
Abstract. The calculations of the multiparticle dynamics that
stimulate the important stages of relaxation of an ultracold
laser plasma (Ne � 2� 109 cmÿ3, Te � 0:1 K, Ti � 10 lK)
are presented. The initial electron heating, the formation of
highly excited electrons, and the conénement of electrons in a
small plasma bunch are considered. Based on a previously de-
veloped analytical recombination theory of a metastable plas-
ma, it is shown that the limiting moderation of the three-body
recombination may amount to 3 ë 4 orders of magnitude.

Keywords: laser plasma, dynamics of many-body systems, three-
body recombination.

1. Introduction

This work was initiated by papers [1, 2] on the production
and investigation of an ultracold laser plasma whose life-
time turned out to be anomalously long.

In Ref. [1] the production of a laser plasma with unique
parameters is reported: the charge density up to Ne �
2� 109 cmÿ3, the electron temperature down to Te �
0:1 K, the ion temperature down to Ti � 10 mK, and the
ionisation degree � 0.1. The plasma was produced by two-
stage photoionisation of xenon atoms in the 6s�3=2�2
metastable state via the 6p�5=2�3 state. The ionising photon
energy (a wavelength of � 514 nm) was selected to produce
upon photoionisation an electron with a low kinetic energy
(0.1ë1000 K). In Ref. [1], the metastable xenon atoms were
obtained in a discharge, slowed down using the Zeeman
deceleration technique, collected in a magneto-optical trap,
and cooled by laser radiation at the 6s�3=2�2 ÿ 6p�5=2�3
transition (at a wavelength of � 882 nm) to a temperature of
� 10 mK prior to ionisation.

A plasma with such temperature and density would
undergo a signiécant recombination in a time shorter than a
nanosecond. This follows both from the conventional three-
body recombination theory and from the theories that take
into account the nonideal plasma properties. However, the
plasma lifetime observed in experiments [1, 2] was � 100 ms,
which exceeds the three-body recombination time by many

orders of magnitude. The plasma lifetime corresponded to
the expansion time for heavy particles. When the density
lowered by several orders of magnitude, electrons escaped
from the plasma bunch. The authors of Ref. [1] called
attention to an anomalously long recombination time but
proposed no explanation of this effect.

An interpretation of the long lifetime of the plasma
bunch was given in Ref. [3]. It was based on the concepts of
a metastable overcooled plasma summarised in Refs [4 ë 7].
Note that the ultracold plasma under consideration is
strongly nonequilibrium in the degree of ionisation. There-
fore, the theory developed in Ref. [8], which assumes
ionisation and recombination to be thermodynamically
equilibrium and the degree of ionisation to be deéned by
the Saha formula, cannot be used. As shown in Ref. [3],
exchange effects (also see below) are also insigniécant in the
ultracold plasma under consideration, and hence the theory
[9], which treats the electron gas as a Fermi liquid, cannot be
applied in this case as well.

Below, we performed more detailed calculations of the
initial stage of relaxation of an ultracold plasma based on
classical notions. We also considered the relaxation of
Rydberg states, the electron escape from the plasma bunch,
and the maximum possible recombination moderation at
later relaxation stages.

2. Stage of laser-induced ionisation and dynamic
relaxation

2.1 On the simulation of multiparticle dynamics

An analysis of numerical simulations of multiparticle dyna-
mics (MPD) revealed that in a time of the order of the reci-
procal Langmuir frequency, a metastable state is estab-
lished which is remote from the thermodynamic equilibrium
in the degree of ionisation, and subsequent recombination
freezes [4 ë 7]. To stimulate the experimental conditions [1,
2], we performed special calculations of the MPD by the
method similar described in Refs [4, 5]. As before, electrons
and ions were treated as small charged spheres with dia-
meter d � 0:05N ÿ1=3e and the charge density was taken to
be 2� 109 cmÿ3.

We performed calculations of two types. In the érst case,
we stimulated the low-temperature plasma instantaneously
produced by laser-induced photoionisation. The initial con-
ditions [the number n of electrons and ions (by 512 each)]
and their coordinates were speciéed in the computation
range (in a cube with an edge (n=Ne)

1=3 and walls specularly
reêecting the particles) in accordance with the probability
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density that was uniform over the cube. The electron and
ion velocities were speciéed in accordance with the Maxwell
velocity distribution with temperatures Te0 � 0:1 K for
electrons and Ti0 � 10 mK for ions.

In the second case we stimulated the laser-induced ioni-
sation of neutral atoms. This allowed us to consider the
cases of production of electrons with a negative total energy.
The initial conditions for ions were assumed the same as in
the érst case. An electron was placed on each ion (the initial
coordinates of the electrons and ions coincided). The elec-
tron velocities were uniformly distributed over all directions,
and the speciéed kinetic energy differed from the ioni-
sation energy of a given pair of particles (an `atom') by a
small value e0. For e0 < 0, the electron energy was below
the ionisation threshold.

In both cases, we solved the Newton equations for 2n
particles taking into account all electrostatic interactions in
the system and accumulated statistics. The electron temper-
ature was assumed to be equal to two thirds of the average
electron kinetic energy. Note that the use of the classical
approximation for the description of the motion of free and
highly excited particles in experiments [1, 2] is fully justiéed
[3]. The ratio between the average interparticle distance a �
(4pNe=3)

ÿ1=3 �5�10ÿ4 cm and the de Broglie wavelength
even for Te � 0.1 K is large, a(meTe)

1=2=�h �54 (me is the
electron mass). For Te � 5 K, we have a(meTe)

1=2=�h �370.
For ions and atoms, a(meTe)

1=2=�h �370 for Ti � 10 mK
(mXe is the xenon atom mass).

2.2 Relaxation to the metastable state

According to our results [6, 7, 10, 11], in a time of the order
of half the Langmuir frequency t � 0:5oÿ1L , where oL=
(4pe2Ne=me)

1=2, electrons heat up owing to collective inter-
actions. During this time period the mixing of phase trajec-
tories of a system of many Coulomb particles takes place,
which is characterised by the Lyapunov index L � 2:4oL [6,
7, 12, 13]. Initially the nonideality parameter g � e2(2Ne)

1=3

�Tÿ1e is much greater than unity. As a result of the mixing,
it lowers to glim � 0:35ÿ 0:5 for electron ë ion plasmas and
to glim � 0:64 for charges of the equal mass.

This allowed explaining the well-known `Langmuir para-
dox' [14, 15]. This paradox consists in the fact that the
electron maxwellisation proceeds faster than would be
expected from the kinetic theory. The Langmuir paradox
cannot be explained on the basis of well-known kinetic
equations. It receives an explanation [6, 7, 12, 13] as the
property of dynamic mixing of the phase trajectories of a
system of many Coulomb particles, resulting in the dynamic
relaxation of the electron temperature in a characteristic
time �0:5oÿ1L . According to new calculations, the relaxation
of an instantaneously produced ultracold plasma [1, 2] pro-
ceeds in the way as follows from our previous papers. The
electron temperature Te increases monotonically to become
equal to 3.3 K in a time �0:5oÿ1L � 0:2 ns, with g � 0:8.
Then, Te grows slower, so that its average value amounts to
5 K, for which g � 0:5 (Fig. 1).

In the ionisation to the near-threshold region (e0 �
ÿ0:1 K), the electron thermalisation stage is preceded by
the stage of electron escape from the potential wells (the
descending portion of the temperature curve, Fig. 2). Then,
as multiparticle interactions become involved, electrons
become thermalised. The behaviour of the electron temper-
ature at a later stage is similar to the behaviour of electrons
in the case of instantaneous production of an ultracold

plasma: in a time � 0.5oÿ1L � 0:2 ns, the temperature Te

reaches 3.3 K, then Te grows slowly and its average value is
5 K. Signiécant departures arise for high negative energies
e0 < ÿ3 K, when electrons énd themselves in the region
located farther away from the threshold. This situation will
be considered below.

Thus, when laser-induced ionisation results in the
production of electrons with a small magnitude of the total
energy, the electron temperature should rise to several
Kelvins in a fraction of a nanosecond. This is consistent
with the data of Refs [1, 2], in which experimental results are
given only for Te > 3:9 K.

In Ref. [2], the ultracold plasma was subjected to the
action of an alternating electric éeld with a frequency f �
1ÿ 250 MHz, which corresponds to the Langmuir freq-
uency f L = 2poL for Ne � 104 ÿ 8�108 cmÿ3. In this case,
according to Ref. [2], the energy absorbed by the plasma
regions with the resonance electron density was virtually
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Figure 1. Time evolution of the electron and ion temperatures in the
simulation of the initial relaxation stage of an instantaneously produced
ultracold plasma (a) and also of the nonideality parameter g �
e2�2Ne�1=3=Te (b) for a number of charged particles (electrons and ions)
2n � 1024;Ne � 2� 109 cmÿ3.
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Figure 2. The same as in Fig. 1 in the simulation of ionisation for
e0 � ÿ0:1 K.
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instantly distributed between all electrons. We believe that
the heating mechanism in this case is similar to that which is
responsible for the system relaxation to the metastable state.
This mechanism is due to collective effects and occurs in a
time � 0:5oÿ1L . Note also that in an extremely nonideal
plasma, when g � 0:5, the frequency of collective oscillations
is 1.5 ë 2 times lower than the Langmuir frequency, which
was determined in Ref. [11]. This has to be taken into
account in a more precise determination of electron density
from the resonance frequency [2].

3. Electron energy distribution function

3.1 Microéeld distribution

It was shown by MPD calculations [4 ë 7] that the electron
velocity distribution function in the metastable state is
Maxwellian, but the electron distribution f (e) in total ener-
gy e is essentially non-Boltzmann. In the negative energy
range e < 0, the distribution f (e) decays exponentially
�exp�ÿ0:32jej=e2N 1=3

e ). The distribution in the metastable
state is therefore radically different from the Boltzmann
distribution characterised by an exponential growth.

Not going into details (for more details, see Refs [4 ë 7]),
we give an expression which we usually call the microéeld
distribution:

fmf�y� �
2C���
p
p

���
y
p

exp�ÿy�; y > ag;
C3 exp�C1y� C2y

2=2�; jyj4ag;
C4 exp�by=d1=3�; y < ÿag:

8<: (1)

Here, y � e=Te; a � 1:5 and b � 0:4 are the parameters that
determine the width of nonideality domain and the absolute
diffusion coefécient in the negative energy range, respec-
tively;

C1 g� � � 1

2
ÿ1� 1

2ag
� b

g

� �
,

C2 g� � � 1

2
ÿ1� 1

2ag
ÿ b

g

� �
,

C3 � �ag�1=2 exp ÿag 1� C1 �
1

2
C2ag

� �h i
;

C4 � �ag�1=2 exp abÿ ag 1� 2C1�� ��

are constants which provide the sewing conditions in the
ag < e=Te < ÿag energy range; and C is the normalisation
constant such that

�
fmf y� �dy � 1.

The microéeld distribution adequately describes all the
results of numerical simulations obtained in the calculations
where the time symmetry of dynamic equations was not lost.
The thermodynamic functions derived on the basis of this
distribution transform to the expressions of the Debye
theory in the ideal plasma limit [5]. A similar distribution
was also obtained here, when modelling the experimental
conditions of Refs [1, 2] (Fig. 3a). In a time shorter than the
reciprocal Langmuir frequency there forms a distribution in
total energy close to the microéeld distribution (1), which
characterises the metastable state of the supercooled plasma.

3.2 Ultracold and Rydberg plasmas

An ionisation-modelling calculation revealed that different
relaxation pictures are realised depending on the value of
e0. Upon ionisation to the energy domain close enough to
the threshold e0 � ÿ0:1 K, a distribution function is formed

which is close to that corresponding to the initial ultracold
plasma conditions (Fig. 3b). If e0 < ÿ1:5gTe � ÿ2:6 K, the
resultant distribution function is signiécantly different from
the microéeld distribution (1). It has a peak about e0
(Fig. 4).

As mentioned above, in Refs [6, 7, 12, 13] the Lyapunov
index L for an extremely nonideal plasma was shown to be
equal to �15Tÿ1L � 2:4oL (where TL =2p/oL is the
Langmuir period). Here, we will consider the question of
divergence of the phase trajectories for Rydberg states. We
calculate the time dependence of the distance between
initially close trajectories in the coordinate and momentum
spaces:

Dr �
�Xn

i�1
r1;i ÿ r2i
ÿ �2� ��1=2

;

Dv �
�Xn

i�1
v1i ÿ v2i� �2

h i�1=2

:

Here, r1i; r2i is the coordinate (in mm) and v1i;v2i is the
velocity of the ith particle for the érst and second
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Figure 3. Electron distribution functions in total energy in the simulation
of the initial relaxation stage of an instantaneously produced ultracold
plasma in the metastable state with averaging over a time interval
t � (0:5ÿ 2:0)2p=oL (see Fig. 1) (a) and in the simulation of ionisation
for e0 � ÿ0:1 K (b) (the solid lines), microéeld distribution calculated by
the analytical formulas of Refs [2 ë 5] (the dotted lines) and the Boltz-
mann distribution (the dashed curves). The microéeld and Boltzmann
distributions were calculated for temperatures Te � 3:8 (a) and 3.6 K (b).
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calculations (in km sÿ1). The quantities Dr;Dv were cal-
culated separately for electrons and ions (Dre;Dri and Dve,
Dvi).

The results of calculation for e0 � ÿ7 K are given in
Fig. 5. In this case, the majority of electrons are in Rydberg
states (see Fig. 4c), because the ratio between the electron
orbit radius e2=2je0j � 1:2�10ÿ4 cm and the average inter-
particle distance a � (4p �Ne=3�ÿ1=3 � 5�10ÿ4 cm is 0.24.
The time dependence of initially close trajectories is quite
similar to that in the case of free electrons [6, 7]. During a
time interval close to half the Langmuir period, there occurs
an exponential divergence of ion and electron trajectories
both in the coordinate space and in the velocity space. Then,
the growth of the divergence moderates because the particle
coordinates and velocities are limited. The exponent which
determines the divergence of electron trajectories in both
spaces is, for n � 1024, proportional to the Lyapunov index
L � 16:4Tÿ1L � 2:6oL. This index is somewhat different
from the index for free particles L � 15Tÿ1L � 2:4oL [6, 7].

An analysis of the trajectories of individual particles
revealed that for e0 < ÿ1:5gTe electrons rotated around the
nuclei nearly in circular orbits, sometimes jumping from the
orbit around one ion to the orbit around another one. It is
particularly remarkable that this Rydberg plasma is not
destroyed by collective interactions in a time interval of the
order of a Langmuir period. It is likely that the Rydberg
plasma can also be metastable as is a supercooled plasma
dominated by free electrons.

3.3 Modelling of a laser plasma bunch
Under the experimental conditions of Refs [1, 2], the

plasma bunch dimensions were � 200 mm. The bunch con-
tained � 2� 105 atoms, with some fraction of the electrons
escaping from the plasma volume. We performed a special
simulation for estimating the effect of uncompensated charge
on the plasma parameters. In the simulation of a plasma
bunch, the initial coordinates of electrons and ions were pre-
scribed inside a part of the simulation volume (a cube), name-
ly, inside a sphere of radius R � (4pNe=3n�ÿ1=3 � 39 mm
located at the centre of the cube (the cube edge length
l � 800 mm). A particle reaching a cube wall was assumed to
`freeze' on it.

As would be expected, only a small fraction of electrons
escapes from the sphere occupied by ions (see Fig. 6). In this
case, the charge compensation is absent only at the peri-
phery of the sphere. The computational capabilities allow us
to model only a bunch of signiécantly smaller size than that
in the experiments of Refs [1, 2]. Nevertheless, despite its
small dimensions, the plasma bunch with parameters cor-
responding to the experiments of Refs [1, 2] conénes elec-
trons quite well: only a small fraction of them escapes from
the initial sphere. In this case, the electron distribution fun-
ction shifts by approximately several electron temperatures
(Fig. 7) and the exponential decay in the negative energy
range persists.

In connection with the above-outlined, note that an
attempt was made in Ref. [16] to attribute the exponential
decay of the distribution function, which was discussed in
Ref. [4], to the effect of walls. This interpretation was shown
to be erroneous in Ref. [17] (see also reviews [6, 7] and
references therein). It goes without saying that the above
results of the simulation of a `free-hanging' plasma bunch
also contradict the interpretation of Ref. [16]: the ions and
the electrons of the plasma bunch do not interact with
remote walls, but the electron energy distribution has an
exponentially decaying slope.
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4. Recombination relaxation

4.1 On the recombination mechanism

The exponential decay of electron distribution in total
energy in the domain of high negative energies may result in
a recombination moderation in comparison with traditional
notions [18, 19]. A recombination theory constructed in our
earlier work (it was most comprehensively outlined in Ref.
[5]) is consistent with simulation results and allows an ex-
planation why the recombination moderation does not ma-
nifest itself under ordinary conditions. The theory is based
on the assumption that diffusion in the energy axis occurs
in microjumps

De � De2
� �1=2� e2N 1=3

e .

This assumption imposes more stringent requirements (in
comparison with the well-known ones) on the quasi-
classical nature of the spectrum of bound states. For
electrons with a large negative energy,

e < ÿe1 � Ry e 2N 1=3
e =2Ry

� �
; Ry � mee

4=2�h2 � 13.6 eV

and the jump De � De2
� �1=2� e2N 1=3

e proves to be smaller
than the separation of the nearest Rydberg levels 2Ry=n3

=2Ry/(Ry/e)3=2 (n is the principal quantum number).
Accordingly for e<e1 the discreteness of the spectrum
becomes signiécant. Relaxation in the e < e1 energy range is
dominated by pair collisions for which traditional kinetic
models hold good.

The following expression was obtained for the recombi-
nation time [5]:

trec�Ne;Te� � t�0�recx. (2)

Here, t�0�rec � 0:3(m1=2
e T 9=2

e )=e10N 2
e is the recombination time

given by the conventional theory; x � 1:82d5=6x1(e1=Te)
�x2(Ne)� 6:73d7=6�x2(Ne)ÿ 1� is the correction factor; d �
2e6Ne=T

2
e � g3; and

x1 z� � � ez=4z5=2
� � �1

z
dyy3=2eÿy

� 1� 6y� 0:75y2 � py3=16
ÿ �� �1=2

; (3)

x2�Ne� � exp�ÿ0:4�e1 ÿ 1:5e2N 1=3
e �=21=2e2N 1=3

e �:

According to our theory, a signiécant moderation of plas-
ma recombination takes place when [e1=1:5e

2(2Ne)
1=3�4 1,

which can be written as (N cr
e =Ne)

1=9 4 1; where N cr
e �

�Ry=27e2)3 � 4:3�1019 cmÿ3. For instance, for Ne � 2�109
cmÿ3 we have (N cr

e =Ne)
1=9 � 14.

Note that the validity of the traditional recombination
theory is bounded by the condition g3 5 1 (see below). The
smallness of electron temperature in comparison with the
ionisation energy suféces for the validity of the diffusion
approximation employed both in the traditional [18, 19] and
our theories.

4.2 Comparison with experiments

Expression (2) yields results close to those of the conven-
tional three-body recombination theory in the range of not-
too-low plasma temperatures and densities (x �1 for Te >
0.03 eV � 350 ¬, Ne > 1010 cmÿ3). Accordingly, the em-
phasis previously was on the feasibility of producing a
strongly supercooled ion ë ion plasma where quantum ef-
fects were of minor importance. The range of parameters of
an electron ë ion plasma where recombination freezing is
signiécant seemed hard to realise in experiments.

In addition, for the experimental observation of the
metastable plasma state, conditions are required whereby
the external stochastisation of the system of Coulomb par-
ticles is weak. In particular, collisions with neutral particles
should be infrequent. This leads to the requirement that the
degree of ionisation of the plasma should be high. Also pos-
sible are other causes for stochastic effects, which are hard
to take into consideration.

We estimate the characteristic recombination time for
the experimental conditions of Refs [1, 2]. For Te � 5 K
and Ne � 2� 109 cmÿ3, expression (2) yields a signiécant
recombination moderation in comparison with the conven-
tional theory: x � 2:4�103. In this case, the characteristic
recombination time trec given by our theory is 60 ms. For
Te � 5 K and Ne � 109 cmÿ3, we have x � 2:5�103; trec �
210 ms. This is consistent with the results of experiments of
Refs [1, 2], where an ultracold plasma persisted for � 100 ms.
Radiative recombination can be neglected under these con-
ditions; its time is several seconds.

4.3 Recombination of an extremely cold plasma

Proceeding from the limiting value glim � 0:5, it is possible
to predict the ultimately low temperature of the metastable
state

Tmet
e �Ne� � e2�2Ne�1=3=glim � �Ne10

9Ôm3�1=34:2 K, (4)

which can be obtained in the ionisation of atoms to the
near-threshold region je0j5T met

e . Given this charge den-
sity, the electron temperature of the plasma residing in the
metastable state cannot be lower than T met

e (Ne). In an
extremely cold metastable plasma, the recombination time
is therefore determined by the density of charged particles
(Fig. 8).

f �e�
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10ÿ3

ÿ15 ÿ10 ÿ5 0 e=Te

Figure 7. The same as in Fig. 3 in the case when the initial particle
coordinates are located inside the sphere (compare with Fig. 6). The
microéeld and Boltzmann distributions were plotted for a temperature
Te � 7:4 K and shifted by 3Te in the energy axis e [the functions
fB(e=Teÿ 3); fmf (e=Te ÿ 3) were plotted], with averaging performed
over the 7TL < t < 8TL time interval.
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There are several papers which take into account the
departures from the traditional theory arising from plasma
nonideality [20] and the effects of charge density [21]. From
Ref. [20] there follows an expression for the characteristic
recombination time

tB Ne;Te� � �

T 3=2
e me

1=2

5:231e4L 1�exp ÿ 4p=6� � g Ne;Te� ��0:543� �3
h in o

�1�g Ne;Te� �=21=3�1=2
.

(5)

Here, we have corrected several numerical inaccuracies of
the formulas of Ref. [20].

The following expression follows from Ref. [21] for the
characteristic recombination time:

tH Ne;Te� � � max t1; t2g;f (6)

where t2 �
�
N 2

e (Ry=Te)
4:5�2:156�1031 Ôm6 cÿ1

�ÿ1
and t2 �

�N 5=6
e �Ry=Te � 3:528�104 Ôm5=2 sÿ1. The following simple

expression [22] was taken for the radiative recombination time
in Fig. 8:

tR Ne;Te� � � NeTe � 2:7� 10ÿ13� Ôm3 Ô eVÿ1)] ë 1. (7)

One can see from Fig. 8 that the radiative recombination
time in an extremely cold plasma is, up to Ne �106 cmÿ3,
much longer than the recombination time deéned by our
theory. For an extremely cold plasma, expressions (5) and
(6) yield values close to the results of the traditional theory,
which is natural because g3lim � 0:1255 1.

5. Conclusions

Thus, there are grounds to believe that an abnormally slow
relaxation (i.e., metastability) of an ultracold plasma took
place in the experiments of Refs [1, 2]. Within the frame-
work of the conventional theory, in less than a microsecond
the plasma should have recombined by more than 10% and
the electron temperature have increased several times com-
pared to T met

e (Ne). This should be accompanied by an

additional êow of electrons from the plasma bunch which,
however, was not observed in the experiments of Refs [1, 2].
The question of the plasma bunch expansion taking into
account the electron heating invites additional investi-
gation.
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Figure 8. Density dependence of the characteristic recombination time of
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[tR, formula (7)].
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