
Abstract. Stationary four-wave mixing in a shifted photo-
refractive transmission grating formed in cubic gyrotropic
crystals of the 23 symmetry is considered in the case of low
contrasts of the original optical interference pattern. Expres-
sions for the transmission and reêection coefécients for the
phase conjugation of weak light beams in arbitrarily cut
samples are obtained by solving exactly the equations for the
coupled waves that include the effects of the natural circular
birefringence and the linear birefringence induced by the exter-
nal éeld. The conditions for the generation of phase-conjugated
waves are determined for the mixing at 633 nm in Bi12SiO20

and Bi12TiO20 samples in the case when the grating vector is
parallel to the [110] axis and the incident pump waves propa-
gate in the (001) crystal plane and have arbitrary polarisations.

Keywords: photorefractive grating, four-wave mixing, gyro-
tropic crystal.

Degenerate four-wave mixing (DFWM) in photorefractive
crystals is eféciently used for phase conjugation of light
beams [1 ë 10]. The reêectivity for the phase-conjugated
wave depends on the electrooptical properties of the crystal
and the formation mechanism of the photorefractive gra-
ting. In crystals with diffusion nonlinearity, the intensity of
the phase-conjugated wave does not exceed a few percent of
the intensity of the incident probe wave [1, 6, 7, 9, 10]. The
drift mechanism of charge separation, realised by applying
a constant electric éeld to the crystal, made it possible to
achieve the phase-conjugated reêectivity R � 500% in a
nominally pure lithium tantalate [1].

However, it is difécult to use a constant éeld for inc-
reasing the photorefractive response because of the need to
uniformly illuminate the interelectrode space in the crystal.
The nonstationary mechanism of the formation of photoref-
ractive gratings, when the crystal is subjected to an alter-
nating external éeld, is free of this drawback [2 ë 4, 9]. If the
period of the applied voltage T is much shorter than the
time of the Maxwell relaxation tdi in the illuminated region,
the space charge has no time to shield the external éeld. The
amplitude of the formed photorefractive grating increases

with increasing external éeld, making it optimal to use a
voltage of the square-wave shape [9, 11].

Note that the photorefractive response reduces drasti-
cally when the external éeld period approaches the lifetime
tR of the photoexcited charge carriers [12, 13]. In cubic
crystals (Bi12GeO20, Bi12SiO20, and Bi12TiO20) at typical
intensities of the light beams from 1 to 100 mW cmÿ2, the
inequality tdi 4 tR is valid, and the frequency f � 1=T of
the applied voltage can be varied from hundreds of hertz to
several kilohertz. Similarly to the case of the diffusion me-
chanism, the transmission grating of the variation De in the
dielectric constant formed under such conditions is shifted
with respect to the interference pattern by a quarter of the
grating spacing.

In the traditional transmission geometry [1 ë 10], the
phase conjugation eféciency for weak light beams is deter-
mined by the mutual spatial shift of the two photorefractive
gratings that are formed in the crystal. The érst of this
gratings is due to the interaction between an intense pump
beam I1, incident on the input face of the sample, and a
weak phase-conjugated beam I3 (see inset in Fig. 1). The
second grating is formed upon diffraction of the pump beam
I2 from the érst grating, which is incident on the opposite
crystal face and propagates in the opposite direction to the
beam I1. The diffracted wave I4, phase conjugated with res-
pect to the beam I3, is ampliéed if the secondary transmis-
sion grating formed by beams I4 and I2 coincides with the
original one. This regime of `positive feedback' is realised in
selenite crystals cut along the (110) plane and subjected to
an alternating éeld, for example, when the photorefractive
grating vector K is parallel to the �110

� �
crystallographic axis

and orthogonal to the polarisations of pump waves I1 and I2
[2 ë 4, 9]. The authors of Ref. [2] have demonstrated in expe-
riments with a Bi12TiO20 crystal that the self-excitation of
mutually phase-conjugated waves can take place in this geo-
metry.

To analyse theoretically the DFWM in cubic photoref-
ractive crystals in the case when the secondary grating is in
phase with the original one, the authors of Ref. [3, 4] used
the scalar model of the mixing and the approximation of
undepleted pump. They derived simple analytic expressions
for the reêectivity of the phase-conjugated beam and deter-
mined the conditions for the generation of mutually phase-
conjugated waves in the geometry considered. The analytic
solution of the self-consistent variant of this problem was
obtained in Refs [14, 15].

However, the scalar model of the interaction, used in
Refs [2 ë 4, 8, 14, 15], does not take the natural circular bire-
fringence of selenite crystals and the linear birefringence
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induced by the external éeld into account. Note that, for the
case of a constant applied éeld and two special orientations
of the grating vector, the authors of Ref. [5] have derived the
equations that describe the DFWM in optically active cubic
crystals and include the effects of the induced linear birefrin-
gence and the vector nature of the interaction. The nume-
rical analysis performed in [5] for a Bi12GeO20 crystal
showed that, in the case of a constant applied éeld, the ref-
lectivity R of the phase-conjugated wave does not exceed 12%.

The purpose of this work is to analyse the vector model
of the DFWM in the traditional phase-conjugation scheme
in optically active cubic selenite crystals subjected to an
external alternating square-wave electric éeld.

Fig. 1 shows the scheme of the DFWM in a transmission
grating that is formed in a crystal subjected to an external
electric éeld. The pump (I1) and signal (I3) waves, symmetri-
cally incident on the sample boundary x � 0, have in general
arbitrary polarisations and form a photorefractive transmis-
sion grating whose vector K is parallel to the z axis, along
which the external éeld is applied. The second pump wave
I2, incident on the boundary x � d, is also arbitrarily pola-
rised and propagates in the opposite direction to wave I1,
giving rise to the phase-conjugated wave I4 due to the diff-
raction from the grating with the vector K.

In a gyrotropic crystal with an externally induced linear
birefringence, each of the interacting waves is elliptically
polarised. Within the paraxial approximation and neglecting
the absorption, we can represent their optical éelds as super-
positions of the eigenwaves:
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Here, e1 and e2 (e�1 and e�2) are the polarisation vectors of
the eigenwaves propagating in the positive (negative) direc-
tion along the x axis; n1 and n2 are their refractive indices
[16 ë 19]. The amplitudes Csj(x) of the eigenwaves are as-
sumed to depend on x because of the wave mixing; k �
2p=l is the wave number of light in vacuum; K �2p=L; L is
the photorefractive grating spacing. In Appendix, we pre-
sent analytic expressions for the polarisation vectors e1 and
e2 and refractive indices n1 and n2 of the eigenwaves for an
arbitrary orientation of the crystal and the grating vector K.

Pairwise interference between co-propagating waves I1,
I3 and I2, I4 gives rise to an intensity grating with the
contrast

m�x� � m13�x� �m24�x�;

m13�x� � 2
C11�x�C �31�x� � C12�x�C �32�x�

I0
; (2)

m24�x� � 2
C �21�x�C41�x� � C �22�x�C42�x�

I0
;

where I0 � I1 � I2 � I3 � I4 is the total intensity of the
opti-cal éeld in the crystal. In the approximation of a small
cont-rast m5 1, the space charge of the photorefractive
crystal, subjected to a square-wave electric éeld E0(t),
creates a éeld whose amplitude can be written as [9, 11]

e1 � imEsc; Esc � Eq
�Em � Ed�Ed � E 2

m

�Eq�Ed��Em � Ed� � E 2
m
; (3)

where Ed � 2pkBT=Le is the diffusion éeld; Em � L=2pmtR
is the drift éeld; Eq � eNaL=2pe is the trap saturation
éeld; Em is the amplitude of the applied éeld; Na is the
concentration of acceptors in the crystal; T is the absolute
temperature; m and tR are the mobility and the lifetime of
electrons in the conduction band; e is the elementary
electric charge; e is the static dielectric constant of the
crystal.
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Figure 1. Geometry of the four-wave mixing on the photorefractive
transmission grating in a cubic photorefractive crystal that is subjected to
an external electric éeld, and the time dependence of the applied voltage.
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In the following, we will restrict our analysis of the four-
wave mixing to the approximation of undepleted pump
waves I1 and I2. In this case, we can neglect the variation in
amplitudes C11;C12;C21, and C22 along the coordinate x.
Employing the standard approximation of slowly varying
amplitudes and the relations describing the modulation of
the crystal optical properties due to the linear electrooptical
effect, we can derive the following coupled-wave equations
from the wave equation for gyrotropic media:

dC31�x�
dx

� g
4
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4
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is the contrast of the interference pattern; g � 2pn3ru41Esc=l
is the coupling constant; n is the refractive index of an un-
perturbed medium; ru41 is the electrooptical coefécient of the
clamped crystal; Dk � �n1 ÿ n2�k. The tensor convolutions
describing the contribution of intramodal (g11 � e�1�g�e1;
g22 � e�2�g�e2) and intermodal (g12 � e�1�g�e2) mixing proces-
ses [16 ë 19] can be calculated with the help of relations (A2)
and (A3) presented in Appendix.

Within the approximations considered, system (4) ë (8) is
also applicable to the general case of the stationary DFWM
in a cubic photorefractive crystal of symmetry 23, when two
plane optical waves are incident on the boundary x � d
(Fig. 1). Like equations derived in Ref. [5] by expanding the
optical éeld in TE- and TM-components for two speciéc
interaction geometries, this system of equations takes the
anisotropy of the linear electrooptical effect and the natural
circular birefringence into account. However, the system of
coupled equations (4) ë (8) allows us to analyse the DFWM
within the approximation of undepleted pump in arbitrarily
cut samples and for arbitrary orientations of the photo-
refractive grating vector K with respect to the crystallo-
graphic system of coordinates.

Considering the phase conjugation eféciency of wave I3,
we will use the condition of the absence of wave I4 at the
crystal boundary: m24(d) � 0. In this case, we can obtain the
following solution of equations (4) ë (7) for the contrast of
the interference pattern:
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If the dependence mu(x) is known, system (4) ë (7) can be
easily integrated. In the case of coincident polarisations of
beams I1 and I3, the transmission coefécients for the probe
wave, K3 � jE3(d)j2=jE3(0)j2, and the phase-conjugated
wave, K4 � jE4(0)j2=jE3(0)j2, can be written as
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Consider DFWM in the widely used orientation of
photorefractive crystals when the optical beams are incident
on the (110) face and the grating vector K is parallel to the�

�110
�

axis. If the incident pump waves have the same
intensity and are mutually orthogonally polarised, forming
angles of +458 and ë 458 with the

�
�110
�
axis, the phase-

conjugated reêectivity can be expressed analytically as
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where w � pn3rT41E0=rl and rT41 is the electrooptical coefé-
cient of an unclamped crystal.

The generation of mutually phase-conjugated waves sets
in when the denominator

1� exp�G�d �d � ÿ F�d � � 0; (14)

in the general expressions (9) and (12) for the contrast mu,
the phase-conjugated reêectivity K4, and the transmission
coefécient K3, or the denominator

4
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in expression (13), for K4 in the case when the grating
vector K is parallel to the

�
�110
�
axis in the (110) plane,

vanishes [20].
The self-excitation condition (14) is similar to that deri-

ved in Refs [2 ë 4, 9]; however, it includes the effects of the
induced linear birefringence and the optical activity in sele-
nite crystals subjected to an external éeld. The self-exci-
tation is caused by the ampliécation of weak optical waves
by the both counterpropagating two-wave processes, which
leads to a positive feedback in the DFWM process in photo-
refractive crystals [2 ë 10].

It follows from the general relation (14) that the achie-
vement of the generation regime in the crystals under study
depends not only on the product gd, but also on the pola-
risation states of the incident pump waves and the birefrin-
gence Dk. One can use relation (14) to determine the opti-
mal conditions for the phase conjugation in cubic photo-
refractive crystals subjected to an external square-wave
electric éeld in the case when the threshold value of g is
not reached. In particular, the maximum phase-conjugated
reêectivities for the phase-conjugated wave should be
observed for orientations of polarisation vectors of pump
waves that are optimal for the generation of mutually
phase-conjugated beams.

When the grating vector K is parallel to the
�

�110
�
axis in

the (110) plane, the angles y1 and y2 between the
�

�110
�
axis

and the polarisation vectors of the incident pump waves I1
and I2, respectively, at which the condition (14) of self-exci-
tation of mutually phase-conjugated waves is satiséed at
633 nm in Bi12SiO20 and Bi12TiO20 crystals is determined by
closed curves in Fig. 2. In the calculations, we assumed that
the thickness d � 1 cm and parameters ru41 � 5 pm Vÿ1,
rT41 � 5:7 pm Vÿ1, and mtR � 10ÿ11 m2 Vÿ1 were the same
for both crystals. For the bismuth silicate, we used the inter-
ference pattern period L � 35 mm and the acceptor con-
centration Na � 1021 mÿ3; for the bismuth titanate, L �
10 mm and Na � 2022 mÿ3.

One can see from Fig. 2 that condition (14) can be satis-
éed when the amplitude of the external éeld exceeds the
threshold value Emin � 9:62 kV cmÿ1 in Bi12SiO20 and
3.61 kV cmÿ1 in Bi12TiO20. This agrees qualitatively with
the threshold dependence of the intensity of the phase-con-
jugated wave on the external éeld amplitude experimentally
observed in Bi12SiO20 [8] and Bi12TiO20 [2]. The lesser value
of the speciéc rotary power r and the greater concentration
Na of acceptors in Bi12TiO20 crystals result in a lower thre-
shold than in Bi12SiO20 crystals.

As the amplitude of the external éeld exceeds Emin, the
critical point in the plane of angles y1 and y2 transforms to
an enclosing curve. In this case, the generation regime beco-
mes possible for a whole set of polarisation vectors of the
pump waves. The coordinates of the critical points, (498,
ë 478) for Bi12SiO20 and (55.58, ë 39.78) for Bi12TiO20, are
close to the angles at which the maximum gain of the partial
interference patterns with contrasts m13 and m24 is realised.

It follows from conditions (14) and (15) that, due to the
inêuence of the natural circular birefringence and externally
induced linear birefringence, the threshold value of the
product (gd)ex of the coupling constant by the interaction
length, which is sufécient for self-excitation of mutually
phase-conjugated waves, can be different for crystals that
have coincident photorefractive parameters but different
thicknesses d. Fig. 3 shows the dependence of the threshold
value (gd)ex on the thickness d of Bi12SiO20 and Bi12TiO20

crystals in the case when the grating vector K is parallel to
the

�
�110
�
axis in the (110) plane. The curves were calculated

for the external éeld amplitude Em � 10 kV cmÿ1 and the
incident pump waves polarised at angles of 458 and ë 458
with respect to the

�
�110
�
axis.

One can see from Fig. 3 that (gd )ex � 4 at d ! 0. In the
cited papers [2 ë 4, 9], this threshold value was found by neg-
lecting the birefringence and was independent of the inter-
action length. In the case of Bi12TiO20, which has a small
speciéc rotary power r � 6:38 mmÿ1, an increase in d
slightly increases the absolute value of (gd)ex. However,
in the case of Bi12SiO20 (r � 228 mmÿ1), (gd)ex strongly
depends on the crystal thickness.
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Figure 2. Curves corresponding to the angles y1 and y2 between the
polarisation vectors of pump waves I1 and I2 and the

�
�110
�
axis of

Bi12SiO20 and Bi12TiO20 crystals, that satisfy the condition for self-
excitation of mutually phase-conjugated waves at various amplitudes of
the applied éeld.
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Figure 3. Threshold value (gd)ex sufécient for self-excitation of mutually
phase-conjugated waves as a function of the interaction length d in
Bi12SiO20 and Bi12TiO20 crystals for the applied éeld amplitude Em �
10 kV cmÿ1 and the pump waves polarised at 458 and ë 458 with respect
to the

�
�110
�
axis.
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For a given polarisation of the pump waves, the phase
conjugation eféciency of weak optical waves is primarily
determined by the spatial period L of the photorefractive
grating, which enters the coupling constant g, and the ampli-
tude Em of the external éeld, which enters both g and the
induced linear birefringence dn. Fig. 4 shows the dependence
of the phase-conjugation reêectivity K4 on the amplitude Em

for the DFWM geometry considered above (see expression
(13)) in 1-cm-thick Bi12SiO20 and Bi12TiO20 crystals. Fig. 4
does not show the decaying tails of the curves observed
when the amplitude Em exceeds the threshold value (Em >
Emin). In this case, the solution for the phase-conjugated
wave is unstable [21]; therefore, the DFWM remains in the
generation regime when the external éeld exceeds the thres-
hold Emin � 7:0; 3:68; 12:13, and 9.64 kV cmÿ1 for curves 1,
2, 3, and 4, respectively.

One can see that the phase-conjugation reêectivity K4
strongly reduces with decreasing amplitude of the external
éeld. In the case of small values of Em, the optical waves
interact on the diffusion photorefractive grating, whose
amplitude increases with decreasing spatial period L.
Accordingly, in the case of Em < 2 kV cmÿ1, curve 2 in
Fig. 4, which corresponds to L � 1 mm, lies above curves 2,
3, and 4, which correspond to the grating periods L � 10,
15, and 35 mm.

In the absence of the external éeld (Em � 0), the ex-
pression for the phase-conjugated reêectivity assumes the
simple form K4 � 4g2 sin2 (jrjd )=�8jrj ÿ g sin (2jrjd )�2. It
follows from this expression that, for a given coupling
constant and crystal thickness, the maximum of the phase-
conjugated reêectivity, K4 � g2d 2=�4ÿ gd �2, is reached at
r � 0. Therefore, the threshold amplitude of the external
éeld is lower in the Bi12SiO20 crystal, which has a lower
speciéc rotary power, than in the Bi12TiO20 crystal. Note
that the last expression coincides with the one derived in
Refs [2 ë 4, 9] by solving the scalar equations for coupled
waves.

The external éeld shifts the optimal spatial periods L
towards longer wavelengths in both crystals, resulting in a
reduction in the lasing threshold L with increasing Emin.

Thus, by analysing the DFWM on photorefractive trans-
mission gratings in cubic gyrotropic crystals subjected to a
square-wave electric éeld, we have derived expressions that

determine the optimal phase conjugation conditions and
include the effects of the natural circular birefringence and
the linear birefringence induced by the external éeld. For the
special interaction geometry when the grating vector is
parallel to the

�
�110
�
axis and the optical waves propagate

in the (001) plane, we have calculated the threshold con-
ditions for the generation of phase-conjugated light in 1-cm-
thick Bi12SiO20 and Bi12TiO20 crystals pumped by non-
orthogonally polarised waves. In the case of orthogonally
polarised pump beams, we have analysed the dependence of
the threshold value of (gd )ex on the interaction length d and
the dependence of the reêection coefécient on the external
éeld amplitude.

Appendix

Following Refs [15 ë 18], we represent the refractive indices
n1;2 and polarisation vectors e1;2 of the eigenwaves of a
cubic non-centrosymmetrical gyrotropic crystal subjected to
an external electric éeld E0 (Fig. 1) as

n1;2 � n� dn
xo�g�xo

2

�
��

r
k

�2

�
��

xo � g � xo
2

�2
ÿ xo � ÿg2 ÿ d

� � xo�dn2�1=2

;

(A1)

e1 �
�1ÿ iz�yo � irzo

�1� z2 � r2�1=2 ; e2 �
ryo � �zÿ i�zo
�1� z2 � r2�1=2 ; (A2)

where

g �
0 zo3 zo2
zo3 0 zo1
zo2 zo1 0

24 35;
r � 1

r

�
r2 �

��
xo � g � xo

2

�2

ÿ xo � ÿg2 ÿ d
� � xo��dnk�2�1=2

(A3)

ÿ
�
xo�g�xo

2
� zo� g�zo

�
dnk
r

;

dn � n3rT41E0=2; z � dnk
ÿ
yo�g�zo�=r; r is the speciéc rotary

power; zok are the components of the unit vector zo in the
crystallographic system of coordinates; yo � zo � xo; d is
the unit tensor.
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