
Abstract. SHG is analysed in photonic crystals of two types
(crystals consisting of quarter-wavelength GaAs layers
alternating with silica layers and AlAs/GaAs crystals)
depending on the number of structure periods and the
pump intensity. Calculations show that in photonic crystals
with the difference in the refractive indices Dn � 0:585, SHG
occurs only in the reêected light and in two directions for a
periodic structure with Dn � 2.

Keywords: photonic crystal, second harmonic generation, conver-
sion eféciency, density of optical modes.

1. Introduction

The problem of frequency doubling of femtosecond pulses
in photonic crystals is of interest for increasing the
eféciency of the pump radiation conversion to the second
harmonic, as well as for the study of nonlinear-optical
properties of periodic structures called photonic crystals.
Photonic crystals represent periodic structures consisting of
dielectrics selected in such a way that the density of
electromagnetic éeld modes in these structures has a band
gap for all directions of the wave vector. As a rule, a
photonic crystal is assumed to be a three-dimensional
structure [1, 2]; however, one-dimensional structures also
feature interesting properties, which are typical for `true'
photonic crystals. The presence of the band gap in a
photonic crystal opens up new possibilities for controlling
optical processes occurring in them [3 ë 5].

Much attention is currently paid to the growth of
various periodic structures of a complicated structure
and to the development of mathematical models for their
description. The interaction of femtosecond light pulses with
one-dimensional periodic structures possessing cubic and
quadratic nonlinearities has been studied in many papers
[3 ë 12].

In a periodic one-dimensional structure, in which one of
the layers is a crystal with quadratic nonlinearity, SHG for
transmitted and reêected pump radiation is possible. The

nonlinear interaction of the waves depends substantially on
phase relations between the pump wave and harmonic, the
dispersion of the refractive index in a nonlinear medium, as
well as on the mismatch between phase and group velocities
in a nonlinear crystal. To solve this problem correctly, one
should know the transmission and reêection spectra at the
frequencies of the interacting waves, the dispersion relations,
and the density of modes in the optical spectrum of a
photonic crystal.

The temporal characteristics of the second harmonic and
the transmitted pump radiation, which are typical for SHG
of femtosecond pulses, namely, the shortening of the pulse
duration in the quasi-static approximation at low conver-
sion eféciency and broadening of pulses due to the reverse
effect of the second harmonic on the pump [13], should be
also manifested in periodic structures.

It was shown in papers [8, 10] that the SHG eféciency in
a photonic crystal is several orders of magnitude higher than
in a nonlinear crystal of the same length, and it increases
with increasing the difference between the refractive indices
of layers comprising its period and with increasing the
crystal length. We also demonstrated [11] a high SHG
eféciency in a periodic structure with a nonlinear GaAs
crystal compared to that in a crystal of the same length.

The aim of this paper is to calculate SHG, linear
transmission and reêection spectra at the pump and
second-harmonic frequencies, and the density of optical
modes for quarter-wavelength periodic structures of two
types (AlAs/GaAs and fused silica with GaAs) upon
pumping by a femtosecond Nd glass laser as functions of
the number of periods of the photonic crystal and the pump
intensity.

2. Linear properties of photonic crystals
at the pump and second-harmonic frequencies

To énd the dependences of the transmission (T ) and
reêection (R) coefécients at the pump and second-harmonic
frequencies on the number Nst of periods of the structure,
we used the characteristic matrices of the layers with
different refractive indices [14]. We employed the Cheby-
shev functions of second kind, whose argument b satiséed
the dispersion relation

cosb=cosj1cosj2 ÿ1=2�p1=p2 � p2=p1�sinj1sinj2, (1)

where jj � (o=c)lj
ÿ
n2j ÿ a2)1=2; pj � nj cos yj; a � ni sin yi; nj;

lj are the refractive index and the thickness of the jth layer,
respectively; and yi; yj are the angles of incidence of
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radiation at the entrance of and exit from the layer; ni is the
refractive index of the medium from which radiation is
incident on the structure.

The density of optical modes is deéned as a derivative
with respect to the frequency from the effective wave
number keff of the structure [15 ë 17]

r�o� � dkeff
do

: (2)

To calculate r(o), we should énd the phase shift of the
waves caused by the properties of the given photonic crystal.
Let us represent the amplitude coefécients t(o) and r(o) in
the form t � eij

����
T
p

; r � eic
����
R
p

, where j and c are phases
acquired by a plane wave after its transmission and
reêection, respectively. The effective wave number keff for
the structure of length D � (l1 � l2)Nst is introduced so that
the phase is determined by the expression j � keffD.

By representing the transmission coefécient in the form
t � u� iv, we can determine j from the expression
tan (keffD) � v=u and obtain the dispersion relation

keff�o� �
1

D
tanÿ1

�
v�o�
u�o�

�
:

In this case, the density of optical modes will have the
form

r�o� �
���� dkeffdo

���� � 1

D

����u 0vÿ v 0u
u 2 � v 2

����; (3)

where the primes denote derivatives from the real and
imaginary parts of the amplitude transmission coefécient.
The densities ro; r2o of optical modes are calculated by
expressions (1) ë (3), in which the calculated amplitudes and
phases of transmission coefécients and their derivatives
were used.

The dependence of linear properties on the number Nst

of periods was analysed for a photonic crystal consisting of
a nonlinear GaAs crystal (with refractive indices
n1(o� � 3:45; n1(2o) � 3:1) with different dielectrics: fused
silica (n2(o) � 1:45; n2(2o) � 1:46) and AlAs (n2(o) �
2:865; n2(2o) � 2:9). In the spectral regions between
band gaps, the additional calculation was performed by
expressions from [17]. The results of calculations of trans-
mission coefécients and ro; r2o were in good agreement. It
follows from the calculated spectra that the band gap
increases with increasing the difference between the refrac-
tive indices. The increase in the number of periods in the
photonic crystal has no effect on the band gap but results in
the increase in the number of maxima of the transmission
coefécient T and of the minima of the reêection coefécient
R.

The dependences of the transmission coefécient at the
fundamental (To) and doubled (T2o) frequencies and the
densities ro; r2o of optical modes on the number Nst of
periods for two photonic crystals are shown in Fig. 1. One
can see from Fig. 1a that for the photonic crystal with
Dn � n2 ÿ n1 � 0:585 and Nst � 10, the transmission coefé-
cients for the pump and second harmonic are almost the
same: To � 0:26 and T2o � 0:248, which should be mani-
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Figure 1. Dependences of transmission coefécients To; T2o (a, b) and densities of optical modes ro and r2o normalised to the speed of light (c, d) at
the fundamental and doubled frequencies on the number of periods of photonic crystals based on AlAs/GaAs (a, c) and SiO2=GaAs layers (b, d).
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fested in SHG predominantly in reêection. As the number
Nst of periods increases, transmission at the doubled
frequency monotonically increases, whereas at the funda-
mental frequency it exhibits oscillations. The densities
ro; r2o behave similarly (Fig. 1c); the density r2o has a
maximum at Nst � 16.

For the photonic crystal with Dn � 2 (Figs 1b, d) the
transmission coefécients for the pump and the second
harmonic for ten layers of the structure are 0.5 and 0.7,
respectively. Therefore, both the transmitted and reêected
waves should be present in the second harmonic. The
densities ro; r2o decrease with increasing number of periods.

3. Nonlinear interaction of the pump
and second-harmonic waves in a photonic crystal

The numerical simulation of SHG by femtosecond pulses
was performed for two photonic crystals considered above
and a nonlinear GaAs crystal, which has a cubic lattice and
the nonlinear susceptibility w�2� at 1060 nm that exceeds
w�2�for a KDP crystal by a factor of 500 [18]. A system of
equations in second-order partial derivatives was used in
the second approximation of the dispersion theory for the
pump and second-harmonic waves [11, 13]. The medium
was assumed inertialess down to duration 10ÿ14 s.

The éeld in the medium was written in the form

E�z; t� � E�1 �z; t� exp�ik1zÿ iot�

�Eÿ1 �z; t� exp�ÿik1zÿ iot�
�E�2 �z; t� exp�ik2zÿ 2iot�

�Eÿ2 �z; t� exp�ÿik2zÿ 2iot�+c.c.

By using Maxwell equations and the approximation of
slowly varying envelope for the amplitudes of the pump and
second-harmonic waves, we obtain the system of equations
describing SHG in a nonlinear crystal

ÿiD1

q2E�1
qt2
� qE�1

qz
� 1

u1

qE�1
qt
� ÿig1E�2 E�

�
1 e iDkz,

ÿiD1

q2Eÿ1
qt2
ÿ qEÿ1

qz
� 1

u1

qEÿ1
qt
� ÿig1Eÿ2 Eÿ

�
1 eÿ iDkz,

(4)

ÿiD2

q2E�2
qt2
� qE�2

qz
� 1

u2

qE�2
qt
� ÿig2E�

2

1 eÿiDkz,

ÿiD2

q2Eÿ2
qt2
ÿ qEÿ2

qz
� 1

u2

qEÿ2
qt
� ÿig2Eÿ

2

1 e iDkz,

where gi � 2pw�2�o2
0=kic

2; i � 1; 2;o0 is the pump frequency;
u1;2 and k1;2 are the group velocities and wave vectors of the
fundamental and second harmonics, respectively; Dk �
2k1 ÿ k2 is the mismatch of the wave vectors of the pump
and second-harmonic waves in the nonlinear crystal; and

Di �
1

2

qk2i
qo2

i

is the group-velocity dispersion for the pump and second-
harmonic waves in the nonlinear crystal and dielectric.

The system of equations (4) assumes the use of the
algorithm of the solution presented in paper [11]. However,
in this paper we used the method for calculation of the
amplitudes of a spatial lattice similar to that proposed in
papers [5, 6]. The accuracy of numerical calculations was
increased by using the Fourier-transform parameter
N � 512:

The systems of equations (4) was solved by representing
the pump by the Gaussian pulse E(z � 0; t) � E0 expfÿ2
� ln 2�(tÿ t0)=tp�2g, where E0 is the pump-pulse amplitude;
t � 100 fs is the pump-pulse duration; and t0 is the position
of the pump pulse on the time axis. The following normal-
isation of variables was used: z 0 � z=l0; t

0 � t=tp(l0 is the
pump wavelength, the intensities of the pump and second-
harmonic waves were normalised to the intensity
1 GW cm ÿ2. The optical lengths of a nonlinear layer (l1)
and dielectric (l2) were assumed equal to 0.25l0. The
mismatch of the phase velocities of the pump and se-
cond-harmonic waves in the nonlinear crystal under
initial conditions was calculated from the expression

Dk � 4p
l0
�n1�o� ÿ n1�2o��:

The numerical calculation of the system of equations (4)
gave the dependences of the intensities of transmitted
(I�g � jE�2 j2) and reêected (Iÿg � jEÿ2 j2) second-harmonic
pulses, as well as of their durations t�g ; t

ÿ
g and conversion

eféciencies Z�, calculated as the ratio of the second-
harmonic energy for transmitted (W �

g � I�g t
�
g ) and reêected

(W ÿ
g � Iÿg t

ÿ
g ) waves to the pump energy W0, on the number

Nst of periods of the lattice and the pump intensity I0.
Fig. 2 shows the results of numerical simulations

obtained for two above-mentioned photonic crystals at
the initial pump density 100 GW cm ÿ2. One can see
from Fig. 2a that transmission of the pump radiation
decreases with increasing number of periods in the photonic
crystal, the reêected wave being dominant. The SHG
eféciency Zÿ has a maximum for a photonic crystal with
Nst � 10 (Fig. 2c), the ratio of energies of the reêected and
transmitted waves being � 35.

For a photonic crystal with n � 2, the transmitted pump
wave dominates over the reêected wave (Fig. 2b), and the
SHG eféciency has a maximum for Nst � 8. The maximum
SHG eféciency for the counterpropagating wave is 1.75
times lower than that for the copropagating wave, and it is
observed for Nst � 10 (Fig. 2d). The total SHG eféciency is
lower by a factor of three than that for a lattice consisting of
AlAs/GaAs layers.

Fig. 3a shows the dependences of the duration of
reêected and transmitted SHG pulses tg normalised to
the pump-pulse duration on the pump amplitude E0, and
Fig. 3b presents similar dependences for the SHG eféciency
for the AlAs/GaAs photonic crystal for Nst � 10. One can
see that as the pump amplitude increases by an order of
magnitude, the SHG eféciency Zÿ increases by a factor of 90
(Fig. 3b); for small values of eféciencies, the second-har-
monic pulse is

���
2
p

times shorter than the pump pulse, in
accordance with the analytic estimate applied for these
conditions [13], as well as with calculations [11]. In this
case, the durations of the transmitted and reêected pulses
almost coincide.

One can see from Fig. 3a that the duration of the
second-harmonic pulses increases with increasing the
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pump-pulse amplitude, the duration of the reêected pulse
increasing in a greater extent. Such behaviour of the
duration of second-harmonic pulses is caused by the non-
linear phase modulation due to the reverse effect of second-
harmonic waves on the pump [13].

4. Discussion of calculation results

We calculated numerically the intensities of copropagating
and counterpropagating second-harmonic waves, the SHG
eféciency, and the pulse durations for photonic crystals
consisting of a nonlinear crystal and different dielectrics as
functions of Nst and E0. For both photonic crystals studied,
the SHG eféciency has a maximum for Nst � 8ÿ 10, in
agreement with the data [11]. For the pump wavelength
used in calculations, SHG occurs only in reêection light for
the photonic crystal with AlAs/GaAs layers (Dn � 0:585)
and in both directions in the case of the periodic structure
with Dn � 2 (GaAs and silica). The SHG eféciency for the
transmitted wave exceeds that for the reêected wave by a
factor of 1.75. The SHG eféciency in reêection for the érst
photonic crystal is three times higher than the total SHG
eféciency in both directions for the second photonic crystal.

Let us compare, similarly to [8, 10], the SHG eféciencies
in a photonic crystal and a nonlinear crystal of the same
length by using analytic estimates for the second-harmonic
amplitude in the femtosecond-pulse éeld in the case of the
quasi-static interaction of the second harmonic and the
pump [13]. The results of calculations of the SHG eféciency
and second-harmonic pulse duration show that such a SHG
regime took place in the nonlinear crystal (the reverse effect
of the second harmonic on the pump was negligible and the
second-harmonic pulse duration decreased by a factor of���
2
p

). In this case, we can use the expression for the second-
harmonic amplitude [13] and estimate the SHG eféciency

for a crystal whose length is equal to the total length of
nonlinear layers of the photonic crystal for nonlinearity
parameters used in calculations with the help of the
expression

Z � �gd�2I0
sin2�Dkl=2�
�Dkl=2�2 ;

where g is the nonlinear conversion coefécient and d is the
crystal length.
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Thus, for a nonlinear crystal with the length equal to the
length of a photonic crystal with Nst � 10, the SHG efécieny
Z is approximately 200 times lower at the pump intensity
I0 � 100 GW cmÿ2 and 400 times lower at I0 �
400 GW cmÿ2 than for the photonic crystal (Fig. 2c). A
comparable value of Z was obtained in SHG [8, 11] and SRS
[12] calculations.

Analysis of numerical simulations of SHG in photonic
crystals of two types showed that, when the difference
between the refractive indices of the photonic crystal was
great and the number layer was large, the SHG eféciency
was lower than it follows from papers [8, 10]. This is
explained by the interference properties of the photonic
crystal, as one can see from the analysis of spectral and
dispersion characteristics of periodic structures with differ-
ent dielectrics. Let us compare the results of calculations for
the linear and nonlinear problems.

According to the deénition of ro; r2o, one can see that
rÿ1o and rÿ12o determine the group mismatch of the interact-
ing pump and second-harmonic waves in the SHG process
in a periodic structure, similarly to the group mismatch in a
nonlinear crystal:

Du �
�
qk
qo

�ÿ1
2o
ÿ
�
qk
qo

�ÿ1
o
. (5)

The values of ro; r2o, for Nst � 10 shown in Figs. 1c, d
give Duÿ1 � 0:7� 10ÿ13 s cmÿ1 for the photonic crystal
with AlAs/GaAs and Duÿ1 � ÿ3:73� 10ÿ12 s cmÿ1 for
GaAs and silica, i.e., the photonic crystal of the second
type has anomalous dispersion. From this, we can calculate
the group delay lg � tpjDuÿ1j, which determines the inter-
action length of the pump and second-harmonic waves until
their complete mismatch in space due the dispersion of the
medium. We assumed in calculations that tp � 100 fs. The
effective interaction length for the AlAs/GaAs photonic
crystal is lg � 1:4 cm, whereas for the SiO2/GaAs photonic
crystal, lg � 0:27 cm. In both cases, the nonlinear inter-
action length was substantially shorter than the group delay
length (5), which is related to the energy and phase effects of
interaction of the waves in SHG. Nevertheless, the solution
of the system of equations (4) showed that photonic crystals
with a greater group-delay length (AlAs/GaAs) have a
higher SHG eféciency.

5. Conclusions

Our analysis of the spectral properties of photonic crystals
consisting of the nonlinear crystal and different dielectrics
has demonstrated the possibility of the efécient use of
photonic crystals for SHG. It follows from the analysis that
transmission and reêection coefécients determine the
relation between the transmitted and reêected second-
harmonic waves, while the density coefécients of optical
modes give the estimate of the SHG eféciency.

The SHG eféciency in a periodic structure with Nst � 10
is several hundreds times greater than that in a nonlinear
crystal of the same length. SHG only in reêected light in
media with a low lattice contrast makes the periodic
structure promising for using as a cavity nonlinear mirror
in a femtosecond laser.
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