
Abstract. A new version of time-delayed quantum interfe-
rence of photons is proposed, which may be manifested in the
emergence of a single-photon echo signal in coherent three-
level macroscopic media. Nonclassical properties of this type
of interference, reêected in peculiarities of the interaction
between the éeld and the medium, are analysed along with the
properties of the emitted echo signal.
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1. Introduction

Considerable advances in laser technology stimulated the
interest in experiments in which the quantum-mechanical
nature of light becomes a decisive factor. In such investi-
gations, the experiments devoted to extremely weak light
éelds `containing' a countable number of photons (one-,
two-, three-, etc. photon éelds) and to their interaction with
atoms, molecules, and macroscopic bodies occupy an impor-
tant place. Special interest towards these éelds is due to the
fact that their nonclassical properties may determine the
basic features of the experimentally observed effects. A wide
range of problems in the physics of weak light éelds is co-
vered in monographs [1 ë 3] dealing with fundamental prob-
lems in quantum optics.

This work is devoted to the interference of photons in
macroscopic coherent media. The formation of an interfer-
ence pattern by a êux of single photons was detected expe-
rimentally for the érst time in Refs [4, 5]. Such a pheno-
menon is referred to as quantum interference (in the case of
light, it is called optical, or amplitude interference) [6]. A
detailed analysis of the features of quantum interference was
carried out by Feynman [7] for an electron êux. In Refs [4,
5], the êux of single photons was created by extreme attenu-
ation of light. The methods of preparing nonclassical states
of light (in particular, for weak light éelds) have been consi-
derably improved in recent years [6], which is very impor-

tant, in particular, for solving problems in quantum infor-
matics [8, 9].

Note that the interpretation of quantum interference
properties is directly connected with the interpretation of the
basic concepts of the quantum theory. This is reêected in the
fact that a number of important physical problems in the
quantum theory of measurements [10, 11] and quantum
informatics [12, 13] proved to be connected to a certain
extent with the study of interference properties of photons in
various states. While analysing these problems, it is appa-
rently worth noting that single-photon interference in macro-
scopic media may be formed under more general physical
conditions than in the above-mentioned experiments [4, 5].
Namely, in the presence of phase memory in a substance,
interference of light (which will be considered below in the
Fresnel ëYoung scheme) becomes possible even when the
path difference L21 for a photon propagating along two spa-
tially separated trajectories in the interferometer is consi-
derably larger than the length of a photon wave packet
dlph � cdtph (L21 4 dlph), where dtph � (doph)

ÿ1 is the dura-
tion of the wave packet; doph � cdk is the spectral width
of the wave packet [the deénition of dk will be given be-
low after formulas (1) ë (3)]; L21 � L2 ÿ L1; L2;1 is the
distances propagated by a photon along each of the two
possible optical paths [14 ë 16]. Such an interference will be
referred to as time-delayed single-photon (TDSP) inter-
ference [14].

It should be emphasised that in the formation of the
TDSP interference in a substance, the direct interference of a
photon with itself is ruled out completely. Note also that the
inclusion of the effect of phase memory of a substance on
the formation of quantum interference is a problem on the
transient stage of formation of a classical response ë the
event occurring in the medium itself as a result of its
interaction with a photon or in a detector external relative
to the medium. The transient stage of the response itself
includes the formation, evolution, and decay of macroscopic
coherence of the medium, which is induced by the interac-
tion with a photon or any other microparticle being mea-
sured (see, for example, Ref. [17]).

The existence of phase memory in a medium permits the
implementation of various versions of the TDSP interfer-
ence differing in the type of interaction of light with atoms;
some of such versions were proposed in papers [14 ë 16, 18,
19]. In Ref. [20], the TDSP interference is considered from
the point of view of the quantum theory of continuous
measurements applied to a macroscopic body. Note that
dynamic mechanisms of the TDSP interference under study
may be applied in the search for new methods of generating
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new nonclassical states of transient light [15]. For this
purpose, a number of schemes (including those in which
squeezed states of light are used) were proposed in the recent
paper [19], in which the methods suggested in Refs [14, 15]
are developed.

In this paper, a new version of the TDSP interference is
studied (Fig. 1). It is based on the interaction of photons
and laser radiation with a system of three-level atoms (three-
level medium) having the L conéguration of allowed tran-
sitions. This version of the TDSP interference may display
both classical and quantum properties of light depending on
the method of its observation. Quantum effects can be
observed due to the fact that, in contrast to the traditional
amplitude interference, the TDSP interference in a three-
level coherent medium may be realised as a dynamic [15, 16]
interference pattern rather than as the static pattern ob-
served in Refs [4, 5]. To be more precise, the TDSP inter-
ference may be formed only in the polarisation of the
medium, determining the nonclassical dynamics of this pola-
risation. The probability of spatial excitation of atoms in the
medium is not modulated in this case.

Considerable attention will also be paid to the discussion
of the `nonlocal' (in time) nature of the photon interaction
with macroscopic media, which is responsible for an
interesting realisation of the `Schr�odinger cat' state, whose
physical nature remains an object of current interest. In the
given case, the existence of the Schr�odinger cat state is a
necessary condition for the formation of the TDSP inter-
ference which, in turn, may be manifested as a single-photon
echo signal.

2. Formation of TDSP interference

We will assume that light in the form of the êux of
individual photons propagates through a system of slits and
mirrors and then is incident on a coherent medium contai-
ning a system of three-level atoms, the features of interac-
tion with this medium being of interest to us. The schematic
of the proposed experiment is shown in Fig. 1. We denote
by jCini the state of each photon before its incidence on the
mirror. Behind the semitransparent and 100% mirrors, a
new state jCouti is formed in medium ( 3 ) representing a
superposition of two macroscopically different states of the
type jCini:
jCini � jCph1i, (1)

jCouti �
1���
2
p ÿjCph1i � jCph2i

�
, (2)

jCph1;2i �
�1
ÿ1

d3k1;2F1;2�ok1;2 ; k1;2 ÿ K1;2; t � ÿ1�

��exp i�ok1;2 t1;2��a�k1;2 j0ijgi. (3)

Both states jCph1;2i are written in the interaction repre-
sentation using the output modes of the éeld (behind all the
mirrors) (see, for example, Refs [1 ë 3; 6]); jgi � QN

j�1 j1ji is
the ground state of medium ( 3 ); j1ji is the lower state of
the jth atom of medium ( 3 ); j0i is the vacuum state of light;
a�k (ak) are the creation (annihilation) operators for a pho-
ton of mode k; F1;2(ok1;2 ; k1;2 ÿ K1;2; t � ÿ1) are quadrati-
cally normalised wave functions of a photon in the k space,
which have maximum values for k1 � K1 or k2 � K2 and
for frequency ok1;2 � oph and correspond to the wave
packets propagating along the direction K1 or K2 (the
deviations in the lengths of wave vectors k1;2 from K1;2 for

which the functions F1;2(ok1;2 ; k1;2 ÿ K1;2; t � ÿ1) are close
to maximum are within the range dk; t1;2 is the time of
emergence of each of the two photon wave packets in
medium ( 3 ); and t � t2 ÿ t1 � L21=c is the relative delay;
henceforth, we assume that t1 � 0 and t � t2.

Note that the presence of a macroscopic distance
between the regions of localisation of the two spatially
separated photon states jCph1i and jCph2i considerably
extends experimental potentialities of studying nonclassical
properties caused by the spatial delocalisation of photon
states. Various experiments of this kind are being made and
analysed at present (see , for example, Refs [10, 11, 13]; a
detailed analysis of some of such experiments based on
quantum kinematics is given in recent paper [21]). A dis-
tinguishing feature of the problem considered below is that
it is oriented on the properties of nonclassical dynamics
accompanying the formation of the TDSP interference.

Taking into account the initial state (1) ë (3), consider the
interaction of a photon with the system of three-level atoms
of medium ( 3 ) (Fig. 1), when the photon frequency oph is in
resonance with the atomic transition j1i $ j3i (oph � cK1

� o31). Let a short laser pulse whose frequency olas coin-
cides with the frequency of the second allowed atomic tran-
sition j2i $ j3i (olas � o32) be also incident on medium
( 3 ). We assume that the time tlas of action of the laser pulse
satisées the condition tlas > dtph; i.e., the laser pulse enters
the medium after the érst wave packet (the time of arrival of
the érst wave packet t1 � 0).

The second wave packet of the photon enters the medi-
um after the action of the laser pulse at instant t2 � t > tlas.
Therefore, the interaction of the photon with the macro-
scopic medium, which is `split' into two trajectories with a
time interval t between them, is additionally perturbed by
the action of the intense short laser pulse on the medium.
Note for comparison that in the schemes of single-photon
interference studied earlier [14 ë 16, 18, 19], it was assumed
that a laser pulse acts on medium ( 3 ) only after the arrival
of both photon wave packets in it, when the single-photon
interference pattern has already been formed in the sub-
stance.

In a real experiment proposed by us, the scheme of
interaction of a photon and a laser pulse with medium ( 3 )
depicted in Fig. 1 should be multiply repeated and the
results of measurements should be accumulated. We con-
sider as measurable quantities the amplitude Eo32

(t; r) and
intensity Io32

(t; r) of the éeld reemitted by the medium at the
frequency o � o32. Other details of such experiments are
also considered in Refs [14 ë 16].

We will solve the Schr�odinger equation using the Hamil-
tonian

1

3
2 jCini jCph1i L1

jCph2i L2

K2

kecho

K1

klas

Figure 1. Schematic of formation of TDSP interference and single-
photon echo for L2 ÿ L1 4 cdtph; oph ' o31: ( 1 ) laser pulse (klas;olas '
o32); ( 2 ) photons (dtph;oph); ( 3 ) coherent medium.
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H �
�1
ÿ1
d3k�hoka

�
k ak �

XN
j�1

X3
l�1

E
� j�
l P

� j�
ll ÿ

XN
j�1

h
dE�t; r; klas�P � j�32

+h. Ô.
i
� �h

XN
j�1;

X3
l;x�1
�l>x�

�1
ÿ1

d3k
h
glx�k�eikrj akP � j�lx

� g �lx�k�eÿikrj a�k P � j�xl

i
. (4)

Here, P � j�mn � jmjihnj j are the operators of the transition of
the jth atom from the state jnji to the state jmji (m; n �
� 1ÿ 3); d � d32 � d23 is the dipole moment of the atomic
transition; N is the number of atoms. The érst two terms in
(4) are the energy operator for the éeld and the system of
three-level atoms, the third term is the operator of the ener-
gy of interaction of atoms with the laser éeld, and the
fourth term is the operator of the energy of interaction of
atoms with photons.

We will describe the action of a laser pulse on atoms [the
third term in Eqn (4)] using the classical expression for the
electric éeld ~e(t; r; klas) of the pulse with preset parameters:

~e�t; r; klas� � E�t; r; klas� � E ��t; r; klas�; (5)

E�t; r; klas� �
1

2
e lasE0�tÿ tlas� exp �ÿi�o32tÿ klasrÿ jlas��. (6)

The interaction of radiation with atoms in Eqn (4) is
written in the rotating wave approximation. We assume
that the frequencies of transitions between states jmji and
jnji of different atoms are described by the expression o � j�mn
� omn(1� xj), where xj is the parameter determining the
correlated frequency shift do � j�mn � xjomn between different
pairs of energy levels of the jth atom. We will describe the
set of frequencies in the system of atoms by introducing
conventionally the distribution function f (x) of the Gaus-
sian type with a maximum at x � 0. For the L diagram of
allowed transitions, the interaction constants satisfy the
condition g21(k)5 g32(k); g31(k). The remaining notation in
Hamiltonian (4) is standard (see, for example, Refs [1 ë 3,
22 ë 24]).

We will seek an approximate solution for the wave
function considering individual stages of the problem.

2.1 First stage (time interval 0<t<tlas)

For t < tlas, the second wave packet does not manage to
reach the medium, so that its interaction with the photon is
limited only to the érst wave packet and determines the
evolution of the érst term jCph1i in superposition (2). Thus,
the solution for the wave function assumes the form

jC�t�i
���
0<t<t

� jCtr�t�i �
1���
2
p ÿjC1�t�i � jCph2�ÿ1�i

�
, (7)

where, in accordance with the initial conditions determined
by relations (1) ë (3) and the form of the interaction
Hamiltonian, the term jC1(t)i is described by the expression

jC1�t�i � jCph1�t�i �
��C �3�a1 �t�

� � �1
ÿ1
d3kF1�ok; kÿ K1; t�

� a�k j0ijgi �
XN
j�1

b � j�1 �t�eio
� j�
31

t1P
� j�
31 j0ijgi, (8)

where

b � j�1 �t��ÿi
� t

ÿ1
dt

�1
ÿ1
d3kg31�k�

� exp
�
ikrj ÿ i

ÿ
okÿ o� j�31

��tÿ t1�
�
F1�ok; kÿ K1; t�. (9)

In relations (7) ë (9), the interaction representation is used;
the érst subscript in the wave function jC �3�a1 i indicates
excitation of the atomic subsystem, the second subscript
indicates the number of the wave packet of the photon, and
the superscript shows the number of the atomic level.

While calculating function jC1(t)i, we conéne our ana-
lysis to the special case of an optically thick medium, which
is the case when the size L of the medium satisées the con-
dition aL4 1, where aÿ1 is the Beer depth of the resonant
absorption of light [24]. For this purpose, we assume that
the spectral width of the resonance transition j1i ! j3i con-
siderably exceeds the spectral width of the photon wave
function: do31 4 doph. Under such conditions of light pro-
pagation in a substance, the wave packet of a photon is
absorbed almost completely by a system of resonance atoms
during the time dt � dtph � aÿ1=c, so that the wave function
in expression (8) acquires a simpler form:

jC1�t�i
���
t>dt
� ��C �3�a1 �dt�

�
.

The problems on the propagation of a light pulse in a
resonance medium have been thoroughly investigated [24].
For example, a well-known analytic solutions was obtained
for the problem of light propagation in the form of a single-
photon wave packet [25]. This type of solutions is used, in
particular, in problems on the propagation of g-quanta
through a system of M�ossbauer resonant nuclei (see, for
example, Ref. [26] and references therein). For the chosen
conditions of resonant interaction, the envelopes of light
pulses and, hence, of the photon wave packet do not change
during propagation to the bulk of the medium, but only
experience resonance decay with a constant a if the photon
frequency is tuned to the centre of the atomic line. Under
these conditions, the components of the wave function
jC �3�a1 j(dt)i corresponding to the excitation of atoms in
the bulk of the medium (� b � j�1 (t)P

� j�
31 ) can be determined

using expression (9) and taking into account the decay of the
éeld amplitude inside the medium in accordance with the
law exp�ÿa(n1rj)=2� (where n1 � K1=K1), as well as the
emergence of an additional phase shift exp (iK1rj) caused
by the delay.

Thus, restricting ourselves to the plane-wave approx-
imation and disregarding spontaneous decay into the side
modes of the éeld during the time dt of interaction between
the wave packet and the medium, we obtain

jC1�t > dt�i ' ��C �3�a1 �dt�
� �XN

j�1
a1
ÿ
o � j�31 ÿ o31

�
w1�rj�

� exp
h
ÿ a�n1rj�

2
� i
ÿ
o � j�31 t1 � K1rj

�i
P
� j�
31 j0ijgi, (10)

where w1(rj) is the function determined by the éeld
distribution in a plane perpendicular to direction n1, and

a1
ÿ
o � j�31 ÿ o31

�
w1�rj� � ÿiCn

�1
ÿ1

dt

�1
ÿ1

d3kg32�k�

�F1�ok; kÿK1; t�ÿ1� exp�i�o � j�31 ÿ ok�t� i�kÿ K1�rj �

(11)

(we assume that t1 � 0). The constant Cn can be determined
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from the normalisation condition for the state jC �3�a1 (t>dt)i,
which corresponds to complete transition of excitation from
the wave packet to the atomic subsystem:

hC �3�a1 jC �3�a1 i�
XN
j�1

��a1�o � j�31ÿ o31�
��2w 2

1 �rj� exp�ÿa�n1rj���1.(12)

Thus, in the case of prevailing inhomogeneous line
broadening, the dipole moments of different atoms in the
state jC �3�a1 (t > dt)i become dephased for t > dt. As a result,
the macroscopic polarisation of the medium decreases
strongly, weakening the coupling between the excited states
jC �3�a1 (t)i of atoms and decreasing the éeld in the state
jCph1(t)i. Before the second wave packet enters the medium,
the wave function associated with atomic excitation varies
only due to spontaneous noncollective (single-atom) proc-
esses. In subsequent analysis, we will take into account
the role of spontaneous noncollective processes by intro-
ducing the exponential coefécients exp�ÿt (g32 � g31)=2 and
exp (ÿ tg21=2) (where gmn are the constants of a spontaneous
transition of an atom from level m to level n) of the wave
functions for the excited atomic states [see formulas (16) and
(17) below]. However, dephasing of the atomic dipoles in the
medium immediately after the arrival of a photon in the
medium is not necessarily irreversible, and this fact will be
especially important for the subsequent analysis.

The following circumstance is also worth noting. The
state jCtr(t)i formed for t > dt is a quantum superposition
of two macroscopically separated states, which are also
different from the physical point of view. The érst state
jC �3�a1 (t)i is a superposition of a macroscopic number of exci-
ted atomic states. The second state jCph2(t)i describes the
second wave packet of the photon, which is at a macro-
scopic distance (�L21) from the medium. Thus, the state
jCtr(t)i is an example of entangled states of the two
subsystems (of the photon and macroscopic medium) which
are also known as hybrid states [27] because the states of the
microsystem (photon) and macrosystem [medium (3 )] are
entangled in them. These states are sometimes referred to as
the Schr�odinger cat states (see Ref. [28]). Obviously, the
coherence of atoms in the state jCtr(t)i should ultimately
decay under the effect of local éeld êuctuations in the
macroscopic medium.

Unless the second wave packet reaches the medium (t4
t � L21=c, see Fig. 1) or irreversible processes on the
medium destroy the atomic coherence of the jC �3�a1 (t)istate
which has already been excited, the complete system formed
by atoms and a photon can be described by the quantum
superposition jCtr(t)i. The lifetime ttr of the intermediate
state jCtr(t)i is bounded from above by the phase memory
time T2 of the medium (ttr 4T2). Because the time T2 in
some media may be as long as a few microseconds, the
jCtr(t)i state may be an interesting object for studying long-
term properties of the behaviour and decay of hybrid states.
In this connection, the possibility of restoration (rephasing)
of the macroscopic coherence induced by a single photon
and rapidly decaying immediately after the photon enters
the medium may become of special importance.

2.2 Second stage (t < s)

Let us énd the wave function after the action of a laser
pulse incident on the medium at instant t � tlas 4 dtph. We
assume that the duration of the pulse is small enough for
describing its action by the unitary operator U(W; klas):

U�W; klas� �
YN
j�1

Uj,

Uj � P
� j�
11 � cos�W=2�ÿP � j�22 � P

� j�
33

�� i sin�W=2� (13)

��P � j�32 exp�izj� � P
� j�
23 exp�ÿizj�

�
,

where the effect of the difference in the transition
frequencies of atoms during the action of the pulse is
disregarded, the interaction representation is used, and the
following parameters of the pulse are introduced: klas is the
wave vector; olas � o32 is the frequency; W � �hÿ1dE0dtlas is
the area; dtlas is the duration (dtlasgmn 5 1); zj � klasrj
�o � j�32 tlas � jlas is the phase in which the phase of the éeld
and of the jth atom during the action of the laser pulse are
taken into account (see also Ref. [16]).

As a result of evolution, the wave function takes the
form

jC�tlas � dtlas�i � U�W; klas�jCtr�tlas�i

� 1���
2
p �

U�W; klas; tlas�jC �3�a1 �tlas�i � jCph2�tlas � dtlas�i
�

� 1���
2
p �

cos�W=2���C �3�a1 �tlas�
�� i sin�W=2���j �2�a1 �tlas�

�
� jCph2�tlas � dtlas�i

�
, (14)

where��j �2�a1 �tlas�
� �XN

j�1
a1
ÿ
o � j �31 ÿ o31

�
w1�rj� exp

�ÿ �n1rj�=2
� i�K1 ÿ klas�rj ÿ i

ÿ
o � j �32 tlas � jlas

��
P
� j�
21 j0ijgi (15)

is the state of the atoms excited to the second level, which is
therefore connected with the érst trajectory of the photon.

2.3 Third stage (t > s )

Let us énd the wave function after the interaction of the
medium with the second wave packet of the photon (at
instant t � t2; see Fig. 2). In this case, the interaction with
the medium affects the evolution of the second term jCph2i
in expression (7). In analogy with the derivation of
formulas (8) and (9), we obtain the following solution
for this part of the wave function (7):

jCph2�t�i
���
t>t2�dtph

! ��C �3�a2 �t�
�� jCph2�t�i

���
aL4 1

' ��C �3�a2 �t�
�
, (16)

where we again use the condition that the medium is
optically thick for the photon. The wave function jC �3�a2 (t)i
can be described by an expression of type (10). The
evolution of jC �3�a2 (t)i after the cessation of the coherent
interaction between the photon and the medium is again
determined only by the effect of noncollective spontaneous
processes. Taking into account spontaneous processes, we
can write the function jC �3�a2 (t)i in the form��C �3�a2 �t�

� ' exp�ÿ�g31 � g32��tÿ t�=2���C �3�a2 �t� dt��. (17)
Taking this expression into account, we can write the
following expression for the wave function describing the
excitation of the atomic subsystem immediately after the
arrival of the second wave packet in the medium:
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jCa�t�i � exp�ÿ�g31 � g32��tÿ t�=2���C �3�a2 �t�
�� cos�W=2�

� exp�ÿ�g31 � g32�t=2�
��C �3�a1 �dt�

�� i sin�W=2�

� exp�ÿ�g31 � g32�t=2�
��j �2�a1 �t�

�
. (18)

This solution is valid for t > t and will be used for
determining the parameters of the éeld emitted by the
medium.

3. Single-photon echo as a manifestation
of TDSP interference

Let us analyse the behaviour of averaged atomic operators
hP�k (t)i and hPÿk (t)P�k (t)i since the amplitude hE �k (r; t)i and
intensity hIk(r; t)i � hE �k (r; t)E ÿk (r; t)i of the éeld emitted in
the direction k can be determined in terms of these atomic
operators [22 ë 24] averaged over the atomic state (18). For
the emitted éeld operator E �k (r; t� r=c) at point r, we have

E�k �r; t� r=c� � o 2
32

r

�k�kd32��
c 2k 2

P�k �t�, (19)

where

Pÿk �t� �
XN
j�1

P
� j�
23 exp

�ÿ i
ÿ
krj � o � j�32 t

��
;

(20)

P�k �t� �
ÿ
Pÿk �t�

��
.

In subsequent analysis, while using (19) and (20), we will
restrict ourselves to the frequency range close to the atomic
frequency o32, because the detection of the TDSP inter-
ference is possible just in this range.

4. Field amplitude hEk(t; r)i
Using relations (16) ë (18), we can calculate the electric
component of the éeld hEk(t; r)i emitted in the direction k:

hEk�t; r�i � hE�k �t; r�i � hEÿk �t; r�i, (21)

where

hEÿk �t; r�i � hE�k �t; r�i�; hE�k �t; r�i!hPÿk �t; r�i

� hCa�t�jPÿk jCa�t�i � ÿi
d23
2

sin�W=2�

� exp�ÿ�g31 � g32��t� tlas ÿ t�=2�A�tÿ techo; k; kecho�

� exp�ÿio32�tÿ techo� � ikechor �; (22)

techo � t� �tÿ tlas�o31=o32; kecho � klas � K2 ÿ K1;

A�tÿ techo; k; kecho� exp�ÿio32�tÿ techo� � ikechor �

� 
j �2�a1 �t�
��XN
j�1

P
� j�
23 exp

�ÿ i�o � j�32 t� krj�
���C �3�a2 �t�

�
. (23)

The function A(tÿ techo; k; kecho) can be derived by going
over to the continuous distribution of atoms in the medium
of volume V and carrying out independent integration over
space and the spectral distribution of atoms:

A�tÿ techo; k; kecho�� eÿijlas
XN
j�1

a �1 �o � j�31 ÿ o31�a2�o � j�31 ÿ o31�

� w �1 �rj�w2�rj� exp�ÿa�n1rj � n2rj�=2� ixjo32�tÿ techo�

ÿ i�kÿ kecho�rj � � gkÿkechoT12�tÿ techo�eÿijlas , (24)

where the functions

gkÿkecho �
N

V

�
V

drw �1 �r�w2�r� exp�ÿa�n1r� n2r�=2

ÿ i�kÿ kecho�r �!dkÿkecho , (25)

T12�tÿ techo� �
�1
ÿ1

dx f�x�a �1 �xo31�a2�xo31�

� exp�ixo32�tÿ techo��. (26)

are introduced.
The functions w1;2(r) and exp�ÿa(n1r� n2r)=2� vary

slowly over distances of the order of the radiation wave-
length l; therefore, the function gkÿkecho has a sharp peak
near k � kecho. The function T12(tÿ techo) also has a peak at
t � techo, which corresponds to the emergence of single-
photon echo signal (see Fig. 2). Note that the echo signal
[see Eqns (24) and (26)] is proportional to the product
a �1 (xo31)a2(xo31), where the subscripts 1 and 2 at a corres-
pond to the two trajectories of the photon, for which the
time of arrival at the medium differs by t. Thus, the echo
signal is a consequence of the existence of quantum super-
position of single-photon states (2).

We will use the normalisation (12) and the approxi-
mation exp�ÿa(n1r� n2r)=2� � exp (ÿ an1r) � exp (ÿ an2r),
which is satisfactory when the direction K1 does not differ
strongly from the direction K2, so that the two wave packets
overlap in the medium almost completely. In this appro-
ximation, for k � kecho and t � techo, we énd that A(0; kecho;
techo) � 1. Thus, we can write the following expression for
the éeld amplitude of the echo signal:

hE�kecho�t; r�i!hPÿkecho�t�i � ÿi
d23
2

sin�W=2�T12�tÿ techo�
� exp�ÿ�g31 � g32��t� tlas ÿ t�=2�
� expfÿi�o32�tÿ techo� ÿ kechor� jlas�g. (27)

Expression (26) shows that if the inhomogeneous line
broadening prevails, the time evolution of echo (27) is deter-
mined by the single-photon wave function (i.e., by the
spectrum of the function a �1 (xo31)a2(xo31)). For a reliable
detection of the echo signal in the case of accumulation of

klas

2 3

K1 t K2

t1 tlas t2 techo t

kecho

11

j3i

j2i

j1i

Figure 2. Scheme illustrating the emergence of single-photon echo: ( 1 ) pho-
tons; ( 2 ) laser pulse; ( 3 ) echo signal, techo � t2 � �tÿ tlas � t1�o31=o32;
kecho � klas � K2 ÿ K1.
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vast body of experimental data, it is necessary that all the
three instants t1; tlas and t2 (see Fig. 2) be coupled, because
the phase and the instant techo � t� (tÿ tlas)o31=o32 of the
emergence of the signal are shifted upon a change in the time
tlas of laser pulse action. Such a coupling to laser pulses in
the case of generation of single-photon wave packets was
realised, for example, in the recent experiments on tele-
portation of single-photon states [8].

5. Radiation intensity hIx32k(t; r)i
The radiation intensity can be expressed in terms of atomic
operators [22]:

hIki �
o 4

32

r 2

���� �k�kd32��c 2k 2d32

����2hP�k Pÿk i. (28)

To study nonclassical features of radiation, it would be in-
teresting to compare the behaviour of the éeld amplitude
(27) with the behaviour of the intensity hIkecho (t)i of the éeld
emitted also in direction kecho after the interaction of the
medium with the second wave packet of the photon. In this
case, we can énd hP�k Pÿk i by using again the wave function
(18):

hP�k Pÿk i � hCa�t�jP�k �t�Pÿk �t�jCa�t�i �
d 2
32

2
fcos2�W=2�

� exp�ÿ�g31 � g32�t�r11�t; dt; dt� � exp�ÿ�g31 � g32�

��tÿ t��r22�t; t; t� � cos�W=2� exp�ÿ�g31 � g32�

��tÿ t=2���r12�t; dt; t� � r21�t; t; dt��g, (29)
where

rnm�t; t 0; t 00� �


C �3�an �t 0�

��P�k �t�Pÿk �t���C �3�am �t 00�
�
. (30)

Using expressions (8) ë (12) for functions jC �3�a1 (0)i and
jC �3�a2 (t)i and taking into account expressions (25) and (26),
we obtain for the functions rnm(t; t

0; t 00) the following
relations:

r11�t; dt; dt� ' T11�0� � 1, (31)

r22�t; t; t� ' T22�0� � 1, (32)

r12�t; 0; t� � exp�io31t�gk1ÿk2T12�t�
���
t>dtph;t

' 0, (33)

r21�t; t; 0� � exp�ÿio31t�gk2ÿk1T21�t�
���
t>dtph ;t

' 0. (34)

Here, functions Tmn are formed in the same way as
functions T12 (26).

Relations (29) and (31) ë (34) show that the intensity of
the emitted éeld is isotropic and decays with the character-
istic time (g32 � g31)

ÿ1 without the emergence of a spike
corresponding to echo signal. Thus, the relation between the
dynamics of the éeld intensity hIo32kecho (t; r)i and the éeld
amplitude do not satisfy classical concepts; i.e.,

hIo32kecho�t; r�i 6� hEÿo32kecho�t; r�ihE�o32kecho�t; r�i. (35)

The reason behind the disagreement in the behaviour of
the éeld amplitude and intensity is associated with the
single-atom nature of the state jCa(t)i (18) of the medium
excited by a single photon. In contrast to the amplitude

hE �kecho (t; r)i (27), the behaviour of the éeld intensity hIkecho (t)i
is determined by independent spontaneous emission of
individual atoms. This is just reêected in the time depend-
ence (29). In this case, the radiation intensity (29) is the sum
of only two terms including (31) and (32) and exponentially
decaying in time in accordance with the decay of an indi-
vidual atom. Each of these two terms is associated with the
arrival of one of the two photon wave packets in the
medium. In this case, any interference of the éelds associ-
ated with different trajectories of photons is suppressed in
the intensity hIkecho (t)i, so that the corresponding terms con-
taining expressions (33) and (34) become close to zero.

The emergence of coherent collective properties in the
radiation emitted by a system of atoms is possible only in
the presence of two-atom excitations in the medium since
the radiation intensity hIk(t)i can be expressed in terms of
two-atom operators [see Eqn (28)]. The classical relation
between the behaviour of the éeld amplitude and the éeld
intensity, when hIo32kecho (t; r)i � hE ÿo32kecho (t; r)ihE �o32kecho (t; r)i,
is restored if the initial quantum state jCini contains a two-
photon component in addition to the single-photon com-
ponent. For instance, this is observed when the medium
interacts not with the single-photon wave packet, but with
the éeld in the Glauber state jai even if the average number
of photons in it is jaj2 � 1. In the present case, this result
appears as natural (see, for example, Ref. [19]) since the
state jai usually reproduces the results of the classical ap-
proach to the description of an electromagnetic éeld.

6. Conclusions

The érst version of the experiment on the observation of
the TDSP interference, which is based on the use of a reso-
nance two-level system, was proposed in Ref. [14]. Recent-
ly, this version has attracted attention again in connection
with the estimate of the observed signal for a number of
substances exhibiting photon echo and the use of accumu-
lated single-photon echo [18]. This version of observation
also stimulated the study of nonclassical dynamics of pho-
ton echo [19] predicted and studied most comprehensively
in Refs [15, 16] in the case of single-photon echo.

In this work, we studied the formation of the TDSP
interference in a three-level medium with the L conégu-
ration of allowed transitions in atoms. To obtain such inter-
ference, it is proposed to use additional excitation of the
medium by a laser pulse, which transfers the excitation of
the medium caused by the érst photon wave packet from the
third to the second atomic level. An important aspect of the
interference under study is that a laser pulse acts on the
medium in the time interval between the action of two wave
packets of the photon. In this case, the laser pulse will probe
not the result of interference of single-photon states in the
medium, but the intermediate entangled quantum state
jCtr(t)i (also called the Schr�odinger cat state or the hybrid
state) combining the states of the photon and the macro-
scopic medium.

Such an action of a laser pulse on the medium cannot be
reduced to the ordinary procedure of reading out the
interference pattern (even a single-photon pattern) in the
medium because the latter is formed only after the inter-
action of the second wave packet of the photon with the
atoms of the medium. The interaction of a photon and a
laser pulse with the medium can lead to the emergence of
single-photon echo. It is important that the echo signal is a
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direct manifestation of the TDSP interference in the medi-
um. It should be noted that the radiation consists exclusively
of the echo signal hE�kecho (r; t)i (27), which has the maximum
value for W � p, when the laser pulse completely transfers
excitation from the third to the second atomic level.

The interest in single-photon echo in itself can be
associated with the study of nonclassical properties of
the éeld reemitted by the medium because the observation
of single-photon echo in the radiation intensity [see relations
(28) ë (34)] is impossible in view of the quantum origin of a
photon. In analogy with the well-known amplitude inter-
ference [6], note that the classical properties of the amplitude
interference are reproduced during the observation of single-
photon echo in the éeld amplitude, while no such repro-
duction is observed for the éeld intensity.

The nonclassical properties of the éeld reemitted by
coherent resonance media during their interaction with
photons have been studied insuféciently so far. For instance,
in the case of correlation between photons with different
wave vectors and frequencies in the two-photon state, the
behaviour of the amplitude and intensity of the echo-signal
éeld acquires other unexpected features [29]. Note in this
connection that new quantum features in the behaviour of
radiation were considered in Ref. [20]. It should be emphas-
ised that the experimental study of these questions is re-
quired for understanding the nonclassical dynamics of éelds
associated with photons.

It is important that the detection of the echo signal
reêects the existence of the hybrid state jCtr(t)i of the
photon and the medium. In addition, it should be emphas-
ised that the echo signal becomes possible in the case of
determinate evolution of the interaction between the me-
dium and the photon whose initial state is delocalised on the
time interval including the action of a negligibly short laser
pulse on the medium. Consequently, it can be expected that
the experimental study of the single-photon echo will permit
a detailed study of fundamental problems in the quantum
dynamics of spatially delocalised states of the jCtr(t)i type.
In particular, it will clarify the mechanisms of evolution of
such states over time periods much longer than the time of
absorption of a photon by the medium possessing an inho-
mogeneously broadened resonance line. Such experiments
might provide valuable information on latent features in the
interaction between a photon and the substance, which are
determined by the features of irreversible absorption and
decay of excitations in a polyatomic macroscopic system.

Finally, note that the problems associated with the con-
trol of the evolution of delocalised states of the jCtr(t)i type
and the prospects of their practical application in quantum
informatics may attract considerable interest. The above
scheme of the interaction of single-photon éelds with macro-
scopic three-level media may be used for storing information
on the dynamics of quantised éelds. The proposed scheme is
interesting because a photon experiences 100% absorption,
and the quantum information transferred to the medium
can be subsequently extracted upon passing to another
frequency range which does not include the frequency of
laser radiation and, hence, does not affect the behaviour of
unexcited atoms.
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