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Frequency stabilisation of femtosecond frequency combs

with a reference laser

S.N.Bagayev, V.S.Pivtsov, A.M.Zheltikov

Abstract. A solution to the key problem of femtosecond
metrology — elimination of the frequency offset related to the
intracavity dispersion of a femtosecond laser — is proposed.
The proposed method involves stabilisation of the intermode
interval between equidistant spectral components in a
frequency comb produced by a mode-locked femtosecond
laser by phase-locking the frequency difference between a pair
of discrete spectral components in this comb to the frequency
of a reference laser. An introduction of a nonlinear-optical
crystal for frequency doubling into the scheme for frequency-
comb stabilisation allows the frequency offset related to the
intracavity dispersion of the femtosecond laser to be
eliminated, thus suggesting the way for absolute stabilisation
of frequency combs generated by femtosecond mode-locked
lasers. Radiation of a reference laser with such an approach
plays the role of an anchor in the femtosecond clockwork.
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1. Introduction

The use of frequency combs generated by mode-locked
femtosecond lasers for high-precision optical measurements
[1—35] and creation of optical clock [6, 7] has led in recent
years to revolutionary changes in optical metrology,
allowing metrological measurements to be radically sim-
plified both conceptually and technically. The idea of using
mode-locked laser sources for high-precision frequency
measurements was put forward more than two decades ago
by Baklanov and Chebotayev [8] (see also [9]) and by the
group of Hansch [10]. However, the practical realisation of
this approach became possible only recently due to the
rapid progress of femtosecond lasers (see, e.g., the review
[11]) and the advent of optical fibres of a new type [12—16].

The most widespread methods of producing stabilised
frequency combs for high-precision measurements are based
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on the spectral superbroadening of femtosecond frequency
combs in microstructure or tapered fibres [3, 5, 7, 17]. Such
an approach allows frequency combs spanning more than
an octave to be produced. In recent experiments [18], the
spectral broadening of unamplified femtosecond Cr:for-
sterite laser pulses exceeding two octaves has been achieved
with the use of tapered fibres [16]. The intermode interval in
frequency combs broadened in an optical fibre can be
stabilised, as shown in [6, 7], with the use of a reference
He—Ne/CHy4 laser.

A considerable disadvantage of the approach described
above stems from the fact that the spectral broadening of
ultrashort pulses in optical fibres is often a result of the joint
action of a rather complicated combination of nonlinear-
optical processes [7]. Self-phase modulation of femtosecond
pulses may be accompanied under these conditions by
stimulated Raman scattering, modulation instabilities,
shock-wave formation, and other nonlinear optical effects,
giving rise to fluctuations of spectral components and
perturbing the equidistance of frequency combs. It is of
crucial importance to get rid of these sources of instabilities.
One of the ways to solve this problem, as will be shown
below, is to exclude optical fibres from femtosecond optical
metrological systems.

The main purpose of this paper is to show that the
concept of femtosecond clock, which was proposed and
implemented earlier in [6, 7] and which involves stabilisation
of the frequency interval between the modes in broadened
femtosecond frequency combs with the use of a reference
He—Ne/CH4 laser, opens the way to create fibre-free
systems for high-precision frequency measurements based
on the sources of ultrashort light pulses. We will show also
that an introduction of a nonlinear-optical crystal for
frequency doubling into the scheme for frequency-comb
stabilisation allows the key problem of femtosecond metrol-
ogy to be solved by eliminating the frequency offset related
to the intracavity dispersion of the femtosecond laser, thus
implying absolute stabilisation of frequency combs gene-
rated by femtosecond mode-locked lasers.

2. Stabilisation of the intermode interval
in femtosecond frequency combs

We start with the stabilisation of a frequency comb, which
is employed, in accordance with the approach developed in
[1-7], as a frequency ruler for high-precision measure-
ments. Consider an equidistant set of spectral components
(Fig. 1) corresponding to a sequence of ultrashort pulses
generated by a femtosecond mode-locked laser. Because of
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the intracavity dispersion in the femtosecond laser [17, 19],
the frequency v; of the jth component in such a frequency
comb is not an exact multiple of the intermode interval Av
(Fig. 1) as it is given by the expression:

v; = JAv + vy, (1

where v, is the frequency offset related to intracavity

dispersion (in particular, the frequency shift A¢ due to the

difference in the group and phase velocities of light pulses

inside a laser cavity gives rise to a frequency offset equal to

Ap/2nT, where T is the cavity round-trip time [17, 19]).
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Figure 1. Stabilisation of the intermode interval and elimination of the
frequency offset in a frequency comb generated by a mode-locked
femtosecond laser.
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As shown in [6, 7], the frequency interval Av between the
modes v,, and v, in the comb can be stabilised by phase-
locking the frequency difference between these modes to the
frequency v, of a reference laser (frequency standard). This
problem can be solved through the generation of the sum
frequency v,,+ v, (Fig. 1) or the difference frequency
v, — v, in a nonlinear crystal. Obviously, such a stabilisa-
tion of intermode intervals is possible only when the spectral
range covered by a femtosecond frequency comb is broader
than the spectral range corresponding to the frequency v, of
the reference laser (Fig. 1). In particular, the intermode
interval in experiments [7] was stabilised using 3.39-pm
radiation of a stabilised He—Ne/CHy4 laser. A reference laser
with such a wavelength allows stabilisation of frequency
combs spanning more than 88.5 THz. Frequency combs
with such a spectral width were produced in [7] due to the
spectral broadening of femtosecond pulses in tapered fibres.

Importantly, the possibility of stabilising the intermode
interval in femtosecond frequency combs with the use of
3.39-um reference radiation, demonstrated in [7], suggests
the way of performing high-precision frequency measure-
ments without spectral broadening in optical fibres. The
procedures of stabilising intermode intervals in frequency
combs produced at the output of a mode-locked laser
generating ultrashort pulses and frequency combs broad-
ened in an optical fibre are illustrated in Fig. 2. The
possibility of excluding optical fibres, intended to broaden
frequency combs, from femtosecond metrology systems
becomes clear from the stabilisation of the intermode
interval with 3.39-um radiation of a He— Ne/CHy4 reference
laser as soon as we realise that the spectral interval of
90 THz corresponds to a pulse duration of approximately
11 fs. Modern lasers allow the generation of such pulses
directly at the output of a master oscillator [11, 20—-22].
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Figure 2. Stabilisation of the intermode interval and elimination of the
frequency offset in a frequency comb produced (a) by a mode-locked
laser source of few-cycle pulses and (b) as a result of spectral broadening
of a femtosecond frequency comb in an optical fibre.

3. Eliminating the frequency offset related
to intracavity dispersion

The method of frequency-comb stabilisation proposed and
implemented in [6, 7] and the technique described in
Section 2 permit stabilisation of the intermode interval
Av in femtosecond frequency combs. However, these
methods do not eliminate the frequency offset of laser
modes in femtosecond frequency combs. Below, we will
discuss the way of eliminating this frequency offset and
consider the possibility of solving this problem with the use
of 5-10-fs laser pulses without spectral broadening of
frequency combs in optical fibres.

Our method of the solution of this problem will involve
doubling of the frequency of femtosecond laser pulses in a
nonlinear optical crystal. Second-harmonic generation gives
rise to a new set of equidistant spectral components v,
(Figs 1, 2) with the frequencies

v = kAv + 2vy. (2)

The generic idea of absolute frequency stabilisation of
modes in the femtosecond frequency comb can be then
based on the phase locking of the frequency difference
between one of the low-frequency components of the
second-harmonic frequency comb and one of the high-
frequency components of the fundamental-radiation fre-
quency comb to the frequency v, of the reference laser
(Figs 1, 2). Mathematically, such phase locking would imply
that the following condition is satisfied:

Vn + Ve = Vg (3)

Now, if the intermode interval Av is stabilised with the
use of the same reference laser with the frequency v, (Fig. 1),
we have v, = NAv, where N is an integer. Thus, we arrive at

MAv + vy =0, “4)

where M =k —n— N is an integer.
Since vy < Av, in accordance with the physical meaning
of the quantity vy, Eqn (4) immediately implies that the
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frequency offset related to the intracavity dispersion of the
femtosecond laser is eliminated, and the absolute frequen-
cies of the modes generated by the femtosecond laser are
stabilised.

We emphasise once again here that the problem of
eliminating the frequency offset v, was solved earlier [5, 17,
23] based on the spectral superbroadening of femtosecond
frequency combs in microstructure fibres. The radical
difference of the approach to frequency-comb stabilisation
proposed in this paper is that our method involves addi-
tional measures for stabilising the intermode interval Av.
Such a stabilisation is especially important when femto-
second frequency combs are spectrally broadened through
nonlinear-optical processes in optical fibres (see Fig. 2). The
intermode interval is subject to variations under these
conditions due to dispersion effects, modulation instabil-
ities, shock-wave formation in the pulse envelope, etc. [7, 24,
25]. As will be shown below (Section 4), the above-described
technique also offers an exciting possibility of mode
stabilisation with the use of lasers generating very short
light pulses without spectral broadening in optical fibres,
thus allowing many processes leading to fluctuations, jitters,
and instabilities of frequency combs to be avoided.

The above-described method for absolute frequency
stabilisation of equidistant spectral components correspond-
ing to femtosecond pulse sequences can be experimentally
implemented with the use of the same technical means as the
stabilisation of the intermode interval Av [6, 7]. A certain
complication of the experimental scheme is associated with
second-harmonic generation in a nonlinear crystal and the
system phase-locking the frequency difference of a pair of
spectral components picked from the mode sets correspond-
ing to the second harmonic and fundamental radiation.
Now, the question of fundamental importance is whether
this method of absolute frequency stabilisation can be
implemented without spectral broadening of frequency
combs in optical fibres. This issue will be discussed in
the following section.

4. Stabilising frequency combs in the regime
of few-cycle laser pulses

Our approach to the elimination of the frequency offset v,
involves the phase locking of the frequency difference of a
pair of spectral components in frequency combs of the
second harmonic and fundamental radiation to the
frequency of a reference laser (Figs 1, 2). Let us choose,
quite arbitrarily, spectral components with the frequencies
Vp=ve+1/2t and v; =2y, —1/y/2t in the frequency
combs of fundamental radiation and the second harmonic,
respectively (Fig. 1). Then, using Eqn (3), we find that the
spectral gap between the chosen frequency components v,
and v, can be bridged with reference laser radiation of
frequency v, (Fig. 1) when the pulse duration t meets the
condition

c 1.2

2 T ~ Vr- (5)

With v, =90 THz (as in the case of a He—Ne/CHy4
laser), Eqn (5) leads to the following requirements to the
pulse duration for Ti:sapphire (/1.5 = 800 nm) and Cr:
forsterite (A¢c,.p =~ 1.3 pm) laser radiation: ;.5 < 4.1 fs and
Tcr.F < 8.1 fs. Thus, the frequency offset can be eliminated
with 5—10-fs Cr:forsterite laser pulses.

Requirements to the pulse duration become much less
stringent if the second harmonic of reference laser radiation
is employed for absolute frequency stabilisation. In this
case, condition (5) becomes weaker than the requirement of
Eqn (3) for Cr: forsterite laser radiation (t¢,.p < 19 fs) and
leads to the requirement 71i.g < 6 fs for Ti:sapphire laser
pulses.

5. Conclusions

The generalisation of the concept of a femtosecond clock
[6, 7], based on mode stabilisation in broadened femto-
second frequency combs with the use of a reference He—Ne
laser, not only allows the intermode interval to be stabilised
in femtosecond frequency combs, but also opens the way of
creating systems for high-precision optical measurements
using laser sources of very short pulses without spectral
broadening of laser pulses in optical fibres. Such an
approach would eliminate the sources of errors in high-
precision frequency measurements related to modulation
instabilities, shock waves in pulse envelopes, and other
physical processes accompanying the spectral broadening of
femtosecond pulses in optical fibres.

Analysis performed in this paper shows that the
introduction of a nonlinear-optical crystal, doubling the
frequency of femtosecond pulses, into the scheme of
frequency-comb stabilisation solves the key-problem of
high-precision optical measurements, eliminating the fre-
quency offset, which may arise, in particular, due to the
intracavity dispersion of the femtosecond laser. This
approach would thus make it possible to stabilise the
absolute frequencies of equidistant spectral components
generated by mode-locked femtosecond lasers.

Our estimates demonstrate the possibility of creating
optical systems for high-precision frequency, time, and
length measurements based on lasers capable of generating
5—10-fs pulses without a fibre-based spectral broadening of
frequency combs.
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