
Abstract. The propagation of powerful light beams in non-
linear media with the Kerr nonlinearity is considered. The
effect of local inhomogeneities on self-focusing of the beams
is studied.
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The properties of powerful light beams propagating in
nonlinear media have been studied in detail in the literature
[1 ë 6]. A special attention in these papers has been paid to
self-focusing and self-trapping of the beams. The param-
eters characterising linear and nonlinear properties of the
medium have been assumed, as a rule, constant. In this
paper, we perform a numerical analysis of the effect of local
inhomogeneities of the nonlinearity and absorption coefé-
cients of a medium on self-focusing of light beams near
focus.

We will describe the propagation of optical beams in
nonlinear media along the z axis (z5 0) by the approximate
Schr�odinger equation

qE
qz
� i

2k
D?E� iF�I �E � 0: (1)

Here, E is the complex amplitude; I is the intensity;
k � 2p=l is the wave number; l is the wavelength; D? �
q2xx � q2yy is the Laplace operator; and F(I ) is the function
describing the nonlinear properties of the medium.

We considered the solution of equation (1) satisfying the
conditions

Ejz�0 � E0 exp

�
ÿ x2 � y2
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�
and

Ejx2�y2!1� 0;

where E0 is the beam amplitude at the medium surface and
r0 is its characteristic width.

By solving equation (1), it is convenient to normalise the
functions and independent variables as

x 0 � x=r0; y 0 � y=r0; z 0 � z=2kr20;

E 0 � E=E0; F 0�I 0� � 2kr 20F�I0I 0�:
After the normalisation, equation (1) takes the form (the
prime is omitted for brevity)
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We will write the initial condition in the form

Ejz�0 � exp

�
ÿ �x

2 � y 2�
2

�
: (3)

Within the framework of this approach, the inêuence of
the medium on the propagation of optical beams with
different initial amplitude distributions is reduced to the
specifying of nonlinearity of one or other type in the
equation. We represent the function F(I ) in equation (2)
in the form

F�I � � aIÿ ibI, (4)

where a is the Kerr nonlinearity coefécient and b is the
nonlinear two-photon absorption coefécient. Recall that
a=4 � P0=Pcr is the ratio of the input and critical powers.

The coefécients a and b are usually assumed constant. In
our case, they have the form
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where a0 is the unperturbed Kerr nonlinearity coefécient;
xj; yj; zj; xi; yi; zi; Zj; zj; si; xi are the parameters determining
the location and size of the regions where coefécients a and
b are inhomogeneous; and e and d are the maximum
inhomogeneities.

We solved the problem (2) ë (5) numerically by the
method of variable directions (the longitudinal ë transverse
scheme) of the second-order accuracy described in Ref. [7].
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Consider érst the case when e � 0, d � 0. The numerical
calculations were performed to the distance z � 0:046,
which was close to the focal distance zf. The parameter
a0 was assumed equal to 90. Fig. 1 shows the spatial proéles
of a light beam for z � 0, 0.042, 0.043, 0.0446. One can see
that the beam retains a Gaussian shape with increasing
intensity.

The inhomogeneity of the nonlinearity coefécient was
considered for several groups of parameters.

The érst group was x1 � 0:28; x2 � 0:2; x3 � ÿ0:27; x4
� ÿ0:27; y1 � 0:28; y2 � ÿ0:28; y3 � ÿ0:2; y4 � 0:17; zj �
0:0428; Zj � 0:1; zj � 0:316� 10ÿ3; j � 1ÿ 4. These coordi-
nates correspond to the characteristic width of the beam in
the plane z � 0:0428 for e � 0 and d � 0. In this case, the
beam intensity at its axis is approximately 10.4. Fig. 2
shows the surface demonstrating the inhomogeneity of the
nonlinearity coefécient of the medium.

The second group was x1 � 0:083; x2 � 0:04; x3 � ÿ0:06;
x4 � ÿ 0:066; y1� 0:083; y2� ÿ0:083; y3� ÿ0:041; y4 � 0:17;
zj � zj � 0:0428; Zj � 0:1; zj � 0:316� 10ÿ3; j � 1ÿ 4. The-

se coordinates determine the points that are located closer
to the beam axis than in the érst case.

The third group contained the points that were located
in the vicinity of the beam axis and the groups of points
consisting of a superposition of the érst and second groups.

The calculations were performed for e � 0:5; 1; 2; 4 and
for e � ÿ 0:5;ÿ1;ÿ2, ÿ4. For e � 0:5; 1; 2; 4 and d � 0 for
the érst group of inhomogeneity points, a qualitative picture
is similar to that shown in Fig. 1. The amplitude shape
remains invariable. The only difference is that the intensity
of the beam propagating along the z axis increases stronger
and the focus shifts to the lower values of z.

In the case of the inhomogeneities of the same type,
whose location is characterised by the points of the second
and third groups, self-focusing occurs behind z � zj more
eféciently, and the focus is formed in the vicinity of zj.

The case of negative e (e � ÿ0:5;ÿ1;ÿ2;ÿ4), when the
local defocusing of the beam occurs, substantially differs
from the above cases. In this case, the beam intensity
decreases in the vicinity of inhomogeneities and the beam
is decomposed into several components. The beam decom-
position continues over the distance jzÿ zjj � zj. Then, the
beam again converges and is focused. The focal distance
increases with increasing |e|.

These effects occurred for all the three groups of the
inhomogeneity parameters considered above. Fig. 3 shows
the spatial proéles of the beam intensity for d � 0 and
e � ÿ2 for the third group of parameters.

The inhomogeneity of the nonlinear two-photon absorp-
tion coefécient was also speciéed by three groups of
parameters. The calculations were performed for e � 0
and d � 0:01; 0:1; 0:5; 1; 2. For small values of d (d �
0:01; 0:1; 0:5), the inhomogeneity weakly affects the beam
focusing compared to the case e � 0, d � 0. The only
difference is that the beam intensity becomes lower in
the region of inhomogeneity inêuence (jzÿ zjj � zj) and
then it is focused. For large d (d � 1; 2) in the region of
inhomogeneity inêuence, the beam intensity exhibits a hole
at the beam axis. As z increases, the intensity peak is formed
against this hole, resulting in the beam focusing at some-
what larger values of z. These features of the effect of the
medium inhomogeneity are typical for all the three groups
of parameters. Fig. 4 shows the development of the process
for the third group of parameters for e � 0, d � 2.

The simultaneous effect of the inhomogeneities of the
nonlinearity and absorption coefécients of the medium can
be interpreted as a superposition of the situations considered
above. In this case, the beam self-focusing occurs quali-
tatively as in the above cases.
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Figure 1. Spatial proéle of the light-beam intensity for different z
z (e � 0; d � 0).

x

0

y

Figure 2. Surface demonstrating the inhomogeneity of the nonlinearity
coefécient of the medium for z � zj:
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The main result of our study is that the focusing of
powerful optical beams propagating in a medium with the
Kerr nonlinearity and two-photon absorption is stable. This
statement means mathematically that a small inhomogeneity
of the parameters of the problem causes small perturbations
of the solution for any interval �0; z 0f� (z 0f � zf ÿ e1, e1 > 0).
Physically, this means that the beam intensity can change
qualitatively when the parameters of the medium inhomo-
geneity are varied in a broad range, but then the beam
nevertheless undergoes self-focusing.
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Figure 3. Spatial proéle of the light-beam intensity for different
z (e � ÿ2; d � 0).
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Figure 4. Spatial proéle of the light-beam intensity for different
z (e � 0; d � 2).
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