4u21; Od �
O2=d � Op=jE1j2; g � 4po2

3m14N=�k30�;Dk 0 � 3k1 ÿ k30 is the
frequency detuning; o2 and k3 are the frequency and the wave
number of harmonic radiation; and N is the density of a
medium. Expression (7) is given within a constant phase factor.

The analysis of (7) shows that efficient third-harmonic
generation in media with positive dispersion under condition
of strong focusing of laser radiation is possible and can be
caused by the influence of both the optical Stark effect
and saturation. The latter is similar to the results of
Ref. [12], where the third-harmonic generation under two-
photon resonance conditions was analysed. The harmonic
generation is caused by a change in conversion conditions
up- and downstream the beam waist, which violates the con-
ditions of complete radiation transfer from the harmonic
generated upstream from the beam waist to the fundamental
radiation downstream from the waist.

Fig. 1 presents the dependence of the harmonic intensity
on the fundamental-radiation intensity for k � 1, Op �
10ÿ12 cm2 Wÿ1, a � 0, and e � 0. At low fundamental-radi-
ation intensities, the harmonic signal is caused by an
inexact fulfilment of tight-focusing conditions (in the calcu-
lations, L=b � 40). As the pump intensity is increased, the
harmonic intensity sharply increases, and the dependence
becomes close to the fifth-order power dependence. As the
pump intensity is increased further, the harmonic intensity
saturates. In the experiments, the power dependence of the
harmonic signal with a power of 4.2 was observed [8].

The optimum pressures obtained from expression (7) for
three lenses with different focal distances for the parameters
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close to the experimental parameters used in Ref. [8] are in
the ratio 0.5:1:1.2, and the corresponding experimental values
were in the ratio 0.8:1:1.1. (Note that the change in the opti-
mum pressure is also caused by the resonance absorption of
the harmonic signal.) In this case, the harmonic signals
should be in the ratio 0.15:1:0.72, whereas the corresponding
experimental values were approximately in the ratio 0.125:
:1:0.73. Thus, we obtained a good agreement with the experi-
ment, which suggests that the harmonic generation in this
case is determined by the optical Stark effect.

Far from resonance, the violation of conditions for com-
pensation and harmonic generation under tight-focusing
conditions can be described in terms of Kerr nonlinearities
[13 ^16]. The dashed line 2 in the figure shows the dependence
calculated by the method [16] for a � ÿ1 and l � �ÿ10ÿ12
W cmÿ2)/I10. (The parameter l describes the effect of the
nonlinearity w �3�(o3;o3;o;ÿo) [16].) In this case, as one
can see from the figure, the influence of optical Kerr and
Stark effects at relatively low fundamental-radiation inten-
sities leads to identical results. A nearly fifth-order power
dependence of the third-harmonic signal on the fundamental
radiation intensity was observed in the experiments [17 ^19],
where the third-harmonic generation in rare gases was
studied. To differentiate between harmonic generation
mecha-nisms, one may take the dependence on the density
of a medium as a criterion. At small densities, the influence
of Kerr effect leads to the fourth-order power dependence,
and in the case where the harmonic generation is caused
by the six-wave process, the dependence should be quadratic
[10]. In the expe-riment [18], the dependence was close to the
fourth-order dependence.

Thus, the Stark shift and the resonance parts of Kerr non-
linearites are caused by the same change in the state of a
medium, and their effects cannot be separated. The choice
of a way for describing these effects depends on a specific
experimental situation. If it is required to take into account
the Stark shift, one should exclude from the analysis the res-
onance contribution of the corresponding terms in all types of
nonlinearities of different orders.
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Figure 1. Dependence of the third-harmonic intensity I3 on the fundamen-
tal-radiation intensity I10 for the governing influence of the optical Stark
effect ( 1 ) or Kerr nonlinearities (the dashed curve 2). The straight lines
correspond to the power dependences of third ( 3 ) and fifth ( 5 ) orders. In
the insert, the power dependence 5 is omitted.
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