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Absolute length measurements with a femtosecond laser
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Abstract. 1t is proposed to use radiation from a femtosecond
laser for absolute length measurements. The possibility of
creation of a unified frequency and length standard is shown.
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1. Introduction

A great recent progress in the field of measuring optical
frequencies has been achieved due to the use of femto-
second lasers. A periodic train of pulses generated by such
lasers contains a set of equidistant frequencies, which allows
measuring the absolute values of frequencies in a broad
range from radio frequencies to the UV region [1-3].

Femtosecond lasers can be used not only for frequency
measurements but also for measurements of other quanti-
ties. In this paper, we propose to use a femtosecond laser for
length measurements and creation of a unified frequency
and length standard.

2. Radiation of a frequency-stable femtosecond
laser

A femtosecond laser emits a periodic train of pulses, whose
spectrum consists of a frequency set

0,, = mAw — Q, ()

where m are positive numbers;

Ao — 2_’1“ )

is the mode frequency interval; / is the distance between
pulses corresponding to the total laser cavity length; and Q
is the frequency shift, which is common for all the modes
0<Q2<Aw) [4, 5]
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Thus, the frequency of each of the modes is determined
by the mode interval Aw and the shift Q. It is obvious that
these two parameters should be stable during the measure-
ments of absolute frequency values.

The mode frequency interval Aw can be stabilised by
using a highly stable radio-frequency generator with the
frequency Aw. This method was first realised in a He—Ne
laser [6, 7], and then in a Ti:sapphire laser [§—10]. The
mode interval Aw can be also stabilised by coupling to the
frequency of a stable laser [10]. The frequency shift Q can be
determined by the method discussed in paper [5] (see details
in Section 4).

3. Propagation of a periodic pulse train through
an interferometer
Consider a perfect Fabry—Perot interferometer. The inten-

sity of radiation of frequency w,, transmitted by the inter-
ferometer is

1,(L)=1 , 3
m( ) m 1 +psin2(me/c) ( )
where 7, is the incident wave intensity;
41-1T)
p= T; “4)

T is the transmission coefficient of the interferometer
mirrors; and L is its length. We calculated the transmission
of a periodic pulse train by the interferometer, assuming
that each spectral component is much narrower than the
transmission band of the interferometer. In this case, the
components can be considered independently of each other,
and the radiation intensity transmitted by the interferome-
ter is described by the expression

I(L) = I,(L). (5)

By introducing the dimensionless variable z = L//, we can
rewrite (5) in the form

1

1) = ) o i+ 97 ©
where
g=Q/Ao  (0<g<1). 7
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Resonance peaks appear in the Fabry—Perot interfero-
meter upon its detuning approximately by a wavelength, so
that sometimes it is convenient to use the variable

x=(z—a)my, ®)
instead of z, where « is the initial length with respect to

which the value of z is changed; and m{ is the number of
one of the modes. Then,

I(x) = ©)

1
I, .
Z "1+ psin®{n[x(m + q)/m} + qa + ma]}

m

In the optical range, we have m > 1, so that for x < 1,
we can write instead of (9), the expression

1
I(x) =) Iy . :
) ; 1 + psin?[n(xm/m} + qa + ma))

(10)

We assume for simplicity that the emission spectrum
contains an odd number (2N + 1) of modes of the same
intensity 1, = I/(2N+ 1), where I= ZZSZ? ~1n is the
total intensity of all the modes; and m, is the number of the
central mode.

Let us analyse the case of ¢ = 0. We have, instead of (6),
1 my+N 1

AN

m=niy—

1(z) (11)

v 1+ psin?(mmz)’

The function I(z) is periodic, with a period equal to unity.
We will call maxima at points z=n (n =1, 2, 3,...) and the
corresponding transmission bands the main maxima and
bands; I(n) =1, i.e., when z=n, the interferometer is
completely transparent. This is simply explained by the fact
that each of the modes emitted by a femtosecond laser
exactly coincides with the corresponding mode of the
interferometer.

Along with the main transmission maxima, there also
exist additional maxima at points z=n+b/d. When
N/d> 1, the additional maxima are described by the
expression

b 1

where b/d is a simple fraction. These maxima appear
because, when the interferometer length differs from the
position corresponding to the main maximum by the value
b/d, the number 2N/d of radiation modes of the laser
exactly coincides with the number of interferometer modes.
For example, for d =2, only half of the modes make a
contribution to the additional maximum at the point
z=n=+1/2, and for this reason its intensity is less by
half than that of the main maximum.

The number of modes contributing to the main and
additional maxima is much greater than unity. If this
number is of the order of unity, then the corresponding
transmission bands can be treated as a background.

We will calculate the amplitudes and widths of the
transmission bands of the interferometer from expression
9). For ¢ =0, we have

(12)

1 my+N 1
1(x) =

2N +1 (13)

N 1 + psin®[r(xm/my + ma)]’

Let us analyse the behaviour of the maxima of /(x) near the
main maximum (a is an integer). In this case,

1 my+N 1

TN+

m=my—

1(x) (14)

v 1+ psin?(mxm/mg)

If the width of the emission spectrum of a femtosecond
laser is much smaller than the average emission frequency
(my > N), then, by making the substitution m — m, under
the sum sign, we have for x < 1

1

I(X)=—FF5—.
) 1 + psin?(nx)

(15)

The result is, of course, the same as for monochromatic
emission, because in fact we neglected the difference
between mode frequencies in the femtosecond laser. The
transmission maxima (/(x;) =1) are located at points
X, =k, where k =0,+1,+2, ....

If x = my/(N/p), then, for k # 0, the maxima of the
bands, which we now call sidebands, noticeably decrease.
Let us find the expression for the amplitudes of these
maxima. For x < my/,/p, the sum in (14) can be replaced
by the integral. For x = x;, we have

I(xy) =

1 my+N 1
=N d : 16
2N J,,,WN " + psin?(nkm/my) (16)

After integration, we obtain

I(x; sarctan {(1 +p)l/2 tan (%\[)] 17

)_mi
TN+ p)Y

For nkN/my < 1, we rewrite (17) in the form

I(x) = éarctan(kﬁ), (18)

where ff = nN(1 + p)l/ 2 /my is the characteristic parameter
of the problem. For kff < 1, we have
k2 2
I(Xk) =1- 3'3 .

(19)

In the main maximum (k = 0), the interferometer transmits
all radiation, whereas the amplitudes of sidebands decrease
proportionally to k>.

For kf > 1, we have

I

T (20)

I(x;) =

It follows from (15) that for p > 1, the half-width of the
main transmission bands 1(x) is

e2))

coinciding with that in the case of monochromatic emission.
For kf < 1, the half-width of sidebands is

k2p2
yk:y(lJr—f >

(22)
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Fig. 1 shows the dependence of the interferometer
transmission on its length, calculated from expression
(14). The envelope of the maxima is described by expression
(18). One can see that the replacement of the sum by the
integral is valid in the calculation of the maxima.
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Figure 1. Dependence of the interferometer transmission on its length,
plotted by expression (14) for N = 20, m, = 1000, p = 400 (solid curve),
and the envelope of transmission maxima (18) (dashed curve).

The experimental dependence of the interferometer
transmission near the additional maximum L//=
b/d =1/2, which was observed in [11], coincides with the
dependence shown in Fig. 1.

4. Measurement of the interferometer length

Consider a femtosecond laser with a tunable mode interval,
which is determined only by the laser cavity length / (2). By
varying /, we can tune to one of the main transmission
maxima of the interferometer, which corresponds to a
certain length /, of the laser cavity. In this case, the mode
interval is

2nc

Aw, = —, (23)
Ly
and the interferometer length being measured is
L=unl, 24)

We determine Aw,, by measuring /,. To determine L in (24),
it is necessary to know the number » of the main maximum.
When the interferometer length is large (n> 1), this
problem is nontrivial. Let us use the following approach.
Because nl, = (n+ 1)l,,, the change in the laser cavity
length after tuning to the adjacent interferometer maximum
is

/
Al=1,—1, | = ";1 . (25)
By using (23), we obtain
A
n ©n (26)

ACUrﬁLl - Awn

By measuring Aw, and Aw,,, for lengths /, and /, |, and
then rounding off the right-hand side of (26) to an integer,

we find n. Knowing n from (26) and /, from (23), we
determine the interferometer length.

From (24) and (25), we obtain

L=n(n—1)AL 27

Relation (27) shows that, by slightly varying the femto-
second laser cavity length, we can increase considerably the
interferometer length being measured. For example, if the
laser cavity length /, =10 cm (n = 104), then A/ =10 pum,
and the interferometer length being measured (24) is 1 km.
A small variation A/ in the laser cavity length can be easily
achieved by various methods, for example, using piezo-
electric ceramics.

In the cases when the required variation A/ in the cavity
length is quite large and cannot be easily realised for
technical reasons, we can use additional maxima. This
reduces the required variation in the cavity length, but
complicates measurements.

The interferometer length can be also measured by using
sideband maxima (Fig. 1). A change in the laser cavity
length for neighbouring sidebands is of the order of the
wavelength and is 12/moL. However, in this case, the
problem of identifying the sideband maximum appears.

Fig. 2 shows a scheme for measuring the interferometer
length with a femtosecond laser. Radiation from the femto-
second laser (/) is incident on the Fabry—Perot
interferometer (2). Reflected radiation is detected by a
photodetector (3). A signal from a synchronous detector
(4) controls a frequency synthesiser (5). The laser fre-
quency is locked to the interferometer by the frequency
modulation method. An audio-frequency generator (6)
modulates the femtosecond laser frequency to produce a
probe signal. Tuning to one of the transmission maxima of
the interferometer is performed with the help of a phase-
locked frequency control unit (7). A photodetector (&) is
used for separating the mode interval Aw.

Figure 2. Principal scheme for measuring the interferometer length: (/)
femtosecond laser; (2) Fabry—Perot interferometer; (3, 8) photodetec-
tors; (4) synchronous detector; (5) frequency synthesiser; (6) audio-
frequency generator; (7) phase-locked frequency control unit.

In the presence of the frequency shift (¢ # 0), we have,
instead of (24),

nl,

="
1+ q/my

(28)

The relative contribution of the frequency shift to the error
of the length measurement is small. Thus, if we assume that
my = 10°, then the parameter q/my < 107%. However, when
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measuring the interferometer length with the error less than
q/my, it is also necessary to determine ¢ and my. This can
be avoided by eliminating the frequency shift ¢ in the
emission spectrum of a femtosecond laser. Fig. 3 shows a
possible scheme for compensating g. One of the low-
frequency modes w,, = (m — ¢)Aw of the laser is doubled in
a nonlinear crystal (4). Emission at the frequency
2w, = 2(m — q)Aw is mixed with emission at the frequency
W, and the difference frequency Q = gAw is separated at
the output of photodetector (2) [5]. Acoustooptic modu-
lator (5) shifts each mode by Q, providing the absence of
the frequency shift Q in emission.

Oy =mAw — Q W, = mAw

I e gy

Wop = 2mAw — Q

20,, = 2mAw — 2Q

Figure 3. Principal scheme for compensating the frequency-shift
Q = gAw: (1) femtosecond laser; (2) photodetector: (3) amplifier; (4)
frequency doubler; (5) acoustooptic modulator.

The relative accuracy of measurement of the interfero-
meter length in this method is limited by the accuracy of
measurement of Aw. The accuracy can be increased by
measuring intermode beats not between the adjacent modes
but between the modes separated by large frequency
intervals (up to optical frequencies). The beat frequency
in this case is MAw, where M is a large number. For the
same absolute error of frequency measurements, the accu-
racy of measurements of the interferometer length is pro-
portional to M.

Another error is determined by the accuracy of tuning of
the interferometer transmission to a maximum. Because the
width of the main transmission bands of femtosecond
radiation is the same as that for monochromatic emission,
the tuning accuracy is the same in both cases. However, in
the case of monochromatic emission, the transmission bands
of the interferometer are separated by intervals equal to half
the wavelength, and as a consequence, femtosecond emis-
sion, unlike monochromatic, allows one to measure much
greater lengths.

5. Conclusions

We have solved in this paper the problem of propagation of
radiation from a femtosecond laser through a perfect
Fabry—Perot interferometer. The derived expressions can
be used for numerical calculations. The transmission
maxima of the interferometer can be used as reference
lines for absolute length measurements.

An important property of a stable femtosecond laser is
that it can be used for creation of a unified frequency and
length standard. If a femtosecond laser is locked to the

frequency standard (for example, to a cesium standard),
then its emission can be used for synthesis of both
frequencies (from radio frequencies to the UV region)
and lengths (from microns to kilometres).
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