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Conservation of the angular momentum
for multidimensional optical solitons

A S Desyatnikov, A I Maimistov

Abstract. Analytic expressions are obtained for spin and orbi-
tal moments of multidimensional optical solitons — two-dimen-
sional beams and three-dimensional light bullets. It is shown
that for given directions of the incidence of light bullets, the
time delay in the pulse sequence determines the direction and
value of the orbital moment, and can be used as a parameter to
control the structure appearing during the mutual capture.

1. Introduction

Optical structures localised in a bulk nonlinear medium, or
multidimensional optical solitons, attract increasing atten-
tion during the recent decade [1]. An optical beam in the
state of waveguide propagation (self-capture) can serve as
an example of a spatial soliton. Upon the simultaneous prop-
agation of spatially separated light beams in a nonlinear
medium, nonlinearity leads to their interaction and to mu-
tual capture, resulting in the formation of a bound state.
A new effect in this field is the so-called spiraling — the
rotation of optical beams in space with formation of a double
spiral [2-8].

The essence of this effect is that a bound state with the
formation of spiral structure arises upon mutual capture of
noncoplanar beams. Many authors [4, 5] noted an analogy
between the rotation of beams and the classical problem of
two bodies. This allows one to describe the interaction of non-
linear waves within the framework of the well-known
problem about the motion of a particle in the effective poten-
tial and, in particular, to introduce the concept of the orbital
moment of a soliton pair.

Beams with the circular distribution of the field, or vor-
tices, which have the nonzero spin moment, are another
example of spatial solitons. It is known that such solitary
waves exist formally as stationary solutions of the nonlinear
wave equation in media with quadratic or saturating nonli-
nearity, but they are unstable and collapse during their
propagation [5, 9]. The conservation of the angular momen-
tum in the system leads to the transformation of the spin
moment in the initial state to the orbital moment of beams
that are formed after the vortex collapse.
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A comparatively new object of studies is the so-called
light bullet, or space-time optical soliton [11 —14]. Analogous
behaviour takes place upon the interaction of light bullets in
the bimodal space. Namely, this interaction results in the
mutual drag of solitons, and the angular momentum is con-
served in the system. In this paper we obtain the expression
for the orbital moment of a pair of light bullets, which de-
monstrates that one can choose the direction of the orbital
moment for identical solitons, which coincides with the direc-
tion of their propagation, and then the bullets will remain in
the same transverse plane. If the soliton pair is asymmetric,
i.e., the energies of the bullets are different, the formed struc-
ture has more complicated shape, because in this case the
difference between the projections of group velocities for
two pulses plays the role of detuning between the group velo-
cities, and the time delay is nonzero.

2. Interaction potential

The propagation of a light wave in a medium with the focu-
sing Kerr nonlinearity and defocusing fifth-order nonline-
arity is described by a parabolic equation, which is a genera-
lisation of the nonlinear Schrodinger equation (NSE):

ia—u+Au+ ul*u — |u*u = 0, )
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where A =02/0x*+0%/0y* 4+ 0%/0t? is the space-time
Laplacian, and u is the slowly varying normalised envelope
of the light wave.
Consider the case of a stationary beam (the dimension is
D =2) when u(x,y,t,z)=u(p,p,z); here, the cylindrical
coordinate system x = pcos ¢, y = psin¢ is used. We seek
soliton solutions of Eq. (1) in the form

u(r,z) = U(r) exp(ikz + isg), (2)

where s is the topological index of a soliton (s = 0 for the
soliton of the fundamental mode, and s = 1 for a vortex); and
r = (x,,7). The function U(r) satisfies the real equation
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For light bullets (in this case D = 3), Eq. (1) can be rewrit-
ten using the spherical coordinates x = rsin9cosg, y =
rsin3sin ¢, T = rsin 3. Here, the angle ¢ plays the role of
the polar angle as in Eq. (2). The function u(x,y,7,z)
depends on the time 7 via the variables 3 and r. According
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to [12], we assume that the soliton solution of Eq. (1), which
describes a light bullet, has the form

u(r,3,¢,z) = V(r,9) exp(ikz + ise). 4)

In this case, Eq. (1) can be written as
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The approximation that is stronger than the approximation
(4) can be obtained, if the azimuthal angle is fixed, 3 = 9,
i.e., we assume that the dependence on the normalised time is

determined only via the variable r. For the function
U(r)=V(r,%), Eq. (1) is reduced to

—kV+Vi-vi=0o.

d> 2d 3 s s

where § = s/sin ). In the particular case 9y = /2, the vec-
tor r lies in the plane normal to the propagation direction of
the soliton under study.

If the solution of Eq. (1) is the soliton solution (2) or (4),
then the function

u(r,z) = U(|r — ro(2)]) exp(ikz + isp)

X exXp [iq(r —ro(2)) + iqzz} 5)

can be also its solution if ¢ = const and dry/dz = 2¢, where
ro(z) is the coordinate of the soliton centre. This result is a
consequence of the Galilean invariance of Eq. (1) and is not
related to the choice of the soliton shape.

It has long been known (see, for instance, [15, 16]) that
multidimensional solitons of the form (2), (4) with s =0
are unstable in purely Kerr nonlinear media. At the same
time, under certain conditions they are stable in media with
saturating nonlinearity [11, 17-20], in media with quadratic
nonlinearity [21, 22] or in media that possess simultaneously
quadratic and cubic nonlinearities [23, 24]. If the peak inten-
sity I of a multidimensional soliton is low compared to the
saturation intensity, the optical properties of a medium with
saturation of the nonlinear permeability n(7) are well
described by the expression n (1) = n,I —nyI>. (It is this
case that is considered in this paper). In such media, multi-
dimensional solitons also exist [12, 25]. They satisfy the
Vakhitov-Kolokolov stability criterion [16] and are stable
according to numerical calculations [13].

The case of multidimensional solitons with s =1 (and
s = 2) proved to be more complicated. The stability criterion
of Vakhitov-Kolokolov is not applicable in this case. The
study [26] demonstrated instability of the two-dimensional
soliton with s = 1 in a medium with saturating nonlinearity
with respect to azimuthal perturbations. The stability condi-
tions for such solitons in media with nonlinear properties
described by the permeability (1) = n,I — nyl > with posi-
tive coefficients 1,4 were found by the variational method
[12]. However, the direct numerical modelling [13] has dem-
onstrated that the solitons under these conditions are
simply long-lived structures, whereas stable solitons with
s > 1 are absent in the general case. Therefore, it is better
to say about metastable vortices or spin-solitons. The results

of other studies [18, 23, 27] showed that only metastable mul-
tidimensional solitons are possible for s> 1. Therefore,
attention can be focussed on the study of their decay and
(or) formation of the bound states of soliton complexes
with the zero topological index.

Consider the interaction of two spatially separated soli-
tons, each of which is described by functions u and v,
which are the solutions of the system of equations (the vector
NSE) with the additional terms corresponding to the phase
cross-modulation of the fifth order [7]:
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The Hamiltonian of this conservative system of equations is
H:HM+HU+ Uinta (6)

where

[ 1 1
= [ (90 = Slul* 31l e 1, =, o)

22 4.2 20 4
Uim:J(—gM v + atfu*|o]” + o|ul~[v]")dr.

As shown in [7], a consideration of the cross-modulation of a
higher order than the modulation caused by the Kerr effect
results in small additive corrections to the interaction poten-
tial in the Kerr medium. Therefore, it is sufficient to consider
the interaction potential of the form Uy, = —¢ [ |ul*[v]*dr,
where ¢ is the coefficient of cubic phase cross-modulation.
We will seek a solution of the initial problem (6) in the form

(5):

(ﬁ) =V, (Ir = r,(2)]) exp(ik,z + is, )

X exXp {1% (ZZ" [F—r,(2)] + ioc,,(z)}, (7)

where n = 1, 2, and the function V, satisfies Eq. (3). Then,
the Hamiltonian of the system can be represented in the form
2

. u(dR
H:H_H“_H”:Z<E) —el(R), 8)

where I (R)= [ V2(|r — 1) V2 (Jr—r,|)dr is the overlap integ-
ral for the solitons; R(z)=r(z) —ryz); u= E\Ey(E +
E,)"! is the reduced mass of two solitons; and E, = | Vv,2dr.

In the bimodal system under study, no energy exchange
between solitons can occur. The solitons are deformed in
the case of significant overlap but then recover their shape
if they are stable. Assuming that the values H, , differ only
weakly from their unperturbed (¢ = 0) values H',, we can
consider H (8) as the Hamiltonian of a classical particle
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with the mass u, whose position is determined by the radius
vector R( z). This procedure is analogous to the effective par-
ticle approximation [10].

It was shown [6, 8] for the beams that the conservation of
the quantity

R x —

1 dr|
5 ‘ == M = const ©)

is a consequence of the variational equations. Below we will
show that the conservation of the orbital moment has a
deeper origin and is a consequence of the invariance of the
initial equation (1) with respect to the rotation transforma-
tion. Using the law of conservation of momentum (9), the
Hamiltonian (8) can be written in the well-known form:

_ m[dR\?
H==(=—
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Here, m = p/2, i.e., the mass of the particle is two times
smaller than the reduced mass of solitons. The main problem
in such an approach is the calculation of the dependence
I(R) and the determination of the angular momentum for
light solitons. Analytic expressions for the interaction poten-
tial are known for sufficiently separated solitons [7]. In
contrast to single-mode systems [2, 3], stable bound states
of mutually rotating solitons (i.e., with the nonzero orbital
moment) are possible in the bimodal system.

M2

(10)

3. Calculation of the angular momentum

The conservation of the angular momentum is a conse-
quence of the invariance of the parabolic equation (1) to
the rotation transformation in the plane perpendicular to
the propagation direction. The Lagrangian corresponding
to this equation is also invariant to the rotation transforma-
tion. The application of the Noether theorem to such a
functional for the dimensionality D =2+ 1 demonstrates
the conservation of the quantity

i[> (> out , ou
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which can be conveniently written as

M= ImJ J u”™|r x Vuldxdy, (11)

—00 J —00

where r is the radius vector in the x, y plane. This integral is
zero for the fundamental mode soliton, while for vortices
with the topological index s, M = sE. Thus, the spin moment
is conserved for a beam with a circular distribution of the
field, the topological index being called often as spin of a
soliton. A soliton with the nonzero spin is also called a spin-
soliton.

Using the Galilean invariance of the equations, we can
show that the angular momentum of the soliton for a solution
in the form (5) is the sum of its spin and orbital moments:

E

MZE‘VXdV

d—ZO + sE. (12)

In a bimodal system described by the equations for slowly
varying envelopes of two beams u and v, the sum M =
M(u)+ M(v) is conserved. This sum can be written as

M:H'Rxd" (13)

3 E‘ +.Y1E1 +SzE2.
Here, the coordinate origin is chosen in the centre of inertia
of a soliton pair

Elrl —+ E2r2 = 0 (14)
As shown in [6], the condition (14) can be always obtained by
choosing the coordinate origin and boundary conditions in a
proper way. Physically, such a choice corresponds to the state
of rest of the centre of inertia of a soliton pair in a transverse
plane and does not restrict the generality of the problem.
Then, the explicit expression for the orbital moment of two
beams takes the form

M = RyR; tan § = Ry(tan ¢, + tan @,)sin 8, 15)
where Ry = (dR/dz)|,_, = (tan¢, + tan @,)cos f; ¢,, are
the angles of incidence of the beams on the boundary of a
nonlinear medium; f is the angle between the initial direc-
tions of vectors R and dR/dz.

The conservation of momentum for the vortex field is
manifested during collapse of such beams. The interaction
of two filaments arising after a collapse of vortices was
studied in papers [5, 9]. The conservation of momentum
resulted in rotation of the filaments both in the case of
free spiraling [5] and upon stabilisation of filaments in the
field of a beam of the fundamental mode [9]. Diffraction
autosolitons propagating in the radiation field with wave-
front dislocation exhibit similar behaviour [15].

Recent numerical studies of the stability of a light bullet
with the circular field distribution in a medium with the third-
and fifth-order nonlinearity showed [13] that identical bullets
of the fundamental mode are formed after the collapse of a
spin-soliton, and the spin moment is transformed into the
orbital moment of the interacting solitons. If the dimension
is D = 3, the variables Xx, y, T enter in Eq. (1) symmetrically.
It means that this equation and the corresponding Lagran-
gian are invariant to the rotation transformation that
involves any pair of these variables. The corresponding inte-
grals of motion, i.e., the projections of the orbital moment of a
pair of light bullets, can be conveniently written in the form

u dR, w(  dR, dr
Mo=PR xS o, =B (1S R D
: 2' AT 2( dz v dz )
u (. dR, dT
M= F(r=2 g L 1
x 2( dz  Vdz ) (16)

where R, = e, R, + e, R, is the projection of the vector, which
connects the centres of light bullets, on the transverse plane;
T — t; — 1, is the distance between the light bullets on the
current time axis, i.e., the time delay between the adjacent
pulses. These expressions were derived assuming that two
conditions are satisfied. As noted above, the first condition
(14) can be considered without loss of generality as a boun-
dary condition under which the centre of inertia is located in
the transverse plane. The second condition, E;t;(z)+
E>15(z) = 0, corresponds to the choice of the coordinate ori-
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gin at the centre of inertia of a soliton pair. The centre of
inertia moves along the z-axis with the velocity having the
negative projection:

dr dz
E, d_zl+E2 d_22 =Ej(cosp; — 1) + Ey(cos¢p, — 1)

[u—

5 (El(P% + E2<P%)-

Indeed, because a pulse propagates in an isotropic medium
with the group velocity in an arbitrary direction, the relative
velocity of motion of pulses along the direction z is deter-
mined by the projections of the group velocities on this axis.
Linear motion along the z-axis with the negative velocity
corresponds to the velocity of the centre of inertia that is
smaller than the group velocity.

The projections of the momentum depend on the initial
velocity of the relative motion of the pulses:

dar
dz

_dgy(0)  dny(0)

dz dz a7

= COS (] — COS 5.

The relation E| tan ¢, = E, tan ¢, [6] is valid if the boundary
conditions (14) are satisfied, and the expression (17) can be
written as

dar
dz

2 2 2
_E B ( P ) i=1,2. (18)

2 E;

z=0

The relative velocity of light bullets (18) is zero for the case
of identical solitons (E; = E, = E, ¢; = ¢, = ¢), and the
expressions for the momentum and its projections (16) can
be written as:

M?* = E*tan’ ¢(R}(0) sin® B + T2(0)),
(19)
dR,

M,:T(O) XE

Etang u
M. ==|R
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The projection M, of the momentum on the transverse plane
depends only on the initial time delay between pulses. This
allows one to propose a new interesting opportunity to con-
trol process of spiraling.

When the momentum is conserved, the motion occurs, as
in the problem of two bodies, in the plane that is normal to the
momentum direction. If pulses are initially located in the
same transverse plane (7°(0) = 0), then the momentum is
directed along the z-axis, and the motion takes place in the
transverse plane. In this case, the trajectories of light bullets
form a spiral, which is analogous to the spiral shown in [8] for
beams. By changing the magnitude of 7'(0), one can change
the direction of the momentum (in the longitudinal plane),
i.e., to change the position of the plane in which the solitons
will rotate. In other words, one can change the spatial param-
eter of the spiral by changing the time delay between pulses.

Let us assume that a train of identical pulses (light bullets)
with a specified spacing is chosen as a reference wave, the
delay between pulses being large enough to neglect any inter-
action between them. Let a signal wave be a train of the same
pulses but with the modulated spacing, i.e., the time delay
between the adjacent pulses serves as a unit of information.
The signal detection is performed during an elementary act

of the interaction between two pulses — the reference and sig-
nal ones. Then, according to (19), the structure, which is
formed upon the mutual capture of the reference and signal
pulses, will be determined by the time delay.

In other words, the modulation of the pulse train will
transform to the modulation of the spatial position of pulses.
To estimate the time of such switching, note that a light bullet
is an ultrashort pulse with the duration of about ten femto-
seconds and with the transverse size of about several
microns [14]. As the interaction length, we can choose the
period of spiraling, which is equal to the diffraction length
[8] and is about 1 mm for the light bullet. Then, the switching
time is equal to a few picoseconds, which corresponds to the
clock frequency higher than 1 THz. These estimates coincide
with the results of direct numerical modelling performed in
[14] where it was noted that the switching energy can be
~25pl.

In conclusion, note that the interaction of light bullets
with different energies is more complicated. In this case,
the inclination angles of the trajectories of two solitons to
the z-axis are not equal to each other, and therefore the rel-
ative velocity of pulses (17) is nonzero. One can draw the
analogy with the problem on the interaction of orthogonally
polarised pulses in a birefringent fibre when the group veloc-
ity mismatch becomes important [29]. It is known that such
pulses can form a bound state called a vector soliton, in which
a periodic modulation of the relative velocity takes place. In
the case of light bullets, such a capture will substantially com-
plicate the picture of interaction, making it more plentiful.
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