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Specific features of elliptic beam self-focusing

V.P. Kandidov, V.Yu. Fedorov

Abstract.  Stationary self-focusing of collimated elliptic
Gaussian beams is studied numerically. It is shown that the
critical self-focusing power increases with increasing the axial
ratio of the initial elliptic cross section. Self-focusing is
accompanied by oscillations of the beam transverse size
caused by the competition between the diffraction-limited
divergence and nonlinear compression. As the power of the
beam with the axial ratio a/b > 3 increases, aberration self-
focusing occurs, at which, after the formation and competi-
tion of several intensity maxima in the beam cross section, a
global maximum appears at the beam centre, which forms a
nonlinear focus. The approximation formula for the self-
focusing distance is generalised to elliptic beams.

Keywords: self-focusing, elliptic beams, critical power, self-focusing
distance, aberration self-focusing, variational-difference scheme.

1. State of the art of the studies

Laser beams with the elliptic cross section have long
attracted the attention of researchers from the point of view
of both fundamental studies and applications. At present
interest in the problem of self-action of elliptic beams is
related to a rapidly developing nonlinear optics of femto-
second laser radiation [l1-3]. Upon propagation of
femtosecond pulses with power exceeding the critical self-
focusing power in the medium, extended filaments are
formed in which a significant part of the incident radiation
energy is concentrated [4, 5]. In the atmosphere, the length
of filaments produced by pulses from a Ti:sapphire laser
achieves a few hundreds of metres, their diameter is
100 um, the intensity of the light field in a filament is
~ 10" W em™2, and the spectrum covers a broad range
from 0.5 to 3 um [6, 7]. A supercontinuum pulse produced
during the propagation of high-power laser pulses in air can
be used for broadband laser probing and ecological
monitoring of the environment [1].

In terawatt pulses, a bunch of filaments is produced,
which appear due to a spatial instability of the intense light
field in a medium with cubic nonlinearity [8]. The pertur-
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bations of the intensity and phase of the light field in the
cross section of the pulse, caused by the quality of the laser
beam and fluctuations of the refractive index in air, result in
the spatial randomisation of the filament bunch [9]. Signals
of fluorescence and backscattering from the components of
air prove to be irregular, which complicates practical
applications of femtosecond laser pulses for laser probing.
Therefore, the problem of regularisation of the process of
formation of filaments in a terawatt femtosecond pulse is
quite urgent.

One can expect that the use of pulses with a special
intensity distribution at the output of a laser system will
regulate the formation of many filaments during the pulse
propagation under real conditions. One of such intensity
distributions is inherent in elliptic beams.

The self-focusing of elliptic beams was first studied by
the variational method in [10]. Within the framework of the
aberration-free approximation, using the stationary Lagran-
gian for the light field in a medium with cubic nonlinearity, a
system of ordinary differential equations was written, which
describes the dependences of the field amplitude and semi-
axes of the elliptic cross section of the beam on the distance.
The critical self-focusing power P for an elliptic beam was
analytically estimated from this system of equations as
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where a and b are the semiaxes of the elliptic cross section
determined at the e”' level of the intensity profile; k is the
wave number; n, is the refractive index; and n, is the
nonlinearity coefficient. The results of the variational
analysis and experimental study of the self-focusing of
elliptic beams were discussed in review [11]. The numerical
simulation of self-focusing of elliptic beams gave a more
accurate value of the critical self-focusing power [12].

In 1990s interest in theoretical studies of the self-focu-
sing of elliptic beam was rekindled. In [13], the solutions
found by the axial method [14] were analysed within the
framework of the aberration-free approximation, in which
the transverse distribution of the field remains close to
Gaussian [see (2)], and a classification of the propagation
regimes of the beam depending on the relation between its
parameters was proposed. The aberration-free approxima-
tion was used in [15], where a system of equations for the
parameters of a Gaussian beam obtained by the variational
method [10] was numerically solved. It is stated that the self-
channeling regime of an elliptic beam is impossible because
at the constant effective radius [a2(z)—&—1’92(z)}1/2 of the
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beam, the undamped oscillations of the lengths of its
semiaxes a(z) and b(z) occur during propagation.

The aberration-free approximation used in the axial and
variational methods was analysed in detail in [16]. It was
shown that this approximation leads to considerable devia-
tions of the obtained solutions from the results of numerical
simulation. In the case of strong ellipticity of the initial
distribution of the radiation intensity in the beam, rings can
be formed in the cross section plane; directly in front of a
nonlinear focus, the elliptic beam transforms to a circular
beam.

In [17], the critical self-focusing power P, was numeri-
cally determined for beams with weak ellipticity (a/b < 2.5),
and the empirical formula was obtained for it. It was shown
that the collapse of the elliptic beam encompasses not the
entire beam, but only a part of its cross section, where an
axially symmetric profile, close to the Townes mode [18], is
formed directly in front of the nonlinear focus. An increase
in the critical self-focusing power for beams with the initial
profile different from the Townes mode was explained [19]
by the transfer of the pump power outside the collapse
region.

In this paper, we studied numerically the stationary self-
focusing of elliptic beams in broad ranges of the beam
power and the axial ratio of beam cross sections in order to
analyse the properties of formation of nonlinear foci in such
beams and to obtain approximate expressions for practical
calculations of the critical power and self-focusing length of
elliptic beams.

2. Formulation of the problem

The distribution of the field amplitude in the cross section
of a collimated elliptic beam has the form

2 2
Xty
E(x,y,z:O):EOexp<—ﬁ—2b—2>. 2)
In the scalar approximation, the complex amplitude
E(x,y,z) in the case of stationary self-focusing is described
by the equation
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The numerical study of the three-dimensional problem
(2), (3) of beam self-focusing involves considerable difficul-
ties because the localisation scales of the light field change
many times in the beam cross section and strong phase
gradients appear. To reproduce adequately such variations
in the light field, it is necessary to use a calculation grid with
a small step, which results in time consuming calculations.
In the case of beams with high ellipticity, the calculations
become additionally complicated due to a great difference
between the values of @ and b in the initial distribution of the
light field (2). To overcome these difficulties, we used in this
paper the efficient calculation method (see Appendix)
employing a nonuniform grid in the beam cross section X'Y.

The nonuniform grid consists of the axial region with a
uniform small step h, of the spatial division and of the
periphery region, in which the grid step £,, slowly increases
as

hm+1 = hm(l + 8)’ (4)

where ¢ is the increase parameter, which is much smaller
than unity; m = —N/2,...,0,..., N/2 is the step number;
and N is the number of steps. We used such a nonuniform
grid to study self-focusing because the light-field collapse,
which is manifested in the appearance of large spatial
gradients of the nonlinear phase shift and in the avalanche
increase in the light-field intensity, occurs in the axial region
of the beam, where a small division step is needed. At the
periphery, where the variations in the intensity and phase of
the light field, caused mainly by diffraction, are small, a
much larger grid step can be used.

3. Critical self-focusing power

The critical self-focusing power P of elliptic beams was
determined from a number of numerical experiments
performed at different powers P and axial ratios a/b of
the initial elliptic cross section. To analyse the dependence
of P, on the ratio a/b, it is convenient to present this
dependence in the form

Perlafb) = Re(afb) 55 )

where R..(a/b) is the critical nonlinearity parameter. Note
that for a circular collimated Gaussian beam, the critical
nonlinearity parameter is R.(a/b=1)=3.77 [11]; a cir-
cular beam with the cross-section intensity distribution
coinciding with the Townes mode has the lowest self-focu-
sing power with the nonlinearity parameter Ry (a/b = 1)
=3.72 [18]. The axial method using aberration-free
approximation [14] strongly underestimates the nonlinearity
parameter, giving the value RE™(a/b=1)=1 for a
circular beam.

Figure 1 shows the dependence of the critical non-
linearity parameter R, on the axial ratio a/b obtained
by numerical simulation. As the axial ratio a/b increases, the
critical self-focusing power P, rises, which is explained by
the increasing difference of the elliptic intensity distribution
from the Townes mode. The figure also demonstrates this
dependence for the nonlinearity parameter R&' correspond-
ing to the critical power calculated by the variational
method within the framework of the aberration-free appro-
ximation [10]. One can see that the variational method with

Figure 1. Dependences of the critical nonlinearity parameter R, on the
axial ratio a/b of the initial elliptic cross section of a collimated Gaussian
beam: circles are numerical simulation; the dashed curve is the variatio-
nal estimate R&' (1); the solid curve is empirical expression (6).
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the aberration-free approximation overestimates the critical
self-focusing power for an elliptic beam. In this case, as the
axial ratio a/b increases, the deviation of the variational
estimate of RS from R, calculated numerically increases.
The numerical values of the parameter R (a/b) are well
approximated by the empirical dependence

R (a/b) = |0.4 M—i— 0.6| R (a/b=1) (6)

proposed in [17].

4. Oscillations of the beam cross section
and the power flux

The self-focusing of Gaussian beams with the elliptic cross
section is accompanied by periodic variations in the beam
size. For P> P, oscillations of semiaxes with distance
occur against the background of the beam compression,
while for P < P, the semiaxes oscillate simultaneously
with the beam broadening. As an example, Fig. 2
demonstrates for a beam with the initial axial ratio
a/b =2 the windows with tinted patterns of the intensity
distribution 7(x, y)/I, in the beam cross section at different
distances z for the power P =2P.(a/b=2). The scale
along the longitudinal coordinate z is the quantity
L= kab, which characterises the linear diffraction of the
elliptic beam.”

One can see from Fig. 2 that the beam in which the
horizontal size exceeds the vertical one (z=0.16L)),
becomes first close to the circular beam (z = 0.64L), and
then the horizontal size becomes smaller than the vertical
one (z=0.96L), this process being accompanied by the
beam compression as a whole.

*Note that the scale can be chosen arbitrarily, and the diffraction lengths
of a circular beam ka> and kb?, the nonlinearity length ny/(2kn,|Ey|*),
etc. can be used as the scale.

The power flux in the in the beam cross section localised
at the beam axis is not axially symmetric, and the flux
direction in some regions of the beam cross section changes
during self-focusing. This is clearly demonstrated by the
distribution of the gradient of the light-field phase ¢ (x, y).
The plots (0¢/0x)signx and (0¢/0y)signy of the quantities
¢ " determining the direction of the power flux, calculated
for y=0 and x =0, are presented at the boundaries of
windows in Fig. 2. At the beginning of self-focusing (z =
0.16L)), the power flux in the axial region contains
components directed to the beam centre. Outside this
region, the power flux along the minor semiaxis, where
diffraction is manifested stronger, transfers to the beam
periphery. For z = 0.64L, the diffraction-limited divergence
along the vertical semiaxis becomes dominant and the
outflow of light-field power from the beam centre occurs.
The beam size increases in this direction, and at the distance
z=0.96L the vertical semiaxis of the elliptic cross section
becomes larger than the horizontal semiaxis. In this case, as
follows from analysis, the power transfers in the beam-
centre vicinity, where the beam takes the form close to
axially symmetric. As z further increases (z = 1.361), the
power in the axial region contracts to the beam centre along
both directions. At the distance z = 1.76L the power flux
toward the beam centre rapidly increases, by forming a
nonlinear focus with the axially symmetric intensity dis-
tribution.

Figure 3 shows the dependences of the transverse
dimensions of the beam at the e ' level on the distance,
which were obtained for different axial ratios a/b of the
initially elliptic cross section for the beam power
P=12P,(a/b). One can see that at the same relative
excess over the critical power P.(a/b), the amplitude of
oscillations of semiaxis sizes increases with increasing the
ratio a/b for the initial elliptic beam. The oscillations of the
transverse sizes of the elliptic beam appear due to the
competition of the diffraction divergence and nonlinear
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Figure 2. Tinted patterns of the intensity distribution 7(x,y)/l, in the beam cross section (inside windows) and the plots of phase gradients
(Zi(p/ax)signx\J.:0 and (0p/0y)signy|,_, (at window boundaries) at different distances z in the case of aberration-free self-focusing of the beam with the
initial axial ratio a/b = 2 and the power P = 2P,,. The distance z is presented in the units of the longitudinal scale L = kab; ¢" is expressed in radians.
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Figure 3. Dependences of the transverse sizes a¢ and b of beam on the
distance z for the initial axial ratio equal to a/b =2, 3, and 5 for P =
1.2P.(a/b).

compression and depend on the axial ratio of the initial
cross section of the beam and its power.

5. Aberration self-focusing

The transverse dimensions of the beam determine uniquely
its profile under the conditions of aberration-free self-
focusing in form (2). At the same time, the transformation
of the beam profile depends on its power and ellipticity of
the initial intensity distribution. As the power P of the
elliptic beam increases, the aberration distortions of its
profile appear. Thus, a beam with a/b =15 remains
unimodal, but its profile substantially differs from a
Gaussian.

For P =25P,, the power density in the beam cross
section is redistributed in a complicated way (Fig. 4). A
strong nonlinear compression of the beam along the minor
semiaxis, which is ahead of self-focusing in the perpendicu-
lar direction, results in the formation of the waist in the
beam profile in the elliptic cross section (z = 0.045L;). The
power has no time to transfer to the beam centre along the
major semiaxis of the cross section, and the beam decom-
poses due to the diffraction-limited divergence in the
transverse direction (z = 0.06L). As a result, two maxima
are formed on the major axis, which grow, drawing out
power from the adjacent region. Having achieved the

intensity exceeding the initial intensity approximately by
an order of magnitude, they cease to grow (z = 0.07L)).
Simultaneously, two other maxima begin to form on the
minor semiaxis. The power flux directed to these maxima
increases their intensity and simultaneously depletes the
maxima formed earlier on the major semiaxis (z = 0.085L).
Later, the growing maxima merge into one (central)
maximum, around which a complex distribution of the
power density without the axial symmetry remains (z =
0.096Ly). As z increases, one maximum appears on the beam
axis, by forming a nonlinear focus, and a part of the power
remains at the beam periphery.

6. Self-focusing distance

Despite the aberration nature of the profile transformation
of the initially elliptic beam during self-focusing, one global
axially symmetric maximum is formed in which the
intensity distribution is close to the Townes mode [18].
Later, a nonlinear focus is formed from this maximum. The
numerical study in the approximation of slowly varying
amplitudes allows one to estimate the self-focusing length z;
as a distance at which the intensity distribution for the
global maximum becomes axially symmetric and its value
exceeds the initial value by more than two—three orders of
magnitude. The error of this estimate of z; is small because
the intensity in the maximum rapidly increases with
approaching the nonlinear focus.

Figure 5 shows the dependences of the self-focusing
length z; of elliptic beams on the power P for different
axial ratios a/b of the initial cross section. One can see that
the found values of z, irrespective of the axial ratio a/b of
the initial elliptic cross section and the relative power
P/P.. (a/b), belong to one dependence z; = z;(P/P,). By
using the method of least-squares, we obtained the approxi-
mate expression for the dependence of the self-focusing
length z; of the elliptic beam with the axial ratio a/b on its
longitudinal scale L = kab and the ratio of its power P the
critical power P (a/b)

P 12 2 -1/2
zf:0.367LH{[<m> —0.852} —0.0219} (D

Dependence (7) is the generalisation of the known Mar-
burger formula [11] for circular beams to elliptic beams.
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Figure 4. Tinted patterns of the intensity distribution /(x, y)/I, in the beam cross section at different distances z in the case of aberration self-focusing
of the beam with the initial axial ratio /b = 5 and power P = 25P,. The distance z is presented in the units of the longitudinal scale L = kab.
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The longitudinal scale L in this formula coincides with the
diffraction length L = ka®, while the critical power P,
(a/b = 1) is determined by expression (5) with R, (a/b = 1)
=3.77. Note that this dependence is valid both for
aberration-free self-focusing of the beam and for self-
focusing with strong aberrations. The error of generalised
expression (7) over the entire power range and different
axial ratios of the elliptic beam considered here does not
exceed 10 % for P > P and increases up to 35% for P~
1.2P,,.

/Ly |
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Figure 5. Dependences of the self-focusing length z;/L of the elliptic
beam on its relative power P/ P, for different axial ratios a/b; the curve
is constructed by approximate expression (7).

7. Conclusions

1. The critical self-focusing power P, of elliptic beams
increases with increasing the axial ratio a/b of the initial
intensity distribution in the beam cross section. The
variational method with the aberration-free approximation
overestimates the critical self-focusing power. The relative
deviation of the variational estimate from the result of
numerical simulation increases with increasing the axial
ratio of the elliptic intensity distribution.

2. The propagation of elliptic beams in a medium with
the cubic nonlinearity is accompanied by oscillations of their
transverse dimensions, which occur against the background
of the diffraction-limited divergence for P < P, or non-
linear compression for P > P,. The amplitude of
oscillations increases with increasing a/b. The oscillations
of semiaxes are caused by the competition between dif-
fraction and self-focusing and appear due to transfer of
power in the cross section plane, resulting in the formation
of a global maximum with profile close to the Townes mode.

3. As the axial ratio a/b of the elliptic cross section and
its power P increase, the beam self-focusing acquires the
aberration nature. In the beam cross section a competition
takes place between the intensity maxima formed, resulting
in their mutual suppression, the appearance of new maxima
and, finally, the formation of a nonlinear focus at the beam
centre.

4. The self-focusing length z; of the elliptic beam with the
axial ratio a/b of the initial intensity distribution depends on
its longitudinal scale 1| = kab and the ratio of its power P
to the critical self-focusing power P, of a beam with this
ratio a/b, and can be calculated from the approximate
formula, which is the generalisation of the expression for
circular beams [11] to the case of elliptic beams.
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Appendix

Variational-difference method

Because a nonuniform grid does not allow the use the
spectral method with the fast Fourier transform algorithm,
we constructed a conservative difference scheme on the
nonuniform grid by the variational method [20]. The con-
struction of the variational-difference scheme on a uniform
grid and analysis of its accuracy are presented in [21].

The variational-difference scheme was constructed to
perform the splitting procedure according to which the
solution of Eqn (3) at the integration step Az along the z axis
is replaced by the successive solution of two-dimensional
diffraction problems in a linear medium, first in the planes
parallel to XZ and then in the planes parallel to YZ. Then, a
nonlinear phase shift of the light field is calculated in the
same interval Az in the absence of diffraction.

The solution of the diffraction problem is equivalent to
the search for the amplitude E(x,y,z) at which the
Lagrangian L[E, E*] achieves its minimum [22]. In the
case of diffraction in the YZ plane in the interval
(2, zj+1), the Lagrangian has the form [10, 21]

LIEE = J " dzJ dx

—00

OE”
- E)+

“j

(A1)

oz ox ox

X [2ik<a—E E*
0z

In the variational-difference method, as in the method of
finite elements [23], the amplitude E(x,z) minimising the
functional L[E, E¥], is represented by a combination of
functions defined on the grid meshes. The amplitude E (x, z)
in the first term of the integrand in (Al) is assumed
constant in grid meshes and equal to the node value E, (2)

G)) 6E*}

E(x,Z) :Em(z)' (AZ)

The amplitude E(x,z) in the second term in (A1) changes
linearly between the grid nodes:

X — Xy

E(xv Z) = (Em+l(z)) - Em(z) + Em(Z)’ (A3)

hm+l

X € [xm? xm+l]s

where Xx,, is the coordinate of the mth node. By substituting
(A2) and (A3) into (A1), we perform the approximation of
the same order in the coordinate x for all the terms of the
Lagrangian. After the replacement of the right-hand in (A1)
by a sum of integrals over the regions of definition of the
amplitude E(x,z) on the calculation grid, the functional is
expressed by the bilinear form L[E,,, E,;] with respect to the
values E,, and E,, in the grid nodes. The minimisation
conditions for the functional 3Lg:[E,, E,] =0 in the set
{E,,m=—N/2,...,0,...,N/2} gives the system of diffe-
rence-differential equations for the complex field amplitude
E, ()
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2ik P oz = h - h + h_ E,(z Becker A., Akozbek N., Bowden C.M., Chin S.L.. Appl. Phys. B,
m+1 ml 771, 149 (2003).
( ) 6. Kasparian J., Sauerbrey R., Chin S. L. Appl. Phys. B, 71, 877
E,_(z (2000).
+ hy, s zZE [Z.w Z.v+l]- (A4) 7. Rairoux P., Schillinger H., Niedermeier S, Rodriguez M.,
Ronneberger F.. Sauerbrey R., $:¢in B., Waite D, Wedekind C.,
At the calculation grid boundary m = —N/2, N/2, the field Wille H., Wésie L., Ziener C. Appl. Phys. R, 71, 573 (2000).
amplitudes ELN/2 and EN/2 are assumed zero. The diffe- 8. Bespallov V.I, Litvak AG, Talanov V.1, in Nelineinaya optika
rence-differential equations for the diffraction problem in (Nonlinear Optics) (Novosibirsk: Nauka, 1968) pp 428 - 463.
9.  Liu W., Hosseiru S.A., Luo Q., Ferland B., Chin S.L.,

planes parallel to the YZ plane are written similarly.
The difference-differential equations of diffraction were

integrated with respect to the variable z in the interval (z;, 1.

z,,1) in planes parallel to the XZ and YZ planes by the

Crank — Nicholson method [20]. The nonlinear phase shift in 11

the interval (z,, z,,;) was calculated in the fixed-intensity
approximation. The integration step Az is 0.0lkab at the
beginning of propagation and then it decreased adaptively
by half if the maximum nonlinear phase shift exceeds /100

in a step Az =z, —z;. For the power P~ 24P, the 14,

integration step in z decreases by a factor of 2* at the

end of propagation. The beam self-focusing was simulated  15.

numerically to the z; plane where the maximum intensity in
the beam cross section exceeded the initial peak intensity I
by two orders of magnitude. The calculation region in the
XY plane has the form of a square with the side 8a.

The accuracy of the numerical simulation of self-focus- 19,
ing is controlled by the deviation of the motion integrals —  20.

the power P and Hamiltonian H of the light beam. For P >

P,., the relative deviation AP/P does not exceed 0.05 % over 2!

the entire range of the parameters, while for P > 2P, the
relative deviation of the Hamiltonian AH/H is 1% -2 %.
As the beam power decreases down to P = (1.2 — 2)P,,, the

absolute value of the Hamiltonian |H| decreases and its 23,

relative deviation in calculations increases up to 15 %. For
P ~ P, the beam slowly contracts or diverges with dis-
tance, resulting in the accumulation of the calculation error.

The use of the nonuniform grid allows the reduction of
the dimensionality of the data arrays being processed and,
hence, of the computation time. The analysis of computa-
tional schemes on grids with the axial region with a step
changing uniformly from 0.25a to 1.5a, of the step value
hy(0.005a — 0.1a) and the parameter of its increase ¢ (0.005 —
0.1) showed that the minimal computational time is
achieved without a substantial loss of accuracy for hy =
0.01la, ¢ = 0.01, and the uniform step region equal to la. In
this case, the deviation of the Hamiltonian from the values
obtained in test calculations on a uniform grid of high
dimensionality (1000 x 1000) did not exceed 1%. Our
estimates showed that for these parameters of the calcu-
lation grid the dimensionality of calculation data arrays is
reduced by a factor of four and more compared to conven-
tional uniform grids.
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