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High-order harmonic generation by multielectron atoms in the
field of a relativistic-intensity standing electromagnetic wave

V D Taranukhin, N Yu Shubin

Abstract. A semiclassical model of high-order harmonic ge-
neration (HHG) is developed and applied for the investigation
of HHG in relativistic-intensity laser fields. A shift of photo-
electrons along the wave vector of the pump wave is shown to
reduce the harmonic intensity. In the low-frequency range of
the spectrum of high-order harmonics, this intensity lowering
is more noticeable than in the high-frequency range. We
propose to use a standing wave instead of a travelling wave to
increase the HHG efficiency by reducing the longitudinal shift
of photoelectrons. The efficiency of using atoms in a standing
wave is shown to decrease with the growth in the pump inten-
sity. However, in the case of a travelling wave, this decrease
in the HHG efficiency is even more noticeable. The use of a
standing wave provides a considerable increase in the HHG
efficiency, which may be as high as ~ 10? when pump radi-
ation has an intensity / ~ 10'* W cm ™2 and a wavelength of
0.3 pm.
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1. Introduction

High-order harmonic generation (HHG) by atoms in strong
laser fields (see, e.g., Refs [1, 2]) holds much promise for the
generation of coherent X-ray radiation. The methods allow-
ing the efficiency of this process to be increased and per-
mitting the maximum possible radiation frequency to be
achieved are of considerable interest. The spectrum of har-
monics is usually characterised by a cut-off frequency Q =
Npax® (Where N, is the maximum harmonic number and
w is the frequency of pump radiation). In the nonrelativistic
limiting case, the cut-off frequency is determined by the
following expression Q) = U, +3.17U, [1], where U, =
Ff / 40” is the ponderomotive energy; F is the amplitude of
the electric field strength in the pump wave; and Uj, is the
atomic ionisation potential (we employ the system of units
where e = m = /i = 1). Thus, the pump intensity / should be
increased to achieve the maximum radiation frequency.
However, the depletion of atomic states limits the maxi-
mum radiation frequency in HHG experiments performed
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with high pump intensities. The value of @, under these
conditions is determined by the ionisation saturation inten-
sity I for a given atom rather than by the peak intensity in
the pump pulse. On the other hand, harmonics produced by
singly and doubly charged ions have been also observed in
experiments [2]. The values of Q, in these experiments
exceeded the values of this parameter typical of neutral
atoms since ions possess higher energies U, and, conse-
quently, have higher energies U, for the saturation intensity
I,. Thus, harmonics with higher orders can be produced
when ions with a higher charge are irradiated by pump
pulses with intensity 7 considerably exceeding the saturation
intensity /; for neutral atoms.

High pump intensities (e.g., I ~ 10'” W cm~? is achieved
at the wavelength 2 = 0.3 pum in experiments [2]) should give
rise to relativistic effects in HHG [3—6]. Note that the
bremsstrahlung emission of a photoelectron perturbed by
the field of a parent ion has been calculated in Ref. [3].
Generation of high-order harmonics under these conditions
is due to the recombination of photoelectrons with a parent
ion [4-6]. The interaction of photoelectrons with the
magnetic component of pump radiation, which shifts photo-
electrons along the wave vector of the travelling pump wave,
plays an important role in both cases. Because of this shift, a
photoelectron returning to its parent ion misses this ion, and
the HHG efficiency lowers. In our papers [6], we proposed
to employ a standing wave to solve this problem.

In this study, relativistic effects in HHG in the field of
both travelling and standing waves are analysed within the
framework of a semiclassical model. Quantum-mechanical
calculations of HHG spectra will be also presented.

2. The quantum-mechanical model of high-order
harmonic generation in relativistic-intensity fields

In Refs [5-7], we have developed an approach to the
description of HHG in the case when an isolated atom
interacts with high-power laser radiation. This approach
follows the general scheme developed in Ref. [8]. However,
the authors of Ref. [8] consider only the case of a low
ionisation probability, ignoring the Coulomb interaction of
photoelectrons with a parent ion as well as relativistic ef-
fects accompanying the motion of a photoelectron in the
continuum. In this paper, we propose an illustrative
quantum-mechanical model, which includes all these effects,
thus allowing HHG in relativistic-intensity pump fields to
be investigated.

The expression for the field-induced dipole moment
responsible for HHG derived in Ref. [5] can be interpreted
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in a physically instructive way. A photoelectron wave packet
is produced in the continuum at the first stage of the
considered process. The amplitude of this wave packet is
determined by the probability W of tunnelling ionisation [9].
At the next stage, the wave packet, which was assumed to
have a Gaussian shape in our calculations, evolves in the
pump field, with its width ¢ growing with a rate

Ve~ F'2(2U,) " (1)

(see [10]), which agrees well with the experimental data [11].
The trajectory of the centre of the packet is governed by the
classical equation of motion, which relates the coordinate r
of the centre of the wave packet to its velocity v. Taking
into consideration also the Coulomb electron-ion interac-
tion, we arrive at

dv v2\ 2 1

—zr'—'3+%u{v<zri3+F>”, )
r(to) =ro, v(ty) = vy,

where B is the induction of the magnetic field in pump
radiation, Z is the charge of the ion residual, and ry and v,
are the initial coordinate and the velocity of the electron,
respectively. In the case of a two-component pump field, we
have F = Fi({;)cos{; + Fr({y)cosly, B= By({;)cos{;+
Bz(fz)cosiz, and C]>2 :wl,Zl_kl,Zra where 12 and k|72
are the frequencies and wave vectors, respectively; and Fj ,
and B, are the amplitudes of the electric and magnetic
components of the pump field, respectively. In the regime of
tunnelling ionisation, an electron starts its motion in the
continuum from the outer boundary of the potential barrier
at the moment of time ¢,, and we can set vy =~ 0 [1].

When this electron returns to its parent ion, it may
recombine, emitting a quantum with an energy Nw. The
intensity Iy of recombination emission at the frequency Nw
(where N is the harmonic number) is proportional to the
modulus squared of the Fourier transform of the second-
order time derivative taken for the matrix element of the
dipole moment.

The case of incommensurate frequencies w; and w, was
considered in our papers [7, 12]. The case when w; = w,
corresponds to a monochromatic pump field. Provided that
F, = F,, By = B,, and k; = —k,, the pump has a form of a
standing wave. Thus, the approach described above includes
the three-dimensional character of electron motion in the
continuum and relativistic effects. This approach can be
employed to consider laser fields of an arbitrary configura-
tion.

3. A semiclassical analysis of high-order
harmonic generation

3.1 A travelling wave

A semiclassical analysis of HHG can be performed on the
basis of Eqns (1) and (2). According to the model [1], high-
order harmonics are mainly generated by photoelectrons
that return to a parent ion and recombine, emitting a quan-
tum whose frequency is determined by the kinetic energy E,
of electrons at the moment ¢, of recombination. Thus, the
cut-off frequency Q is determined by the maximum energy
E™ of a photoelectron returning to its parent ion and the

ionisation potential of an atom (ion). Note that an impor-
tant feature distinguishing the proposed semiclassical model
from the model developed in Ref. [1] is the inclusion of the
magnetic component of pump radiation and the spreading
of the photoelectron wave packet. In addition, we also take
into account the dependence of the packet spreading rate
on the electric field strength F and on the atomic ionisation
potential U,,.

Consider the interaction of an electron with a linearly
polarised plane electromagnetic wave (Fy, B,) propagating
along the z-axis. In this case, the electron energy E, is highly
sensitive to the ionisation moment 7, and is described by a
nonmonotonic function of this moment [1, 4] (Fig. 1). Let
us introduce an optimal ionisation moment #,,; correspond-
ing to E, = E/™™. Since electrons returning to their parent
ions provide a dominant contribution to HHG, we restrict
our analysis to the values of ¢, falling within the range of 1/4
of the pump cycle 7' (0 <ty < T/4). In the nonrelativistic
case, we have witoy =~ n/10 [4] and Q = Q, = U, + 3.17U,,.
In the relativistic regime, the maximum frequency Q may be
less than €.

0. (rel. units); t (rel. units); Vy, (rel. units); E; (rel. units)

lnpl Iy
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Figure 1. The time of motion in the continuum, t = 7, — ¢, calculated
with Eqn (4); the mean velocity of longitudinal motion 0. = z./7 in a
travelling wave; the rate of spreading of the photoelectron wave packet,
Vs> and the kinetic energy of a photoelectron, E,, as functions of the
moment #, of ionisation of the electron. Calculations were performed
within the framework of the semiclassical model including relativistic
effects in the first-order approximation in v/c for a travelling pump
wave.

Note that for relatively low pump intensities 7, electrons
move along the direction of polarisation of the electric field.
The longitudinal shift z accompanying the increase in 7
reduces the recombination probability and, consequently,
lowers the intensities of high-order harmonics. This longi-
tudinal shift depends on both pump parameters (I and w)
and 75. Note that the dependence of z on 7, changes the
shape of the HHG spectrum since electrons emerging into
the continuum at different moments ¢, contribute to differ-
ent regions of this spectrum.

For moderate pump intensities, Eqn (2) can be solved by
the method of successive iterations with a small parameter
v/c. In the zeroth-order approximation in v/c, an electron is
involved in a one-dimensional motion along the x axis:

x(t) = xp[cos wt — cos wity + w(t — ty) sin wiy),

(©)

v, (1) = wxy(sin wty — sin wt),
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where x, = Fo/w2. Let us introduce the time 7 = ¢, — ¢, of
photoelectron motion in the continuum. Taking into
account that a photoelectron returns to its parent ion,
ie., x(t;,) =0, we can apply Eqn (3) to find an implicit
expression for the dependence 1(7y)):

1 —coswrt

(4)

to = larctan4.,
w Wt — sinwt
This dependence is described by a monotonically decreasing
function (see Fig. 1).
In the next-order approximation in v/c, a photoelectron
acquires an additional motion along the z-axis: z(f) =
zof (t,t;), where

F¢
Zo = —;
07 w3
. sin2wt .
f(tg, 1) = — + sin wty(cos wt — cos wty) + w(t — ty)
. cos 2wt sin 2wt
x ( sin® wr + 0 0; %
4 8
cos2wt . . 1 sin’ o
v, = wzy| — 1 —s1nwtosmwt+1—|—T

One can see from these expressions that an electron is now
involved in drift and oscillatory motion along the z-axis at
the fundamental and doubled frequencies with a velocity
v, ~ 1/(cw2). Thus, the longitudinal shift of a photoelectron
is a quantity of the first order in v,/c. Consequently, this
effect should manifest itself even at relatively low radiation
intensities (numerical estimates are presented below in this
section).

Consider the influence of the longitudinal shift z of a
photoelectron on HHG taking into account the dependences
of zon I, w, and ¢, obtained by successive iterations. Let us
introduce the notations z.(¢y) =z(t, t,), and f.(¢y) = f (9, t;)-
Using numerical methods to solve Eqn (4) and substituting
the results into Eqn (5), we can determine the dependence
z.(ty) of the longitudinal shift of a photoelectron at the
moment when it returns to its parent ion. This dependence is
described by a monotonically decreasing function, which is
confirmed by the results of direct numerical simulations
using Eqn (2). The mean velocity 0, = z,(y)/t(ty) of longi-
tudinal motion in a travelling wave decreases for all the
values of t,, except for a narrow range of small ¢y, where v,
slightly increases (see Fig. 1).

Let us introduce a criterion that an electron wave packet
with a width Vgt misses its parent ion:

z(to) > VspT(IO)- (6)

We assume that, when condition (6) is satisfied, a photo-
electron does not contribute to recombination emission,
which decreases the intensity of the relevant harmonics. The
dependences of the energy E. and the shift z. on ¢, change
the shape of the harmonic spectrum. With 7y~ 0, the
electron energy E,(ty) is low (Fig. 1), while the ionisation
probability and the shift z, are large. Therefore, we should
expect a noticeable decrease in the intensity of harmonics in
the low-frequency region of the spectrum (as compared
with the nonrelativistic case).

When the pump intensity becomes higher than some
characteristic intensity ;, criterion (6) is satisfied for elec-
trons with 7y > f,,,. Under these conditions, E™* becomes
less than 3.17U, (Fig. 2). With a further increase in I, the
growth rate of E™* and, consequently, the growth rate of

the maximum radiation frequency Q decrease (Fig. 2). The
parameter E™** decreases due to the fact that only electrons
with lower energies can efficiently recombine, returning to
the vicinity their parent ions, while electrons with 7y & #,p
miss their parent ions, giving no contribution to HHG.

Q
> Standing wave, 6z/1 = 0
Standing wave, 0.025
10° |
C Running wave
i Standing wave, 0.05
- |
|
10° | l
C |
r |
1 1 1

10" I, 10" 10° 1I/Wem™
Figure 2. Dependences of the maximum harmonic frequency Q on the
intensity 7 of pump radiation with a wavelength 4 =308 nm in the
travelling- and standing-wave regimes for different 8z/A. Calculations
were performed within the framework of the semiclassical model for an
Ar87 jon (the ionisation potential is 7, = 15.5 a.u.).

Let us estimate the critical intensity ;. Using Eqn (6)
and invoking an estimate for the mean velocity of longi-
tudinal motion v., we find that o, > V. Then, Eqns (1) and
(5) yield I, = c4/3w8/3(21p)1/3}0)r/ﬁ(to)]2/3, and the relevant
cut-off frequency is Q. ~ w*>. Thus, the criterion of relati-
vistic regime in HHG can be written as 1(2/271)8/3 >ct (e,
I, ~ 278 3). This condition considerably differs from the
generally accepted criterion of relativistic regime in above-
threshold ionisation, formulated in terms of the increase in
the effective electron mass (1(/1/21t)2 > ¢* which corre-
sponds to [I> 108 Wem™2  for A=1 um  [3]).
Consequently, the influence of the magnetic component
of the pump field on HHG should be taken into account for
radiation with 2 =0.3 pm already starting with [ =
10" W em ™2

3.2 A standing wave

To prevent the decrease in the HHG efficiency due to the
longitudinal shift of photoelectrons, we propose to use a
standing wave for pumping. In such a wave, the amplitude
of pump components acting on an atom depends on the
position 8z of atoms. Electric-field antinodes (6z = 0) cor-
respond to the nodes of the magnetic field. Consequently,
the magnetic-field force acting on an electron is equal to
zero at these points. The amplitude of the electric field
decreases as ~cos(2mdz/4), while the amplitude of the
magnetic field increases as ~sin(2ndz/2) away from these
points. This implies that the longitudinal drift can be offset
and, consequently, the HHG efficiency can be improved
only within some part of the interaction volume. Further-
more, the decrease in the amplitude of the electric field
reduces the ponderomotive energy of an electron. There-
fore, when high-order harmonics are generated by atoms
located at points with different 6z, quanta with a fixed
energy are emitted by photoelectrons with different ¢,. This
feature distinguishes the case of a standing wave from the
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regime of a travelling wave, where such a dependence may
be only due to a transverse intensity distribution in a con-
fined pump beam.

In the case of a standing wave, criterion (6), which
determines the HHG efficiency, remains the same as in the
regime of a travelling wave. The spreading of the electron
wave packet occurs in a similar way in these two cases. The
scenario of this spreading is equivalent to the spreading of a
free wave packet. The latter circumstance is one of the
assumptions of the employed model, which relies on the fact
that a considerable part of the photoelectron trajectory in
the continuum lies far from the parent ion and the Coulomb
field only slightly influences this spreading. Thus, the analy-
sis of relativistic effects in HHG in a standing wave is
reduced to the investigation of the longitudinal shift of a
photoelectron.

In the first-order approximation in v/c, the electron
motion in a standing wave along the x-axis is the same as in
the nonrelativistic regime. The differences from the case of a
travelling wave [i.e., from Eqns (3)] are noticeable under
these conditions only in the dependence of the amplitudes of
the photoelectron coordinate and velocity on the position of
an atom dz. The equation governing the photoelectron
motion along the z-axis in a standing wave is reduced to
a nonlinear Hill equation. An analytical investigation of this
equation encounters considerable difficulties. However, for
relatively low intensities, when (z — 82)/2 ~ U,/c* <1, we
can assume that the amplitude of the field acting on an
electron is independent of the current coordinate of the
electron (depending only on the coordinate of the atom). In
such a situation, we have sin (4nz/1) =~ const = sin (4ndz/1).
This approximation remains valid also for small 3z, i.e., for
atoms located around antinodes of the electric field, since
the amplitude of the longitudinal shift of electrons decreases
accordingly.

This approximation gives the following expression for
the longitudinal shift of a photoelectron:

z = zog(ty, t) sin(4ndz/1) /2 + 8z,

where
gty 1) ={1/2 4+ w(t — ty)[w(t — ty) — sin2wty] /4
— sinwty sinwt 4 (cos 2wty — Scos2mit)/8};

v, = wzqsin(4ndz/ 1) /2[w(t — ty) — (sin 2wt + sin2wt) /4

— sin wty cos wt ]. 7

Numerical integration of Eqn (2) for a standing wave
with 2 =0.3 um and the values of I up to 10" W cm™
shows that, even with very small 8z/1 ~ 0.01, Eqn (7) is
satisfied with an error not exceeding 10 %. As can be seen
from Eqn (7), in contrast to the case of a travelling wave
described by Eqn (5), the motion of a photoelectron in a
standing wave has an additional (uniformly accelerated)
component. At the moments of recombination, this com-
ponent dominates over the oscillatory and drift components
for ionisation moments ¢y ~ oy [the shift z,(7,,) due to this
component exceeds the shift related to all the other
components by an order of magnitude].

Applying Eqns (5) and (7) to compare the electron shifts
z.(ty) in travelling and standing waves, we find that, in the
case when the pump intensity remains the same and the
inequality

sin [4dz/ ) < 10). ()
gr(ZO)

is satisfied, where g.(z)) = g(t9,t;), the shift z.(z) in a
travelling wave exceeds the corresponding shift in a
standing wave. Inequality (8) allows us to estimate the
range of values of 6z < &z, where the HHG efficiency in a
standing wave is higher than the HHG efficiency in a
travelling wave (for the same pump intensity). Note that
this estimate is independent of atomic parameters and the
pump intensity, depending only on the ionisation moment.
Solving numerically Eqns (4) and (8) for 8z, we obtain
Oze(topt)/(A/4) = 0.12. Consequently, not all the atoms
provide equivalent contributions to HHG in a standing
wave. The parameter 8z /(/1/4) under these conditions
characterises the efficiency of utilising atoms in this process.

In the case of a Gaussian wave packet [11], condition (6)
does not necessarily imply that an electron misses its parent
ion. It rather implies a decrease in the recombination proba-
bility and, consequently, the lowering of the HHG effi-
ciency. With relativistic pump intensities, frequency compo-
nents close to @, but possessing much lower intensities
should be expected in HHG spectra under these conditions
for both travelling- and standing-wave regimes. Note also
that the width of the wave packet a(z,) usually substantially
exceeds the width of the wave function of the atomic ground
state. The intensity Iy of the Nth harmonic in this case is
determined by the shape of the electron wave packet and is
characterised by a Gaussian dependence on the longitudinal
shift of the centre of the wave packet:

Iy ~ exp { 2 (—Zf("’) ﬂ ©)
VspT(IO)
The factor (9) determines the relativistic modification of the
HHG spectrum and allows the estimation of the decrease
1, in harmonic intensities in a travelling wave relative to the
standing-wave regime for 6z = 0. Invoking Eqns (1), (5),
and (7), we arrive at

mt0) = exp(~247 (1)) (10)

where a,(t)) = F3/2(2Ip)l/4 "(10)/(wet(1y)). Fig. 3 presents
the dependence of n(t,,) on the pump intensity. This
dependence shows that, as the pump intensity I grows from
I, up to 21, the harmonic intensity lowers by two orders of
magnitude, and the efficiency of using a travelling wave
becomes very low for I > I;. Expression (9) also gives the
following estimate for the decrease in the intensity of
harmonics generated by atoms with 3z # 0 in the standing-
wave regime relative to the intensity of harmonics generated
by atoms with 8z = 0:

. ,4md
Mu(10,52) ~ exp (— a3 (1) sin’ )

where ag(to) = F¥2(21,)g.(t) /(> ex(ty).

Note that, due to the nonmonotonic character of the
dependence E (7)), two classical trajectories contribute to
radiation emission at frequencies lower than Q. Specifically,
for the frequency equal to Q,/2, we have to take into
consideration ionisation moments ¢, ~ ¢; =0.017 and
t, = 0.1T (see Fig. 1). The ionisation probability calculated
for ¢, in the case of Ar®* ions in the presence of a pump field
with I ~ 10" W cm™2 is eight orders of magnitude higher
than the ionisation probability for #,. Therefore, the left-
hand branch (0 < fy < 7o) of the curve representing E, in

(11)
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Figure 3. Results of (curve) semiclassical and (dots) model quantum-
mechanical calculations for the ratio n(f,y) of the intensities of the
harmonic with the frequency equal to 3.17U, in travelling and standing
waves (for 6z = 0) as a function of the pump intensity.

Fig. 1 provides a dominant contribution to HHG. The para-
meter o = (1’)2(lo)/l’)z(tol[,l))2 for t; is equal to 1.8 for a
travelling wave and 1.4 for a standing wave. As can be
seen from Eqns (10) and (11), parameters characterising the
decrease in the harmonic intensity in the central part of the
plateau and around its cut-off are related to each other in
the following way:

’75,1([1) ~ nsoft(topt)' (12)
Since o > 1, the decrease in the harmonic intensity in the
central part of the plateau is more noticeable than a similar
decrease around the plateau cut-off (a dip in the plateau).
This effect is due to a decrease in the mean velocity v, of
longitudinal motion and the growth in the photoelectron
energy E. with an increase in ¢, for #y < fo (Fig. 1). Thus,
the developed model predicts a relativistic lowering in the in-
tensities of all the harmonics and a noticeable dip in the pla-
teau within the low-frequency region of the HHG spectrum.

Let us estimate the total efficiency ¢ of Nth-harmonic
generation by atoms with different 3z in a standing wave.
For this purpose, we integrate the dependence #,(5z), which
yields

1
e d J dzexp[—%a;(to)sinz(Zkéz) , (13)

)v O
where [ = //2marccos (Nw/Q;) determines the maximum
value of oz that still allows the generation of the Nth
harmonic (since No» < Q = @, cos’ kdz). Note that & can be
quite arbitrarily called the efficiency of utilising atoms in a
standing wave. Generation of high-order harmonics with
maximum frequencies is of particular interest. Therefore,
the value of / is small in the estimate of Eqn (13) for N
close to Qq/w, and we can assume that sin (2k8z) ~ 2kdz. If
we neglect a weak dependence of 7, on 8z (for 0 < 8z < /),
integration in Eqn (13) yields

- <2>l/2erf(2]/2nlag/i)

T a

, (14
g

where erf x is the error function. Thus, the total HHG
efficiency in the standing-wave regime decreases with the
growth in 7, as can be seen from Eqns (10), (11), and (14),
but much slower than in the travelling-wave regime.
Estimates performed for Nw = 0.9Q, I=10" W cm™2,
and A= 0.3um demonstrate that ¢~ 7 x 107> and 0y &

7 x 1074, Therefore, the enhancement R of the HHG
efficiency in the standing-wave regime relative to the
travelling-wave regime is &/n, ~ 10>. Note that this
enhancement should be even higher for the central region
of the plateau.

Thus, semiclassical calculations provide a clear under-
standing of the influence of relativistic effects on HHG. To
confirm the predictions of our semiclassical approach for
HHG in the relativistic regime, we carried out quantum-
mechanical calculations for the spectra of short-wavelength
emission of atoms.

3.3 Calculation of HHG spectra within the framework of
the quantum-mechanical model

Spectra of HHG were calculated for Ar®* ions in the field
of pump radiation with A=03pm and I~ 10"°—
10" W cm™2. The trajectories of the centre of the wave
packet were determined by the numerical integration of
Eqn (2). The time dependences of electron coordinates were
then substituted into the expression for the dipole moment
D(?) of the relevant free—bound transition, The current
width of the wave packet was included through Eqn (1).
The HHG spectrum was calculated by the method of
stationary phase.

Consider first the relativistic modification of the HHG
spectrum in the travelling-wave regime. The increase in the
pump intensity (7 > I) first results in a substantial lowering
in the intensity of the low-frequency part of the HHG spec-
trum (Fig. 4). This result is consistent with Eqn (12) derived
within the framework of the semiclassical model. A dip in
the plateau appears due to the fact that a photoelectron mis-
ses its parent ion. Electrons with smaller 7, are characterised
by larger impact parameters, which corresponds to the low-
frequency region of the spectrum. Such an interpretation is
confirmed by the results of the following numerical simu-
lation. Curve 3 in Fig. 4 represents the results of simulations
performed for HHG in a standing wave for 8z = 0 where the
contribution of electrons with 7 < #,, was artificially ex-
cluded (which is equivalent to a situation when such elec-
trons miss their parent ions). The low-frequency part of the
spectrum in this case coincides with the low-frequency spec-
tral region in the travelling-wave regime. This coincidence
confirms our interpretation of the dip in the plateau, since
for high pump intensities, electrons with 7y < £, miss their
parent ions in a travelling wave and provide a dominant
contribution to HHG in a standing wave, thus ensuring the
advantage of the standing-wave regime.

With a further increase in the intensity of a travelling
wave, the intensity of the high-frequency part of the HHG
spectrum also lowers (relative to the HHG spectrum in a
standing wave for 6z = 0). The intensity of the harmonic
with the frequency @y = 3.17U, is lower under these con-
ditions than the intensity of the same harmonic produced in
a standing wave for 8z = 0. The dots in Fig. 3 show the ratio
N(top) of the intensities of this harmonic calculated for tra-
velling and standing waves. This plot demonstrates a good
agreement between the results of semiclassical analysis and
model calculations of the spectrum. Thus, the ratio of the
intensity of the harmonic with the frequency €, in a
travelling wave to the intensity of this harmonic in a
standing wave for 6z =0 may be as low as 5 x 10™* for
I1=10" W em™? (Figs 3, 5).

In the case of a standing-wave pump, the harmonic in-
tensity also depends on the position of atoms: the harmonic
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Figure 4. Results of quantum-mechanical calculations for HHG spectra
of Ar8* jons in a pump field with /=8 x 107 W em™ in (/) the
travelling-wave regime and (2, 3) the standing-wave regime for (2)
6z =0 and (3) 0z=0 when only the contribution of electrons with
fy > top 1s included.

intensity decreases with the increase in 6z. Furthermore, the
quiver energy U and, consequently, £, lower because of the
decrease in the amplitude of the electric field. Fig. 5 displays
a series of HHG spectra in a standing wave for different dz.
For comparison, this figure also presents the HHG spectrum
in the travelling-wave regime for the same pump intensity.
As can be seen from the comparison of these plots, the
harmonic intensity in a standing wave for sufficiently small
8z is higher than the harmonic intensity in a travelling wave,
while for large 8z, the harmonic intensity in a standing wave
is lower than the harmonic intensity in a travelling wave.
Thus, we can find the range 0 < 6z < 6z, where HHG in a
standing wave is more efficient than HHG in a travelling
wave. For the cut-off frequency, we have 8z /(1/4) = 0.1,
which is consistent with predictions of the semiclassical
model.
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Figure 5. Results of quantum-mechanical calculations for HHG spectra
of Ar8* ions in a pump field with /= 10'"® W cm™2 and 2 = 308 nm in
(1) the travelling-wave regime and (2—4) the standing-wave regime for
(2) 3z/2=0, (3) 0.0125, and (4) 0.025. Curve 5 represents the total
spectrum of harmonics emitted by a single atom within the range
0 < 8z < 4/4 in the standing-wave regime.

The response of the medium (per single atom) calculated
by summing the HHG spectra generated by atoms with
different 9z in a standing wave is shown by curve 5 in Fig. 5.
One can see that the harmonic intensity in the total spec-
trum is lower than the harmonic intensity in the optimal

regime for 6z = 0. This is due to the fact that the efficiency
of utilising atoms & < 1 is less than unity [see the estimates
performed with the use of Eqn (14)]. Thus, the enhancement
R in HHG efficiency in the standing-wave regime relative to
the travelling-wave regime is determined by two factors: the
increase in the harmonic intensity for an atom at the point
6z = 0 (with respect to the travelling-wave regime), which is
characterised by the parameter 1/#,, and the efficiency & of
utilising atoms in a standing wave. The enhancement R
increases with the growth in the pump intensity and may
reach several orders of magnitude. In particular, with
I1=10"% Wem™2 and A= 0.3 pm, we have N~ 5x 1074,
¢~ 5x107%, and R~ 10

4. Conclusions

Thus, the developed model predicts a considerable lowering
in the intensity of high-order harmonics and modification
of the shape of the harmonic spectrum in the case when
relativistic-intensity pump radiation is used. The proposed
scheme of HHG in a standing wave allows this lowering in
the efficiency of harmonic generation to be partially
compensated. In contrast to the case of a travelling-wave
pump, the efficiency of harmonic generation in a standing
wave is highly sensitive to the position of the atom emitting
harmonics relative to an antinode of the electric field.
Because of this factor, the efficiency ¢ of utilising atoms in a
standing wave is lower than the efficiency of utilising atoms
in a travelling wave. This efficiency lowers with the growth
in the pump intensity. However, due to the compensation of
the relativistic shift of photoelectrons, the harmonic
intensity in a standing wave may considerably exceed the
intensity of harmonics in a travelling wave. In particular,
the enhancement of HHG efficiency due to the use of a
standing wave may be as high as 10* for a pump with an
intensity of 10"® W cm™ and a wavelength of 0.3 pm. This
enhancement in the HHG efficiency increases with a further
growth in the pump intensity.
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