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Vector potential of the electromagnetic field of a photon

B I Makshantsev, V B Makshantsev

Abstract. A solution of D’Alembert’s equation for the vector
potential of an electromagnetic field is found in the form of a
wave packet, which does not spread in time and space. The
expression obtained for the vector potential of a photon is
used for the solution of some problems.
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1. Introduction

In many experimental studies of the interaction of electro-
magnetic radiation with matter, the radiation fluxes can
correspond to such a low photon density n,, ~ w/SchQ
that the vector potential of this radiation, which is required
for theoretical calculations of some experimentally meas-
ured quantities, cannot be considered classical [1]. Here, w
is the power of electromagnetic radiation, S is the cross sec-
tion of the photon flux, ¢ is the velocity of light in vacuum,
and Q is the photon frequency.

The criterion for the field E to be classical at the cha-
racteristic time interval Az has the form [1]

2y (1) ()
(chr)* (/@)

For example, when a helium-neon laser is used (72 ~ 1 eV,
w~ 1073 W, S~0.01 cm_z), we have np, ~ 107 cm 3,
which is obviously insufficient for the fulfilment of the
above criterion because (hc)l/z(c/Q)’2 ~001Vm' A
similar situation takes place in experiments with X rays
[2]: for #Q ~ 10* eV and w/S ~ 1077 W ecm 2, the value
(Ez)l/2 ~ (hanh)l/2 ~107°Vm™ is significantly lower
than (7ic)"/*(¢c/Q) 2 ~10° Vm™".

Thus, in a real situation we can deal with the interaction
of low-intensity radiation with matter, when we should
consider in fact the interaction of one material particle with
one photon. In this case, one the one hand, the vector
potential of a photon cannot be considered classical, and on
the other, a photon cannot be treated as a plane wave
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localised over the entire space because this results in
physically meaningless results for some problems, as shown
below.

In this connection it is interesting to consider, at least
using a simple model, the problem of calculating the vector
potential of the electromagnetic field for one photon. The
corresponding result for the photon ensemble will represent
a sum of vectors of electromagnetic fields for individual
photons.

In the model under study, a material particle is described
by a nonrelativistic one-dimensional harmonic oscillator. To
solve the formulated problem, we derived the expression for
the vector potential A,u(r, 1) of a single external photon.
This vector potential satisfies D’Alembert’s equation and
describes the propagation of a localised one-photon wave
packet along a straight line. It is natural that the volume
integral of the energy density calculated over the entire
space with the help of A,(r, /) should be equal to the
photon energy /Q. It is important to note that A, (r, ¢) takes
into account the finiteness of the region of photon local-
isation, whose size cannot be less than the wavelength [3].

The results obtained in this paper can be used in some
problems related to the coherence and statistics of photons
[4] because they permit the consideration of effects caused
by the space—time localisation of photons.

2. Vector potential of the electromagnetic field
of one photon

To calculate the vector potential A,,(r, 1) of the electro-
magnetic field of one photon, we find first the expression
for the vector potential Ay, (r, #) of the electromagnetic field
that appears upon scattering of one photon by a material
particle.

Consider the Schrodinger equation

ih—=HY (1)
for a system with the Hamiltonian

H=H,+ Hi+ Vi + Vo
Here,
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is the Hamiltonian of a one-dimensional nonrelativistic
harmonic oscillator; m, §, Q are the oscillator mass, coor-
dinate, and frequency, respectively;

- fi - 0’
Hf__i - wa( aéz+£o{>

is the Hamiltonian of a quantised electromagnetic field,
where the variables ¢, can be formally treated as normal
coordinates of continuously distributed oscillators repre-
senting the quantised electromagnetic field;

N e h
Vf_ T €y
mece 1

4,65

is the operator of interaction of the oscillator with the
quantised electromagnetic field;

oo (' e
A«(5>:<7> ¢

Oy

x[a, exp(ige,e,3) + a, exp(—ige,e,5)];

V(V — o0) is the volume of the quantised electromagnetic
field; e is the electron charge; e, is the unit polarisation
vector of the electromagnetic wave, which corresponds to
the subscript o = {q, 6} representing a set of the wave
vector ¢ = e,q and two polarisations ¢ = 1, 2 of the trans-
verse electromagnetic field; e, is the unit vector in the
direction of the vector ¢; @, is the frequency of the mode «
of the quantised electromagnetic field;

nga:wq:ngcqmax:wmax;

. b 0 e L. 0.
““‘f(é“ a@) "“ﬁ(é“ a@)’

and e, is the unit vector along the straight line on which the
oscillator moves.

Note that in the problem under study, the frequency @,
is unlimited [1], which requires the renormalisation of the
mass and charge in quantum electrodynamics. In our non-
relativistic problem, it is sufficient to renormalise only the
oscillator mass, which is equivalent to the restriction of the
frequency spectrum by some frequency @.,,,. The operator

N e h N
ph:_TevA
mc 1

. 0
ph(t7 S) o5
describes the interaction of the oscillator with the electro-
magnetic field of one external photon. We assume that the
operator Ap(7,5) parametrically depends on the variables
characterising some material system in the infinitely re-
moved region of space where the external photon has been
produced. Let us average equations (1) over the variables of
this system assuming that

Ap? = Ap? = Ay (1,5)7P.

Let us introduce the dimensionless variables

N

,
W, =0, =—=
q b

Q

where 0 < o, < Omy Q =. Then, by passing to new
variables &, = £,m, i7 and taking into account that only
the region w, ~ 1 and s ~ 1 is important for the following
and that the inequality hQ/mc2 < 1 is satisfied (which
corresponds to the long-wavelength approximation), we
obtain in the momentum representation for the averaged
wave function (by omitting in it the upper bar for
simplicity)

'P{n {QA}

H(D [1/2

<ep{i[ 2%, -ny-2| Lol o
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where ‘I’{,l/,_}[si (QA_VI),)] is the wave function of the
harmonic oscillator

00 =2[ dexo ) sin (05~ )

S5

and is determined by the equation [5]

1 0%,
o2 o2 +sin; = Xopf (1) ;

e

f(t)ZW

Aph(l);
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{n;} and {Q;} are the sets of quantum numbers and
normal coordinates, and [6]

an \ .
L;(t) = ; ( ’74) 1 sin’ + Xoif (On,(1);

Z XOAin o
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04 / dz

where z; = s7 are the roots of the equation

1/2
G(z) = z— 1 — 2on®s o S=0; g, —2( “ ) Cln

ZA—CO Vim Q

First, we calculate the average value of the space-time
operator A, (r,t) of the vector potential of the electro-
magnetic field over the quantum states determined by
expression (2):

Sp[exp (—

H(t — —00)/T,) Ay(r1)]
Sp[exp (-

H(t — —0)/T,)]

Here, T, is the temperature of the system of which the final
result is independent due to the features of the model; and

Ay (r,1) = (©)

t

At =exo i ] Ao | i

. .Q . Q
X | a, exp 1?w1eqr + a, exp —1zwaeqr .

H(r)dr} ,
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_ The Hamiltonian H(1) in expressions for A,(r, 1) and
A,(r, t) is written in the occupation number representation:

QZ [a a; +
ay, =Y Xosd;
2

where
. 7L A 0
“= \/§<QA+6QA>~

We will seek the expression for the vector potential of a
one-photon wave packet A(r, 1) propagating along the z-axis
for ¢, |r| = r — oco. The wave packet A(r, t) detected by an
observer located on the z-axis at the distance ry — oo
represents a superposition of expressions (3) over all the
modes of planes waves o with the weight function, i.e., with
the probability density that provides the fulfilment of all the
requirements to a one-photon wave packet discussed in
Introduction.

As shown in Appendix 1, this weight function has the
form

fﬂxm@+mvm}

C
a?+ 22
Here, I'(...) is the gamma function; C = 2a’w,Q*vAR?x
(ne®)™': a is a parameter describing the variance of the
integration variable 1 (0 < A < c0); v(v — 00) is a param-
eter; 0, and ¢, are the polar and azimuthal dngles
determining the dlrectlon of the vector ¢; u = (0,2/c)*x
(1 —cos0 )vaAR AR is a parameter characterising the size
of the localisation region of the one-photon wave packet.
The weight function provides the summation of only those
modes o of the vector potential (3) for which the directions
of the wave vectors ¢ are sufficiently close to the direction
of the z-axis along which a photon propagates.

Assuming that @ > 1 and A(r,t) =0 in the region
t—z/c <0 to which the electromagnetic field A(r, f) did
not come yet, we obtain for the scattered one-photon packet

A(r, t)
3 . (0.2 o
-5 yu sin Gvke1< AR > { Jo dre, A, (1)

S Gl LG
(-5)
ola(-B b e

Here, u = e, cos ¢, + e, sin Py is the unit polarisation vector
of the wave pdcket A(r 1); sin0, = eyu; e, e, and e, are the
unit vectors along the axes of the Cartesian coordinate
system; 0, and ¢, are the polar and azimuthal angles of the

vector e;

P(ui(gqv(an/l; V): e u ”[ ( +j'v)]

A(r,t) =

P t—z/c
+§‘Ql JO d’L'eVAph(’L') €eXp [ —

N[ =

pa¥o) 2 20?2
Q=1-22, =zt

0 3 e Q=09

Ko[z exp(in/4)] + Koz exp(—in/4)]
2i ’

kei(z) =

and K, is the Basset function. In expression (4), the
coordinate z =rcosf, ~ r fl/zrﬁf and O(x)=1 for x >0
and 0(x) =0 for x <0.

Note that expression (4) satisfies all the requirements
formulated in Introduction. Indeed, it satisfies D’Alembert’s
equation with accuracy to the terms of the order

y 2
(5) <1, (5)

Wthh are typical for the optical range (y ~ 10" — 10 57!,

~ 10" s71). Expression (4) does not spread in tlme
Fmally, the volume integral of the energy density over the
entire space calculated with the help of (4) is equal to the
photon energy /Q:

81nJ d r{rot A(r, t)+c2 (aAét )> } = Q. (6)

Let us find the vector potential 4,;(¢) using expression
(4). We will assume that the same oscillator as in the case
considered above is located at the point in space with the
radius vector r = —rg(ry = |rg| — 00). We assume that this
oscillator emits a photon along the z-axis, which excited the
oscillator considered by us, and the latter oscillator emitted
the same photon along the z-axis, which corresponds to
r=ryand 0, =0.

By replacing ¢ — z/c by the variable ¢ and taking into
account that

A(rg, 1) = Apn (1), —kei(0) =
we obtain for A4p,(7) = e, 4p(?) the equation

Amm:&{ﬂmmpﬁﬂm@

+J K (r— T)Aph(f)df}, (>0, ™
where
21— cos(@Qr)

Qt :

RTO TN ®)
g=——sin"0,.
8n

K(t) = e"?cos Qt; K (1) =

It is shown in Appendix 2 that, taking into account the
solution of equation (7) and (8), we have

3 39172
_ Y (1 B g) h : rer\/z
Apn(r, 1) = {77142 ukei AR

o)) o

where ¢ —z/c > 0; and z = rcos0, ~ r — r7/2. Tt follows
from (9) and the condition that the parameter AR in (4) is
the same for all three axes of the coordinate system that
AR =2¢/y(1 — g).

l\)|\

xexp{
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Note that the model considered here and our calcu-
lations, including the renormalisation of the initial values of
the oscillator mass m' and its frequency Q' (m', Q' — o),
which is required for the formally infinite spectrum of
frequencies w,, are intrinsically consistent because we use
the nonrelativistic approximation. Indeed, the oscillator
mass m’ is proportional to its frequency Q' because the
energy quantum of the oscillator is #Q’ ~ m'e*/h* [8, 9]
and the coefficient of rigidity is m'Q’* ~ e?/ag, where ay =
hz/m’ez. In this case, the condition of nonrelativity Q' ~
m'e* /h* < m'c? is valid.

Consider the problem where the consideration of the
space—time localisation of a photon is important. This is the
problem on the calculation of the average occupation num-
ber 7(7) for the energy levels of the oscillator in equation (1).

Let the vector potential 4, (¢) of an external photon in
(1) be determined by expression (9), in which all the
parameters of this photon have the subscript zero. Upon
substitution of (9) into (1), we assume that rf, ~z ~0,
which corresponds to the placement of the oscillator to the
coordinate origin. We will take into account that the
operator

and 7(7) is determined by expression (3), in which the
operator A,(r) should be replaced by the operator 7. Then,
taking into account the wave function (2), we obtain

_1~

[ T

0

+[Jtexp H(z _ ﬂ)} sin [2(1 — z’)]f(t’)dt’r}

0
+e hel 1 h
Xp T .
Here, as in (2),

e
1) =———7 eAm().
c(th)l/z h

After the calculation of integrals over the variable ¢, we
have

3 5 o y
(1) = 30 20, sin” 0,94 | exp | — 3! [a(w = —AQ) cos Q1

=

+b(w = —Ay) sin Q1] + exp <f%0(1 — go)t)

2
x[—a(w = —AQ) cos Qyt + b(w = Ay) sin Qot}}
+exp <f % t> [a(w = AQ) sin Qf — b(w = Ay) cos Q1]

+6Xp <_ VEO (1 _ go)[) [a(a) = —AQ) sin Qof

+b(o = Ay) cosQot]r} + {exp (7%9) - 1}].

r

Here,

sin 0y = eyu; a(w) = 2 ) 2 20
AQ“ + Ay (Q+QO) + Ay
7 Yoll — o)
AQ=Q—-Qy Ay=2-220 =%,
0 y 2 2 5
w Ay

h0)= 1o +Ay? * (Q+ Q) +Ap?
One can see from the above expression that the function
A(1) depends on time according to the physical process of
interaction of the oscillator with the photon, i.e., it first in-
creases by oscillating and then decreases to zero for ¢ — oo.
Note, in particular, that under the resonance conditions,
i.e., when |AQ|z, |Ayt| < 1, the above expression gives

2 4

3 .2 b 2 hQ -1
t) = —— O, =t —t — ) =1] .
( ) 512 SOy 00 exp(—y ) + | exp T,

>

Note that the result obtained for 7(f) cannot be obtained
without considering the space—time localisation of a photon.
Indeed, the expression for 72(f) will have no physical sense if
we substitute into the expression for the function f(¢) instead
of the vector A, (¢) the expression A, (1) = 2¢ (2nhi/Q, V)l/2
xug sin Qyz, which represents a monochromatic wave loca-
lised in the space of volume V — oo.

3. Vector potential of the electromagnetic field
and the energy density for an ensemble
of parallel moving photons

Consider the conditions under which the average vector
potential of an ensemble of photons propagating along the
positive direction of the z-axis of the Cartesian coordinate
system transforms into a classical vector potential. For this
purpose, we should calculate an observable, namely, the
radiation intensity (the energy density) of the photon
ensemble, which is proportional to EZ.

Taking into account the result (9), the vector potential of
the photon ensemble has the form

M L,
z
A(J‘, t) = ZZAW!I,,, (t_z_ tlm’p_pm>’ (10)
m=11,=1
where
z (1P = pul(1 = go)
Aml,,, <[ - Z ARy pm) = _BOkel< \/EC

exp{— (l—z—t, >M} sin [Qo<z—z—t, )},
c m 2 c m

70(1 —g)’h l/zu .
TCCQO 0>

m

=21 >0 BO:{
c

3 .
8o = gglo sin® Oyo 5

p and p,, are the radius vectors in the plane perpendicular
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to the z-axis. For simplicity, we assume that the values of
V0> 80> Uy, 2o 1n (10) are the same for all photons in the
ensemble. The parameter #; determined the instant of the
intersection of the xy plane by the /,th photon at the point

m with the radius vector p,,. The integers M and L, deter-
mine the total number of the points of intersection of the xy
plane by photons by the time ¢ and the total number of
photons intersecting this plane at the point with the radius
vector p,,, respectively. We assume that z and p in (9) are
finite and ¢, M and L,, — oc.

The problem is reduced to the averaging of the vector
potential (10) and

(1oAY
B c ot '

over the instants {#, } and radius vectors {p,,}.
We will perform averaging over the instants {7, } with
the Bernoulli distribution density

O( lm C I Zl al,,—1 [/ o L,—1,
o= ([ ()]

where

(11)

0<ty <T; T—o00;0<1,<L,y; L, —o0;

I L,!

Ln ™ (Lm - lm)!lm! ;

As will be shown below, the parameter « in (11)
determines the degree to which an electromagnetic field

is quasi-classical:
" e \2 " 1/2
) )] o
2nph ZnPh nph

Here,

o — & 3y0(1—g0).
0 ¢ ) 128m%Q,

O<a<l.

o = () =

npy = j/c is the photon density in the flux;

R Ly

0 I
j L 27

lim
4r L,,,T—oo TSO

is the photon flux density; S is the area through which the
photon flux propagates in (10); and

M
L L

=S li E — li —_
% / {L,”}l,r?%om: T / L,mlyr"rloo T

1

Note that the quasi-classical condition for the electro-
magnetlc field corresponds to the condition « <1, i.e.,
(no/nph) < 1. Tt is obvious that if we set Ar = /mQq ' x
{128Q¢[7o(1 — go)]~ 1/4 } and take into account that E? =
hQqnyy, then this condition will coincide with the quasi-
classical condition [1].

Using expression (11), we can see that the relation

Vo Voo

is valid for the average value of the time interval 1/v,
between two nearest moments of the intersection of the
given area s, by photons in the xy plane. Here, v=
lim;, 7 o Ly/T = 4meng,sy and o is determined by expres-
sion (12).

Taking into account that the variable 7, <t —z/c — oo
in (10) and that, according to (11), 7, = L,,/vo (L,, — 00),
we can assume for simplicity that L,, = E[vy(t — z/¢)] in (10)
is independent of 7, where E [x] is the integer of the number
x. Then, we can assume in (11) that

Pl

because it is reasonable to set 7'= L, /vy.

Let us perform averaging of expression (10) over the
radius vectors p,, in the xy plane with the probability den-
sity 1/S, where S — oo is the area through which the total
photon flux propagates. Then, we average the obtained
expression over the instants 7, with the probability density
(11). Taking into account that T — oo and, according to (5),
Qy > v, We obtain

(14

A(r,1) = Agexp [*%0(1 *g0)<l*§— T)}

X COS [Qo(t—z—TﬂH(t—z—T),
c c
where
z 1 z z
ror(i-) = Lefu(i-2)] 2o
c Vo ¢ ¢

_ 32nzBoc3ocnph ]
“/(%(1 —go)ZQo 7

We will see below that expression (15) directly deter-
mines an observable (the radiation intensity) only in the
classical case when

e\ 12
o R <—0> <1.
nph
We consider expression (15) for this case and estimate the
parameters entering this expression. We assume that

(15)

o = anyp) .

(16)

12
Ny / 15 —1 8 . —1
— ~0.1, Qy~ 107 s, 7o~ 10" s

Tph
Q 3“/0(1 — &) 4 -3
n0:(7>m~10 cm” .

Then, setting sy ~n_ > ~ 107 cm® for the estimate, we

p
obtain vy ~ 4Tts0(n0nph) /2L ~ 102 s

condition (16) is valid, we have

~!. Therefore, when the

70 < Vo < £y, (17

In this case, the vector (15) represents the plane wave

= A cos {Qo(t—z— T)},
¢

A(r, 1) (18)
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when A(t — z/¢)<1/vy, where

(STChQ()nph)]/zll()C

Ay =
0 QO

I oT>0.
C

Assuming that the radius vectors p,, in the xy plane are
distributed with the probability density 1/S,, where S — oo,
we calculate the observable E2. Taking into account that

M Ly,

E=) > Eu,.

m=11,=1

where E and E,, are determined using (10), i.e.,

1 aAml

m

c ot ’

ml,, — —

we obtain

E*(t,ny) = I (t,npn) + L(t,mpn) — L (2, ) - (19)

Here,

M L, . 2
B = tim (Y )

m=11,=1

M L,

> > B

m=1[,,=1

M L,
=2
Ltng) = i En .
() =, b 33

m=11,=1

L(t = lim
2( ,i’lph) (L} T—00

Taking into account inequalities (5) and expressions (10)—
(15), we obtain for Iy, I,, I3 averaged over the period 21/Q,
of a high-frequency vibration

L (t,npy) = 20y (1, npp )angpay,

Q
L(t,npn) = Iy(t, npn) {m}az,
L(t,n) =0,
where

z
Lo(t,mpn) = 4n302°‘”ph eXp {— 01 —go)(f—z— T)];

Tl?(,‘2

. [ 8mc? r .

1= | 55| @=—"—3"
76 (1 — &o) [o(1 — )]

By substituting the above expressions for I;, I, and I3 into

(19) and taking into account expression (12), we obtain

2
- o n
E? :4nh90nph< nph+06)
0

xemﬂ—ydl—gﬁ@—%—])}

Because it is clear from the physical point of view that
the energy density E2/4n of the photon field of a plane
electromagnetic wave should linearly depend on the con-

(20)

centration n,, of photons both for a weak photon flux
(x~ 1) and in a classical case (« < 1), we should set

o zl’lph

fo=1 1)

Ny

in (20). From equation (20), we obtain [see (12)]

" e N2 e 112
sl
2I’th 2l’lph Nph
Note that o ~ 1 for ny, < ny and o = (no/nph)l/2 for ny, >
ny.

Therefore, the average energy density in the flux of
parallel photons is

=2

E z

I hiQony;, exp {* 70(1 — &0o) <Z T T>]
and it does not depend on time for y, < v,.

Note that the classical electromagnetic field condition
(16) means that the term /(¢ n,,) makes the main con-
tribution to expression (20), which is the square of the
electric field calculated with the help of the vector potential
(15) and averaged over the period of the field oscillation
with frequency Q. In essence, this means that the classical

electromagnetic field condition corresponds to the smallness
of the variance (E — E)* < E2.

Appendix 1

Taking into account the uncertainty relation for the
momentum and coordinate, we assume that the weight
function depends on

1
u= 5 (ApIRC 4+ ApIR} + ApZR7),
where

1 = 1 = .
Ap, = - fiw,Q2sinf, cos g, Ap, = - fiw,Q2sin 8, sin @,

1 -
Ap. = - hw,Q(1 —cos ¢,)
are the projections of the difference ¢ ' 7iw,Q(e. —e,) of
momenta on the coordinate axes and R, R,, R. are the
projections of the characteristic sizes of the localisation
region of the plane wave (3) on the coordinate axes. We

assume that R, = R, = R, — oc. Thus,

0,2\
u= < « ) (1 —coqu)vaAR2,

c

where vaAR? = R? and the parameter v — oo because a
and AR are finite.

The quantity u is in fact the number of states for the
mode a, i.e., the number of elementary cells in the phase
space whose geometrical part is connected with the part of
the spherical sector surface with the angle 6,. The total
number of cells on the sphere surface is

CUC{Q 2 2
N=ul,=n)=2 — | R* — 0.

9 c
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The probability of finding of u=Av+1 (0 < 4 < o0) cells
from N cells on this spherical sector surface is determined
by the expression

1 —cos0 N!
P(5< 2 q> TN == D)

(I—cos0,)/2 . .
% J ! dZZ/'v(l _ Z)N_M_l,
0

where ¢ < (1 —cos0,)/2 is a random quantity.

Let us differentiate this expression with respect to the
angle 0, and take into account that only the angles 6, — 0
are of interest to us and that N — oo. Note that the number
of cells u (or, which is the same, the number of modes «
forming a one-photon wave packet A(r, t)) tends to infinity.
Let us assume that y and v are random quantities whose
distribution is described by the normal law. Then, the distri-
bution function of the ratio 4 = u/v is determined by the
Cauchy formula

The product of the probability densities is P(1), dP(¢ <
l/2(17005 0,))/d0, and determines the weight function
P(ud(gqa (pqv )“a V)’

Expression (4) can be obtained in the following way.
Expression (3) is summed over polarisations ¢ = 1, 2. The
obtained expression is integrated with the found weight
function over angles ¢, and 0, taking into account the
dependence of vectors e, on angles ¢, and 0,. These cal-
culations give the expression in which parameters p = Av
and v enter only in the degenerate hypergeometric function,
which has the form

2.2 12
r<sin” 0, A . 1
IFI(I L ‘m)%[@ "0 xR] 2

~[(2) sl

because v — oo, where J,, is the Bessel function. Then, the
integration over the parameter A is performed, summation
over the spectrum of frequencies s, and, finally, integration
over frequencies w,.

Appendix 2

Equation (7) can be solved by the method of Wiener — Hopf
[9]. However, its approximate solution can be obtained as
follows. Let us represent equation (7) in the form

d*A,, dA,, , 921
az T8y +{Q +3<§_g>]’4ph
dK, dd,, o0
=S A0+ KOS | deKi(r o)
dr °°? dr |_.o Jo
dAph(‘L')

d?4
X( ph(r)+y

o + Q2Aph(r)), >0,

dz?

A (+0) = g7 L Ky~ +0) Ay (2)dr,

where Apy(+0) = Apy(f = +0).

The solution of the obtained differential equation, taking
into account the inequality (5) and the initial condition, has
the form

Apn(1) = A (+0)exp | = 51 - g1

X (CothJr8 sith), t>0.
gy
If the condition ¢ > y/Qz is fulfilled, then
Apn (1) = Cexp {,%(1 fg)t] sin Qr,

where C = A, (+0)Q2/gy. Finally, taking into account this
expression, we obtain expression (9) for a one-photon wave
packet from relation (4) using (5) and (6).
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