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Simple method for optimisation of parameters
of a combined diffraction grating at grazing incidence

S V Vasil’ev, V A Sychugov

Abstract. A method for optimising parameters of combined
structures consisting of a dielectric diffraction grating and a
metal or a multilayer dielectric mirror is proposed. The
method is based on the use of waveguide properties of a
combined diffraction grating. Its main advantage is that one
can determine the optimum parameters of a combined grating
without solving the diffraction problem.

Keywords: multilayer waveguides, diffraction grating, diffra-
ction efficiency

1. Introduction

The development of lasers substantially increased require-
ments to the optical components of laser devices, in par-
ticular, the radiation resistance and the efficiency of dif-
fraction gratings. It becomes difficult or even impossible to
use conventional metal gratings in the problems aimed at
the development of pulsed narrow-band lasers and lasers
with a superhigh radiance.

An important step on the way of improving character-
istics of diffraction gratings consisted in the development of
combined gratings, which were first proposed in Ref. [1]. A
schematic diagram of a combined diffraction grating is
presented in Fig. 1. A grating G is formed in a dielectric
layer deposited on an intermediate dielectric layer S, which,
in turn, lies on a metal or multilayer dielectric mirror M.
Such gratings have some properties that are important for
practice. In Refs [2, 3], combined diffraction gratings with
an ultimately high diffraction efficiency and a high radiation
resistance are described, which are intended for pulse
compression. Refs [4, 5] are devoted to the study of proper-
ties of combined diffraction gratings at grazing incidence.
As shown in these papers, that of a combined grating with a
metal mirror may be substantially higher than that of a con-
ventional grating with a metal coating, with their absorption
levels being comparable.

If the wavelength and the angle of incidence of radiation,
the refractive indices of materials, and the grating profile are
given, the problem of determining parameters of a grating
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Figure 1. Schematic diagram of a combined grating. (U) upper half-
space; (G ) diffraction grating layer; (S) matching dielectric layer; (M)
metal or dielectric mirror; (D) lower half-space (substrate); (k) wave
vector of the incident wave; () angle of radiation incidence; ( A ) grating
period; (¢) grating filling factor.

with the maximum efficiency is reduced to the search for
optimum values of the grating depth 4°), the intermediate-
layer thickness 1), and, in the case of a grating with a die-
lectric mirror, the depth of mirror layers ™M A rigorous
solution of the problem of diffraction by a combined gra-
ting requires a considerable bulk of calculations. The time
required for calculating diffraction efficiencies of grating
with prescribed parameters on a modern personal computer
ranges from several seconds to several tens of seconds. Our
experience of studying combined gratings showed that the
dependence of the diffraction efficiency of a grating of this
kind on the layer thickness has a large number of local
extrema. Because of these factors, the methods of numerical
optimisation of parameters of a combined grating with a
large number of layers are extremely inefficient.

In this paper, we propose a method that enables one to
determine the optimum parameters of a combined diffrac-
tion grating in an analytic form or using a considerably
smaller computation time than in the case of direct
optimisation. The problem is solved by using an approach
based on waveguide properties of a combined grating. The
waveguide nature of the interaction of light with a combined
grating was demonstrated in Ref. [1], which made it possible
to obtain an analytic expression for the efficiency of a metal-
dielectric combined grating with a small corrugation depth
in the autocollimation configuration. Here, we generalise the
waveguide approach to the case of more complex structures
and arbitrary angles of incidence.
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2. Interaction of radiation
with a combined diffraction grating

In the calculations, we used the so-called modal method of
solving the problem of diffraction by a grating. It is
described in detail in Ref. [6]. Here, we consider only the
basic features of the method, which help us to interpret the
results.

Let a plane electromagnetic wave be incident on a gra-
ting G from the upper half-space U (Fig. 1). The distribu-
tion of the diffraction field should satisfy the Helmholtz
equation
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the quasi-periodicity condition

exp (ikAn(U) sin 0) F(x,y)=F(x+A4,y), (2)

and the continuity conditions at the interfaces of spatial
regions with different refractive indices. Here, the function
F (x, y) coincides with E or H components of the field,
depending on the polarisation; k = 2n/4 is the wave num-
ber of the incident wave; 6 is the angle of incidence of
radiation on the grating; and A is the grating period.

The solutions of problem (1), (2) in the upper (U) and
lower (D) half-spaces are given by the so-called Rayleigh
expansions
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an integer; and Vs the amplitude of the incident wave.
To the expansion terms with real coefficients, radiative dif-
fraction orders correspond that carry away energy from the
grating. The number of such diffraction orders is deter-
mined by the ratio of the radiation wavelength to the
grating period and, if one considers diffraction into the
lower half-space, the refractive index n'® of the grating
substrate.
The solution of problem (1), (2) in the intermediate layer
S and layers of the mirror M are also given by the Rayleigh
expansions

FOM(x,y) =7 [af™ exp (i3 ™y)
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However, in contrast to expansions (3), they contain the
terms corresponding to the waves travelling both in the
positive and in the negative directions of the y-axis.

If the grooves of the grating have a rectangular profile,
one can separate variables in Eq. (1) and obtain the analytic
expression
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for the field in the grating G. The constants u,, and the
form of the functions u,,(x) in modal expansion (5) can be
determined by solving the eigenvalue problem that appears
upon integration of Eq. (1) with accounting for the quasi-
periodicity condition (2) and continuity conditions for the
field and its derivative at the boundary of half-periods (at
x = c¢A, where a constant c is the grating filling factor, see
Fig. 1). The coefficients ,, in (5) and ﬁi,-” in (4) have a
similar meaning. The number of real coefficients is limited
by the number of radiative diffraction orders, and their
value is related to the effective refractive index of the cor-
responding mode excited by the incident wave in the grating
layers G, S, and M.

After obtaining the field expansion in all spatial regions,
one uses the continuity conditions at the interfaces of layers
of a combined grating and constructs the system of linear
equations for the unknown modal amplitudes a,;j ), b,f{ ) and
the amplitudes of diffraction harmonics r,, z,. The solution
of this system gives the diffraction efficiency of the grating
R,, T, in different orders and the phase and intensity of
radiation at any point of the space.

3. Interaction of radiation
with a multilayer mirror

The interaction of radiation with a multilayer mirror is
considerably simpler than the interaction with a diffraction
grating, and we consider it in more detail. By using
Helmholtz equation (1), we find expressions for the field in
all spatial regions:

Fyy1(x,9) = [rexp(ify.1p) + Y expify.p)]e(x),
Fi(x,y) = [a;exp(if;y) + b; exp(—if;y)]e(x), (6)

Fo(x,y) = texp(=ifoy)e(x),
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where e(x) = exp (iox); o = kny | sin 0; [3? =k2n? = r ),
r and ¢ are the amplitudes of incident, reflected, and
transmitted waves, respectively; the subscript ‘0’ specifies
the lower half-space, and the subscript ‘N + 17 specifies the
upper half-space. To find the unknown amplitudes r and ¢,
we use the continuity conditions at the layer boundaries

F[(X, Zi) = FH—I (xv Zl)»
(7)

’
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where o; = 1/p; and o; = 1/¢; for TE and TH polarisations,
respectively; y; and ¢; are the magnetic permeability and the
permittivity of a medium in the jth spatial region, res-
pectively; and X; = >/— A;. Substituting (2) in (3) and ma-
king a change of variables, we obtain the system of linear
equations
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and it is assumed that Xy = 0. From Eqgs (8) follow the
recurrent relations that enable one to express all the
unknown amplitudes in terms of the incident-wave ampli-
tude:
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Thus, the problem is solved. Using expressions (9)—(11),
one can find the field amplitude in all spatial regions and,
therefore, determine the mirror reflectivity and transmit-
tance R and T.

4. Properties of the simplest combined
diffraction grating at grazing incidence

We begin our study of combined diffraction gratings with
the case of the simplest structure, which consists only of
two layers, namely, a layer in which a grating G with a
rectangular profile is formed and a continuos dielectric
layer S. Let the refractive indices n'9 and n® of the grating
and the continuous layer be equal to 1.5 and the refractive
indices of the upper and lower half-spaces be equal to unity.

The ratio of the radiation wavelength to the grating period
is assumed to be 3/2. In this case, the energy is carried away
from the grating only in the form of the specularly reflected
component and a single diffraction order [the harmonics
with numbers 0 and —1 in Rayleigh expansions (3)].

Let us analyse the dependence of the diffraction effi-
ciency of this simplest structure on the parameters 1) and
1S for the grating operating at grazing incidence (for the
angle of incidence 0 = 89°). The pattern of the surface levels
R_,(hS, h9)yis shown in Fig. 2 by gradations of grey. One
can see that the dependence has the form of narrow crests,
which are periodically positioned on the plane (h(s), JASY
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Figure 2. Distribution of levels of diffraction efficiency of a two-layer
combined diffraction grating R_; for different values of the grating layer
depth 1) and the dielectric-layer thickness 1S for grazing incidence of
radiation on a grating (6 = 89°) (shown by gradations of grey) and the
dispersion curves calculated for a two-layer waveguide with ) by using
Eqn (16) (solid curves) and by the empirical formula (dashed curves).

To analyse the dependence of the diffraction efficiency
on the grating depth, we use modal expansion (5). The
transverse field distribution in the grating is determined by
the factors exp (+iuy,,»). As noted in Section 3, the set {g,,}
has several (in our case, two) real coefficients u, and u_j,
which may be assigned to the zero and -1st diffraction
orders. The field distributions corresponding to these orders
are periodic functions of grating depth. Because of this, they
should make the dominant contribution to the dependence
R,](h<G)). To verify this statement, we introduce the con-
dition

wuh(® = m/2 4k, k=0,1,..., (12)

which determines the thickness of the quarter-wavelength
layer for the mth mode of the grating. The horizontal lines
in Fig. 2 are drawn in accordance with condition (12) for
the zero grating mode (the coefficient p;). One can see that
these straight lines pass through the maxima of the depen-
dence R ;(h®, h'®)). Thus, the form of the dependence
R_(h (G>) is determined primarily by the zero grating mode
because this mode is most efficiently excited in the case of
grazing incidence, whereas condition (12) provides the reso-
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nant nature of excitation. Note, however, that other modes
of the grating may also have a noticeable effect. For in-
stance, for 4% at which conditions (12) are fulfilled simul-
taneously for two modes, the efficiency maxima become
sharper (see the upper part of Fig. 2).

Consider now the dependence of the diffraction effi-
ciency on the ratio of the grating depth 19 to the layer
thickness 4. For this purpose, we replace the grating with
a continuous dielectric layer and analyse the interaction of
the resulting two-layer mirror GS with the incident radia-
tion. Because we have found above that the zero grating
mode has the major influence on the diffraction efficiency,
we use the coefficient u, for calculating the averaged refrac-
tive index 2% of the layer approximating the grating. For
this purpose, we use the relation

- 1/2
o = k'Y cos 0 = k(fa(G)Z — sin’ 0) , (13)

where 0 is the angle of incidence of radiation on the grating
and 0 is the ‘angle of refraction’ of the incident wave in the
approximating layer. The dependence of the refractive
index of the approximating layer 7S) on the grating filling
factor ¢, calculated for different angles of incidence, is
shown in Fig. 3. The dashed curve presents the dependence
obtained by arithmetic averaging n'® over the grating
period: 29" = ¢n'® + (1 — ¢). One can see that the refrac-
tive index 719 at large 6 insignificantly differs from the
value given by this empirical estimate.
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Figure 3. Dependences of the averaged refractive index of the layer
approximating a grating 79 on the grating filling factor ¢ for angles of
incidence 0 = 50° (autocollimation regime), 70°, and 89°; the arithmetic
averaging of the refractive index over the grating period is shown by the
dashed curve.

The condition of grazing incidence allows one to treat
the GS structure as a two-layer Lummer — Gehrke interfer-
ometer or, according to the present-day concepts, as a two-
layer dielectric waveguide with weak leakage. It is known
that the interaction of radiation with such structures has the
resonant nature. The resonance conditions correspond to
the maximum of interferometer transmittance or the exci-
tation of a waveguide mode in it. To write the resonance
condition in the mathematical form, we use the results
obtained in Section 4. Using formulas (9)—(11), we find the
relation between the amplitudes of incident and transmitted
waves:

= 20 B _ By @&)
= {CIQ(IJFﬁa) S‘”(ﬁﬁwl

-1
AR an(Beg)f 0o

¢] = cos (ﬁlh(s>); s = sin (,Blh(s));

where

¢y = COS (ﬁzh(G)); s, = sin (ﬁzh(G));
15)
b= k(n(s)2 — sin® 9)1/2; po = kcos 0;

B, = k(ﬁ(G)2 — sin? 9) l/2;

f3 = kcos0.

The phases of the incident and transmitted waves at the
maxima of Lummer—Gehrke interferometer transmittance
are known to be identical, which means that the imaginary
part of the denominator in expression (14) vanishes. Thus,
from (14) follows the condition of transverse resonance in
the GS structure

tan (B,4S)) (g—? +%)+tan (D) (2—2 +§—§) =0. (16)

Note that expression (16) coincides with the dispersion
equation for the dielectric two-layer waveguide with leaky
modes, which demonstrates the equivalence of the wave-
guide approach and the method of description of multilayer
structures that was presented in Section 4.

Now we can compare the resonance properties of the
combined grating GS and the waveguide GS. For this pur-
pose, we present in Fig. 2 the dispersion curves cor-
responding to the solutions of Eqn (16). The solid curves
correspond to the dispersion curves of a two-layer wave-
guide with the refractive index 7S of the grating layer
calculated by relation (13), and the dashed curves are pre-
sented for 2% calculated by the empirical formula. One can
see that the dispersion curves almost ideally agree with the
crests of the dependence R,l(h(s>,h<G)); for gratings of small
depth, it suffices to use the empirical estimate of a9,

Thus, the diffraction efficiency of a two-layer combined
grating operating at grazing incidence is high in the case
where the condition of double resonance is fulfilled: the
condition of excitation of a waveguide mode in the structure
approximating the combined grating (16) and the condition
of resonance in the diffraction grating layer (12). Note that
an increase in the refractive index of the grating material
causes an increase in the number of real coefficients in the
set {u,, }, 1.e., an increase in the number of transverse modes
being excited. This adds complexity to the interaction of
radiation with a grating and hampers the application of our
method.

5. Optimisation of parameters
of a combined grating with a metal mirror

Using the results obtained for the simplest model of a
combined grating, we can pass to the study of more com-
plex structures that are of greater importance for practice.
Actual diffraction gratings are deposited on a substrate. To



76

S V Vasil’ev, V A Sychugov

lower the leakage of radiation from a combined grating to
the substrate and, therefore, provide the possibility of
resonance interaction of radiation with a grating, one can
use a metal or a dielectric mirror (see Fig. 1). Consider a
combined grating in which a metal film is used as a metal
mirror M. Let the parameters of the problem be as follows:
the grating period A = 1000 nm, the radiation wavelength
A= 1500 nm, the angle of incidence 6 = 89°, n% = =
1.5 (quartz), "™ = 1.4 +i15 (aluminium), and the grating
is assumed to have a rectangular profile with the filling
factor ¢ =0.5.

The dependence R,l(h(s),h(G)) for the grating with the
aluminium mirror is presented in Fig. 4. The levels of the
surface R_l(h<s), h(G>) are shown by gradations of grey, and
the regions of high grating absorption are dashed. Let us
repeat for this grating the procedure of determining the
optimum values of 7SV and 'S, which was described above.
The refractive index of the upper layer, which approximates
the waveguide grating, will be found from relation (13).
Because the refractive index of the substrate underlying the
waveguide is complex, one cannot separate out in the ex-
plicit form the real and imaginary parts in expression (14).
Therefore, the dispersion equation for a two-layer wave-
guide on a metal substrate takes the form

nfo ) (3 55)

il (o)} o

The solutions of this equation, corresponding to the
excitation of waveguide modes in the GSM structure, are
shown in Fig. 4 by solid curves. The values of grating depth
that satisfy conditions (12) are specified by the horizontal
straight lines. One can see that the dispersion curves pass
through the regions of high diffraction efficiency. Thus, in
the case of a metal mirror, the waveguide properties of a
combined grating are retained.

h(c')//l

15k ‘\

1.0 -
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0'5 \ A\\
! -
0 0.5 1.0

Figure 4. Distribution of levels of diffraction efficiency (shown by
gradations of grey) and regions of high light absorption (dashed regions)
of a metal-dielectric combined grating for different values of the grating
layer depth h©) and the dielectric-layer thickness 1S for 0 =89°, A =
1000 nm, A= 1500 nm, and ¢=0.5 and the dispersion curves of a
waveguide (solid curves).

- -f-f

In the case where one determines the optimum param-
eters of a metal-dielectric combined grating, the level of
radiation absorption is of no less importance than the dif-
fraction efficiency. One can see from Fig. 4 that the regions
of high grating absorption coincide with resonances in the
GSM waveguide. Fig. 5 illustrates changes in the diffraction
efficiency and the ratio of grating absorption to its efficiency
with changing position of the point (h(s),h(G)) on the dis-
persion curve (curve / in Fig. 4). On the abscissa the con-
ventional coordinate ¢ is plotted, and the value & =1 cor-
responds to the first resonance in the grating layer, whereas
¢ =3 corresponds to the second resonance. One can see
from Fig. 5 that the grating efficiency somewhat decreas-
es at the points of double resonance (¢ =1, 3), but the
absorption-to-efficiency ratio reaches a minimum at these
points. At the points £ =0 and 2, we have the lowest
grating efficiency and resonance absorption.
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0 0.5 1.0 1.5 2.0 2.5 14
Figure 5. Dependences of the diffraction efficiency R_; and the

absorption-to-efficiency ratio of a metal-dielectric combined grating on
the position of a point S, 19)y on the dispersion curve / (see Fig. 4).

Thus, the optimisation method proposed here is quite
efficient for combined gratings with a metal mirror. Using
the condition of double resonance, one can determine para-
meters of a grating with a high efficiency and the optimum
efficiency-to-absorption ratio.

At the end of this section, we consider the effect of
geometrical characteristics of a grating on the width of the
spectral region where the grating has a high efficiency. Fig. 6

R_;; o (rel. units)
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Figure 6. Dependences of the diffraction efficiency R_; and absorptance
o of a metal-dielectric grating on the radiation wavelength A for the
grating parameters corresponding to points A and B (Fig. 4).
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presents the dependences of the diffraction efficiency of a
grating on the radiation wavelength for two lowest reso-
nances (labelled A and B in Fig. 4). One can see that the
diffraction efficiency of the grating with the minimum
thickness of the intermediate layer (point B) is relatively
low, but its spectral range is rather wide. For the grating
parameters corresponding to the point A, resonance proper-
ties of the grating are pronounced stronger, which leads to
an increase in diffraction efficiency and the narrowing of the
efficiency peak on the wavelength scale.

6. Combined gratings
with a multilayer dielectric grating

The main disadvantages of combined diffraction gratings
with a metal mirror are a low radiation resistance and a
noticeable absorption level, which are caused by a finite
metal conduction. Because of this, of greatest interest for
practice are combined gratings with a multilayer dielectric
mirror. In the simplest case, one can use a mirror consisting
of alternating quarter-wavelength layers with high and low
refractive indices. It is known that the thickness / of this
mirror is determined from the condition

y,

h(n2—sin21//)1/2:i, (18)

where /A is the radiation wavelength; z is the refractive index
of the layer; and y is the angle of incidence on the mirror.
Our calculations showed that a concrete value of the angle
¥ has no decisive influence on the properties of a combined
grating.

Fig. 7 presents the dependences of the maximum dif-
fraction efficiency of a combined grating on the number N
of layers for y equal to the angle of incidence on the grating
0=289° the diffraction angle ¢ = 30°, and the average ari-
thmetic of the angle of incidence and the diffraction angle.
The maximum of the grating diffraction efficiency was
determined by direct numerical optimisation. The grating
G and the intermediate layer S had refractive indices of 1.5,
the mirror layers had refractive indices of 1.5 and 2.5, and
the remaining parameters of the problem were the same as
in Section 5. One can see from Fig. 7 that the efficiency of a
combined diffraction grating rapidly increases with increas-

O 1 1 1 1
5 10 15 N

Figure 7. Dependences of the maximum diffraction efficiency R™{* of a
combined grating with a multilayer mirror on the number of mirror
layers N for the angles of incidence on the mirror ¥ = 0 = 89°, =
@ =30° and Y = (0 + ¢)/2.

ing number of layers N and virtually reaches its maximum
value for N > 20. The best characteristics are obtained for
the grating with ¥ = (0 + ¢)/2. It is likely that this is
caused by the fact that the mirror in this case has the highest
reflectivity both for the incident and for the diffracted
radiation.

Fi%’. 8 presents the pattern of levels of the surface
R_i(h S>,h(G)) for the combined grating with the number
of mirror layers N = 20 and the angle = (0 + ¢)/2. The
corrugated layer of a combined grating is approximated by a
continuous dielectric layer. As the number of layers is in-
creased, it becomes difficult to obtain analytical expressions
for radiation transmitted through and reflected from the
mirror. Because of this, the mirror parameters were deter-
mined numerically, using recurrent relations (10) and (11),
which were obtained in Section 4.

19 /A LY

/24y

0.50

0.25 -

0 0.25 0.50 0.75

WS /a4

Figure 8. Distribution of levels of diffraction efficiency R_; of a com-
bined grating with a multilayer mirror for different values of parameters
19 and h<s); the number of mirror layers N = 20; and the angle of
radiation incidence on the grating ¥ = (0 + ¢)/2.

The solid curves in Fig. 8 show the regions of values of
7S and A at which the incident wave and the wave
transmitted through the mirror have the same phase, i.e., the
transverse-resonance condition is fulfilled. One can see that
in the case of a large number of dielectric layers the wave-
guide resonances also coincide with the regions of high dif-
fraction efficiency.

Fig. 9 presents the spectral dependences of the diffrac-
tion efficiency of combined gratings with different number
of mirror layers N. The angle of radiation incidence on a
grating is 89°. In this case, the diffraction efficiency of the
combined grating with a multilayer mirror reaches 100%,
which is several-fold higher than the efficiency of a conven-
tional grating with a metal coating (shown by the dashed
line). The peaks of diffraction efficiency of the dielectric
combined grating are narrower than the peaks of the metal-
dielectric grating (see Fig. 6). It is likely that one can
overcome this disadvantage of a purely dielectric grating
by using a complex choice of parameters of a multilayer
mirror.

When analysing properties of combined gratings, we
restricted our consideration to the case of grazing incidence
of radiation. From the viewpoint of the waveguide appro-
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Figure 9. Spectral dependences of the diffraction efficiency R_; of
combined gratings with multilayer mirrors having different number of
levels N; the dashed line presents the dependence for an aluminium

grating with a sine profile.

ach, this illumination scheme provides low leakage in a
waveguide and, therefore, the resonance nature of interac-
tion of radiation with a grating and its waveguide properties
are best pronounced. However, our approach appears to be
quite suitable for the study of combined gratings for diffe-
rent conditions of radiation incidence.

Fi%. 10 g)resents the pattern of levels of the surface
R_(h S, h'G ) for the dielectric combined grating working in
the autocollimation scheme. The results are presented for
the number of layers N = 20 and = 0 ~ 49°; the remain-
ing parameters are the same as in Fig. 8. The solid curves
show the regions of excitation of waveguide modes of a
multilayer waveguide, with the refractive index of the
approximating layer 7@ corresponding to the coefficient
Lo in expansion (5), and the dashed curves correspond to the
coefficient p_,. It follows from Fig. 10 that the waveguide
nature of interaction of radiation with the grating is retained
even for a noticeable deviation from grazing incidence.
However, in this case, different modes excited in the grating
layer manifest their effect in the same extent.

Figure 10. Distribution of levels of diffraction efficiency R_; of a com-
bined grating with a multilayer mirror working in the autocollimation
scheme (y = 0 = 49°) for different values of parameters 19 and K®.

7. Conclusions

Our study of the properties of combined diffraction grating,
which was made on the basis of the modal approach to the
solution of the diffraction problem, showed that the highest
diffraction efficiency of a grating operating at grazing inci-
dence is caused by the formation of transverse resonances
in a combined structure. The resonance properties of a
combined grating were found to be equivalent to the
properties of a dielectric waveguide. Using the coincidence
of resonance properties of a grating and the waveguide
approximating it, one can determine the optimum param-
eters of a combined grating by solving the dispersion
equations for layered structures rather than the diffraction
problem, which qualitatively simplifies the optimisation
procedure.

It is shown that the waveguide nature of interaction of a
radiation with a combined grating manifests itself not only
at grazing incidence, but also in other configurations, for
instance, in the autocollimation scheme.

The use of an analogy between the properties of a
grating and a waveguide seems to offer the greatest promise
for the study and optimisation of gratings combined with a
multilayer dielectric mirror because the direct numerical
optimisation of such structures is a complicated problem.
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