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Properties of spontaneous radiation of an atom
located near a cluster of two spherical nanoparticles

D.V. Guzatov, V.V. Klimov

Abstract. The analytic solution of the problem of sponta-
neous decay of an atom near a cluster of two perfectly
conducting nanospheres is found. It is shown that spontaneous
decay rates can considerably decrease or increase depending
on the system geometry. In particular, within the framework
of our model, the decay rate of an atom located between
closely spaced spheres and having the transition dipole
moment directed along the symmetry axis can be arbitrarily
high.
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1. Introduction

In 1946 Purcell pointed out that the rates of weak radio-
frequency atomic transitions can be substantially changed
by placing the atom into a resonator [1]. This observation
was used in a number of experimental studies of the
influence of resonators on the optical properties of atoms
[2]. In the last years due to the development of nano-
technologies and methods for manipulating individual
atoms and molecules, it was proposed not only to study
the optical properties of atoms and molecules located near
nanobodies but also to change their properties appropri-
ately for practical purposes. Changes in the properties of
emitting atoms located near nanobodies of various shapes
and different compositions are used for the development of
nanobiosensors [3— 5], nanolasers [6], artificial fluorophores
[7], new efficient light sources [8], efficient and low-cost
solar batteries [9], new materials with the negative refractive
index [10], microscopes for observation of individual mole-
cules (nanoscopes) [11], instruments for the DNA structure
decoding [12], chemical sensors [13—15], and many other
devices (see analytic review [16]).

From the theoretical point of view, the problem is quite
challenging because an atom interacts with strongly inho-
mogeneous (at the nanometre scale) optical fields. By now
the optical properties of atoms near individual nanospheres,
nanowires, and nanospheroids have been studied in detail
(see reviews [17—19]). Very recently the analytic solution of
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the problem of spontaneous decay rate near a three-axis
nanoellipsoid of an arbitrary composition was obtained [7].
However, in all these cases the effect of an individual
nanobody on the optical properties of atoms was consid-
ered, whereas in practice an atom is located more often near
a cluster consisting of a few nanoparticles between which
local fields can be considerably stronger, resulting in the
enhancement of effects under study [20, 21]. Figure 1 shows
clusters consisting of two polystyrene microspheres [22].

Figure 1. Clusters formed by two spherical nanoparticles [22].

The aim of this paper is to study analytically the optical
properties of an atom near a cluster consisting of two
perfectly conducting spherical nanoparticles of an arbitrary
size and arbitrary mutual disposition (Fig. 2). The optical
properties of clusters of two nanoparticles excited by a plane
wave have been already studied in papers [23 —26]. As far as
we know, excitation of a two-particle cluster by the dipole
radiation of an atom has been studied in the only paper,
where a particular case of an atom located exactly midway
between nanospheres was considered [27].

2. Elements of the theory of spontaneous
emission of an atom near nanobodies

In the case of weak interaction between an atom and a
nanobody, i.e., when the atom decays exponentially, the
width of the emission line (the decay rate) y is described by
the expression [17, 28, 29]
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Figure 2. Geometry of the problem.

where Ey(r',r'|wg) = Gyp(r',r'|wg)dys are the components
of the reflected field of the dipole d; near the nanobody at
the emission frequency w, of the atom at the atom position
r'; G, is the reflected part of the Green function, which can
be found from the solution of classical Maxwell’s equations
with a dipole source; o, f =1,2,3; 7, is the width of the
atomic emission line in vacuum; and ky = wy/c. Note that
this expression is valid both for the classical and quantum-
mechanical models of an atom. In the quantum-mechanical
case, dy = (f|dyli) is the matrix element of the operator of
the dipole transition moment of the atom between the
initial |i) and final (f| states. When a few decay channels
exist, the linewidth is the sum of widths of partial
transitions with the corresponding transitions and matrix
elements. We will consider below for clearness the case of
single-channel decay.

Expression (1) describes the total decay rate of an atom,
i.e., both the rate of energy escape to infinity and absorption
of energy in a nanobody, and it applicable to bodies made of
any materials. Therefore, the study of the spontaneous
decay rate of an atom near a nanobody is reduced to
the determination of the reflected field and analysis of
expression (1). The determination of the reflected field is
a challenging problem, which can be solved analytically only
in exceptional cases.

For nanobodies, however, the perturbation theory in a
small parameter kyb = 2mh// can be used, where b is the
characteristic size of a nanobody and /1 is the radiation
wavelength (the Rayleigh theory). In this case, the expres-
sion for the reflected field can be expanded as a power series
in the wave number k:
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where E_/ (r") (j = 0 — 3) are functions of coordinates, which
can be found by solving the corresponding quasi-static
problems. The first three terms in the right-hand part of
expression (2) describe near-field patterns, whereas the
terms beginning from the fourth one describe radiation

fields. By substituting expansion (2) into (1), we obtain the
total decay rate for an atom near a nanobody
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The first term in expression (3) is nonzero only for
absorbing media and describes nonradiative losses, while
the second and third terms are also nonzero in the absence
of absorption and describe radiative losses. Therefore, to
determine nonradiative and radiative losses in the first
approximation, it is necessary to find E, and Ej;, respec-
tively. To find E,, it is sufficient to solve a quasi-static
problem with a dipole source. The direct determination of
radiative losses described by the terms of third order in k; is
a difficult problem. However, in the case of an atom located
near a nanobody, we are dealing with dipole radiation, and
the total dipole moment of the atom + nanobody system
can be again found by solving a quasi-static problem in the
lowest approximation. Therefore, the radiative linewidth
Yraq 10 the case of nanobodies will be described by the
expression [30]

’yl‘idi |lel|2 (4)
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where d,; is the total dipole moment of the atom +
nanobody system.

Thus, to find a change in the spontaneous decay rate in
the presence of any nanoobject of a size smaller than the
radiation wavelength, it is sufficient to solve the quasi-static
problem for a dipole near this object.

3. Spontaneous emission of an atom near
a cluster consisting of two perfectly
conducting spheres

In the case of perfectly conducting spheres, nonradiative
losses (absorption) are absent, so that it is sufficient to find
only the total dipole moment of the system by solving the
quasi-static problem with a dipole source

E=-vy. 5)

AY = 4 exp(—iwr)(dy V)8 (r — '),

with the corresponding boundary condition on the sphere
surface. In the case under study, this condition is the zero
tangential components of the field. In expression (5), V and
V' are the gradients over the coordinates of the observation
point r and the atom position r’, and o is the radiation
frequency of the atom near the nanobody. To solve Eqn (5),
we represent the potential iy in the form

V= (d V)Y, ©)

where Y is the potential of the point unit charge in the
presence of two perfectly conducting spheres. It is con-
venient to solve the Poisson equation

AY = 4n8 O (r — 1) @)

in the bispherical coordinate system (Fig. 3).
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Figure 3. Bispherical coordinate system.
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Bispherical coordinates (—oo < <00, 0 < &< m, 0< r=r’l
¢ < 2m) are related to Cartesian coordinates by the expres- - .
sions XZZexp[— (n+§>]n—f1/@P,’,“1(cosf)
B sin & cos ¢ sin &sin ¢ =0 m=0
coshn — cos ¢ coshy —cos ¢ X (€ COS M + dy, SIN M) (12)
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The surface n =1, <0 is a sphere of radius R; = ax
|sinh,|~". Its centre is located at the point x; = y; =0,
z; = acothn,. The second sphere can be specified similarly
by the equality # =#, > 0. The radius of this sphere is
R, = a/sinhn, and the centre is located at the point x, =
y» =0, z; = acothn,. The dimensional constant « is half
the distance between the poles of the bispherical coordinate
system; it is determined by the positive root of the equation

Rip= (R +a*)'" + (RS +a%)'",

where R, =z, — z; is the distance between the centres of
the first and second spheres. Below, the bispherical coor-
dinates of the atom position will be primed.

The solution of Eqn (7) with the specified potentials U,
(n=mn, <0)and U, (n =n, > 0) on spheres has the form
[31]
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is the Green function of free space in bispherical coor-
dinates [32], in which
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In our case, the spheres are isolated and their potentials are
unknown and are determined by the condition that the total
charge Q; on spheres is zero:

Qi a ‘[ndE&J’hd(ﬁg[L

i o coshny; —cosé ) on

=0(i=12).
n=n;
(14)

By calculating integrals (14), we find the potentials of
spheres:
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Uy = - ,
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Expressions (10)—(17) determine the solution of problem
(7), and the solution of the Poisson equation with a dipole
source takes the form (6).

To find spontaneous decay rates (4) from the general
solution, it is necessary to determine the dipole moment
induced on spheres. This can be done most simply by finding
the asymptotics of i/ at large distances. Let R and 6 be the
coordinates of the spherical coordinate system with the
polar z axis. Then, with an accuracy to the second-order-
smallness terms (R — o0), the coordinates of the bispherical
system will take the form # = 2(a/R)cosf and ¢=
2(a/R)sin0. By substituting these expressions into (9)
and expanding the result as a power serried in a small
parameter a/R <1, we can find the asymptotics of the
potential at large distances. By comparing these asymptotics
with the known expression for the dipole potential d,, R/R",
we find expressions for the components of the induced
dipole moment vector dd of the system under study:

Cyn=—
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de = —\/Ea(dovl) Z I’l(l’l + l)clnAm

n=1

NgE

8d, = —V2a(dyV') Y n(n+ 1)dy, A, (18)

n=1

od. —2\/§a (dyV Z(n )CO,, ;

n=0

442U, 2 (n + %) Sin;&ihﬂr(nl 72)1(/1722)’12}'11 )]
X exp Kn+%>m] —4a2U2§ <n+%>

sinﬁﬁfﬂ%)l (/’722)111}111 T [‘ ( " ;M

where U, = (dOV')Ulﬁz. The total dipole moment of the
system is defined as d,,, = dy + dd.

Thus, expressions (4) and (18) give a completely and
explicit solution of the problem of determining the sponta-
neous decay rate of an excited atom (molecule) located near
two perfectly conducting spheres.

4. Asymptotic analysis
of important particular cases

The expressions obtained in the previous section are rather
cumbersome, and it is difficult to make with their help any
certain conclusions about the influence of a cluster on the
properties of radiation. In this section, we will use general
expressions for a cluster consisting of two identical spheres,
which is most important from a practical point of view.

In subsections 4.2, 4.3, and 4.4, the initial and final states
of an atom are chosen so that the matrix element of the
dipole moment operator is directed along one of the axes of
the Cartesian coordinate system. This situation is encoun-
tered, for example, if the quantisation axis of the orbital
moment is directed along one of the axes, and the initial or
final state is the S or P state with the magnetic quantum
number m = 0.

4.1 General expressions for spontaneous decay rates
in the case of identical spheres

In the case of two identical spheres (—#; =1, =1, > 0 or
R, = R, = Ry), the general expressions for induced dipole
moments are somewhat simplified and take the form

)
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4.2 Spontaneous decay rates of an atom
located midway between spheres
Of special interest is a symmetric problem, i.e., the case
when an atom is located exactly midway between two
identical spheres (' =0 and ¢’ =mn). Without loss of
generality, we can assume that ¢’ =0 (y' =0) and con-
sider two cases of orientation of the dipole moment of the
atom.

The dipole moment is oriented along the x axis (dy=
dpe,). In this case, it follows from (19)—(21) that the
induced dipole moment has the form (3d, = dd. = 0)

- 0 , n(n+1)
dd, = 8djy Z(_l) exp[(2n + )] + 17

n=1

(22)

For #,—0 (spheres drawing together), this series slowly
converges. To sum the series, we transform (22) to the
integral (the Watson transformation [33, 34]) over the
contour C; (Fig. 4)

6dx——i4§ dz z(z+1)
dy c, sinmz exp[(2z 4 D)o +1°

(23)

Because the integrand in (23) decreases at infinity every-
where except the real axis, we can use the contour z =iy
(=00 < y < o0) instead of C; to calculate sum (22) and the
contour C, (z=—1/2 +1iy) to calculate asymptotics. The
contour z =iy has no singularities, while the contour z =
—1/2+1iy has poles z; = —1/241i(n/2ny)(2k + 1) (where
k=0,+1, £2,...). As a result, we obtain the expression for
the induced dipole moment:

8d, T 1+ (n?/nd)(2k + 1)
14+ = . 24
d, + My £= cosh [(n?/2ny)(2k + 1)] @4

By retaining several first terms in (24), we obtain good
asymptotics in the region of small #:

Imz
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Z e
C
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Z_ e )| SN—
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Figure 4. Integration contour in the calculation of asymptotics by the
Watson method.
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"

(25)
d 0 21

Therefore, the spontaneous emission rate of an atom
located exactly midway between spheres and having the
dipole moment directed perpendicular to the axis connecting
the centres of these spheres proves to be close to zero
because the dipole moment induced on spheres completely
compensates for the dipole moment of the atom.

The dipole moment is oriented along the z axis (dy =
dpe.). In this case, we can obtain from (19)—(21) the
expressions (6d, = dd, = 0)

B 0 . (I’l + 1/2)2
8d. = —16dy Y (~1) expl(2n + 1)) — 1

n=0
- n+1/2
+4a> (U, — Us) , (26)
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n

exp[(2n+ 1)no] — 1

In the case of two spheres drawing together, by using the
Mellin and Watson transformations (the application of the
Mellin transformation to the calculation of asymptotics of
series is considered in detail in monograph [31]), we obtain
the asymptotics (7, — 0)

8. | ) n’
dy e +In(2/no)lng — ng
n? o 1
. [e"p(’:?o) 4“"0%) *"}’ 67z + In(2/n)]
. ) 1
{1 T T e T @] }+ S Y

1 1 14
X{ﬁ C@ =+ ) {@+ 31600 -2

{2
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where { is the Riemann zeta function and yg ~ 0.577216 is
the Euler constant.

Therefore, the spontaneous emission rate of an atom
located exactly midway between spheres and having the
dipole moment directed along the straight line connecting
the centres of spheres infinitely increases as the nanospheres
are drawing together.

4.3 Spontaneous decay rates of an atom
located on the surface of one of the spheres

The case of tangential orientation of the dipole moment
with respect to the surface is trivial: the boundary con-
ditions are such that the decay rates of an atom become
zero. From the physical point of view, this is explained by
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the fact that the dipole moment induced on spheres is equal
to the dipole moment of the atom.

The case of normal orientation of the dipole (dy, = dye.)
to the sphere surface is more complicated, and we will
consider only the situations when an atom is located at the
surface point farthest from the system centre (¢ — 0) or at
the surface point closest to the system centre (¢' = m).
Without loss of generality, we will assume that the atom
is located in the ¢’ =0 (3’ = 0) plane.

For an atom located at the farthest point on the sphere
surface (' = 5, and ¢’ — 0), we can obtain from (19)—(21)
the expression for the component of the induced dipole
moment:

0 2
. n 1
5dz:do(coshn0+2)+16d0s1nh3<—20> » <n +§>

n=0
exp[—(n +1/2)n] 2
X +4a” (U, - U
expl@n+ ] — 1 (17 )
- n+ 1/2
X , 29
2 Sxpllaa+ g~ )
where
a* (U, — U,) = fL{sinhno + 8sinh3(n—0>

o3 (e d) ot g ) 0
— exp|(2n + 1)no] — 1

For an atom located at the surface point closest to the
system centre (3" = 5, and ¢’ = n), we find from (19)—(21)
the expression for the component of the induced dipole
moment

8d. = —dy(coshny — 2) — 16d, cosh? (%)

x nf;(—l)” (n + %)2 ee;;[[(;i'fl;ﬁ)io}l +4a (U, — U,)

- 2 expl( 2}11111/370] 1 (3D
where

. (n - %> efﬁfﬁ[z(fﬁ : 11 )/,720)]’73] T (32)

The rest of the components of the dipole moment are zero
in both cases (3d, = 6d, = 0) due to symmetry conside-
rations.

If spheres are located close to each other (1, — 0), the
series in (29)—(32) converge slowly. In this case, they can be
summed by using the Mellin and Watson transformations.
As a result, we obtain simple expressions for the induced
dipole moment in an important particular case of two
closely spaced nanospheres for ¢’ — 0 and ¢’ = m, respec-
tively:

dd. 7, 3 222 n
43— ——— 2
dy 2 G) 4 yg + In(2/n,) g

o) e ()]
— | +4dexp|—— | +...
o Mo
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1 257 )
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Thus, if an atom has the dipole moment directed along
the straight line connecting two perfectly conducting spheres
and is itself located on this line (on the surface of one of the
spheres), the spontaneous emission rate of the atom can
either infinitely increase as the spheres approach each other
(if the atom is located on the inner surface of one of the
nanospheres) or take finite values (if the atom is located on
the external surface of a sphere). In the latter case, the
spontaneous decay rate increased by a factor of
[(7 /2){(3)]2 ~ 17.7 compared to the decay rate in free space,
which is almost twice as large as the increase in the decay
rate of an atom located on the surface of an individual
sphere, which is 9 times.

In this case, the principal terms in expression (34) for
induced dipole moments coincide with the principal terms of
the expression for induced dipole moments (28) of an atom
located between nanospheres. This coincidence is natural
because the positions of the atom considered in the case of
an infinitely small distance between nanospheres become
indiscernible.

4.4 Widely separated spheres

Of great interest is also the case of spheres separated by
distances much greater than the sphere radius. This cor-
responds to the condition —n; =#n, =#, — co. By using
(19)—(21), we find expressions for induced dipole moments.

The dipole moment is oriented along the x axis (dy =
d()ex).'

8d, =~ 2dy[2(coshn’ — cos &')] 172 {3 sin? ¢’ cosh (; 17')

—2(coshn’ — cos ¢’) cosh (% n’)} exp(—3ny) +
(335)
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8d. ~ —6dy[2(coshn’ — cos &")] 12

x [sinh (% ;7') — cos &' sinh <§ n')} exp(—3ny) +....

The dipole moment is oriented along the y axis (dy=
a’oe},):

dd, ~ —2d, [2(cosh n' —cosé ')] "

sin &’

x cosh <% 17') exp(—3ng) +.... (36)

The dipole moment is oriented along the z axis (dy =
doe:)-'

8d, ~ —6dy[2(coshn’ — cos )] "2 in ¢’

x [sinh (% n') — cos &’ sinh <§ n’)} exp(—3ny) + .-,
(37)

8d. ~ 2dy[2(coshn’ —cos&’)] 2

1
x [ZCosh <§ ;7') —4cos ¢’ cosh <§ n’)

5
—(1 = 3cos?¢’) cosh <§ n/>] exp(—3n9) + ...

All components of the induced dipole moment that are
absent in (35)—(37) are zero.

Expressions (35)—(37) are inadequate if an atom is
located on one of the spheres or near it. Consider, for
example, an atom located on the sphere surface (3’ = ).
Then, in the case of spheres far removed from each other,
the expressions for the nonzero components of the induced
dipole moment have the following form:

The dipole moment oriented along the x axis:

od,
dy

~2—3cos? &' +2cos&'sin? ¢ exp(—nq)

+6(1 +3cos2¢’)sin? & exp(—2n,) + 3(—1 +4cos ¢’

+8cos3¢&’)sin? & exp(—3ng) + ...

5d, 3 %
o~ sin2¢" = 3(sin &' — sin 3¢”) exp(—ny)
0

. 3 . . .
-3 <2 sin2¢’ — 3 sin 45') exp(—2ny) + 3(sin &’ + sin 2¢’

—3sin3&’ +2sin 5&") exp(—3n) + . . . .

The dipole moment oriented along the y axis:
5d, = —dy. (39)

The dipole moment is oriented along the z axis:

od, 3 . .
Y~ = sin2¢" 4+ 6c0s2E sin & exp(—1p) —
a2

- 3(2 sin 2¢&’ —% sin4£’) exp(—21,) + 3(sin£’—% sin 2¢&’

—3sin3&’ + 2sin 55') exp(=3n9) + ...,

(40)
od,

0

~ —1+3cos? &’ — 12cos2¢"sin® & exp(—n,)

—6(1 4+ 3cos2¢’)sin? & exp(—21,) + 3(1 + cos &' + cos 2&’
—3c0s3¢" +2cos5E") exp(—3ny) + - . -

By retaining the principal terms in these expressions, we see
that, depending on the position of the atom, we can obtain
different spontaneous decay rates for different orientations
of the atomic dipole moment. Thus, assuming that &’ =0
(¢'=m) or ¢’ =n/2, we obtain the relative spontaneous
decay rate equal to 9 (if the dipole moment of the atom is
oriented along the normal to the sphere surface) or zero (if
the dipole moment is oriented perpendicular to the normal
to the surface). This completely agrees with the solution of
the problem on the spontaneous emission of an atom
located near a single sphere [17, 18].

Expressions for the induced dipole moment of two
widely separated identical spheres can be also obtained
without using bispherical coordinates by replacing spheres
by point dipoles with polarisability equal to the polari-
sability of a sphere in a homogeneous field. This
replacement is correct because in this case the field in
the vicinity of spheres is almost homogeneous. We assume
that an atom is located at a point with the coordinate r, and
has the dipole moment d;,. Let us denote the dipole moments
of nanospheres and radius vectors of their centres as d,, d,
and ry, r,, respectively, and assume that the radii of
nanospheres are R; = R, = Ry,. Then, the self-consistent
system of equations for dipole moments has the form

d, = x[E;(r) + Ey(r1)],

(41)
dz = %[E] (rz) + Eo()‘z)],
where
E(r) = — d; <43 (di("—"i))(’s'—"i) (i=0,1,2). (42)
lr—r,] r —r,|

The polarisability of a perfectly conducting sphere is
% = R}. The total dipole moment of this system is d,, =
dy+d; +d,, and the spontaneous emission rate is deter-
mined by expression (4). The solution of system (41) can be
found quite easily if the z axis is taken as the rotation
symmetry axis and it is assumed that —z; =z, = R}, /2.
Then, the nonzero components of the induced dipole
moment for an atom located in the y’ =0 plane can be
written in the following form:
The dipole moment is oriented along the x axis:

L U R A E e B
R} R}, R} "R R} "R}’

(43)

5@:%(

1 2 -1 Z/—R12/2 ZI+R12/2
6dZ:3d0<R—O3—R—132> < RE + R_?_ )X,.
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The dipole moment is oriented along the y axis:

5, — —dp( L+ LY (L (44)
v\ RETRY) \RPTRY)
The dipole moment is oriented along the z axis:
1 1 -1 z'—R12/2 Z,+R12/2 ’
dd, = 3d, — ,
() (TR
1 > \! (45)
Sdz:d0<—3——3>
Ry Ry,
1 "~ Rp/2)° 1 "+ Rp/2)
><——3+3(Z 512/)__3+3(Z+512/) ’
R3 RS R} RS
where

R . 1 291/2
R:E: X + |z :l:ERlz .

By expanding expressions (43)—(45) in a series for Ry — 0,
we can obtain the same expressions as (35)—(40). A distinct
feature of expressions (43)—(45) is that they are valid for
any position of the atom with respect to spheres, including
on their surface. This is explained by the fact that the dipole
moment of a nanospheres in the quasi-stationary regime is
always equal to the product of polarisability on the dipole-
moment field of the atom at the sphere centre [7].

5. Graphic illustrations and discussion of results

In this section, we will consider as an example a cluster
consisting of two identical nanospheres of radius 50 nm.
Figure 5 demonstrates the spontaneous decay rate of an
atom located in the y’ =0 plane. It is assumed that the
atom can be located at any point of this plane, and the
value of spontaneous decay rate at this point is shown by
different shades of grey. The direction of the dipole moment
of the atom is shown by a standard symbol: the arrow or
circle.

One can easily see that the decay rate takes the
maximum value on the surface of one of the spheres at
the point where the direction of the dipole moment coincides
with that of the normal to the surface sphere (Fig. 5a). In
this case, the spontaneous decay rate is maximal if the atom
is located on the straight line connecting the centres of
nanospheres, on the inner side of the sphere. The sponta-
neous decay rate takes the minimum value (zero) when the
dipole is located on the sphere surface and the dipole
moment is directed perpendicular to the normal to the
sphere surface (Fig. 5b). As nanospheres approach each
other, the spontaneous decay rate increases infinitely if the
atom is located on the rotation axis between spheres and has
the dipole moment oriented along this axis (Fig. 5c) [see
expressions (34) and (28)] or tends to zero if the dipole
moment is directed perpendicular to the rotation axis and is
located on it in the region between spheres (Figs 5a, b).

Figure 6 shows the change in the spontaneous decay rate
when the atom moves away from the system of nanospheres.
As expected, the relative spontaneous decay rate at large
distances from the cluster tends to unity, i.e., to the value
corresponding to the spontaneous decay rate of an atom
(molecule) in vacuum in the absence of a nanoobject. Note

z'/nm
100
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-50
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—100

—150
—100  —-50 0

50 x'/nm

—150

—-100 —

z'/nm
0.7
100 |
0.6

50 F

—100 |

50 x'/nm

—150 %

—100 50 x'/nm

z'/nm
100

50
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Figure 5. Spontaneous decay rates of an atom (molecule) in the y' =0
plane for the dipole moment oriented along axes x (a), y (b), and z (c).
The radii of spheres are 50 nm and the distance between their centres is
110 nm.

that the atom with the z-orientation of the dipole moment
near the cluster has a high spontaneous decay rate [curve
(3) in Fig. 6a].

Figure 7 shows the decay rate of the atom located at the
characteristic points of the system as a function of the
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Figure 6. Spontaneous decay rate of an atom (molecule) as a function of
the distance between the atom and the system of nanospheres. The
spheres have radii of 50 nm and the distance between their centers is
101 nm. The atom moves away from the exact center between the spheres
along the x axis (a) and from the external surface of one of the spheres
along the z axis (b). The dipole moment is oriented along x (7), y (2)
and z (3) axes.

distance between spheres and the corresponding asymp-
totics. One can see again that the decay rate of the atom
with the dipole moment oriented along the z axis and
located inside the cluster (Figs 7a, b) noticeably increases. It
also follows from Fig. 7 that asymptotic expressions (25),
(28), and (33), (34) and also (35)—(40) [or (43)—(45)]
describe the entire range of variation of the spontaneous
decay rate of an atom near two spheres.

6. Conclusions

We have studied the spontaneous decay of an atom near a
cluster consisting of two perfectly conducting nanospheres.
Analytic expressions have been found for the decay rates in
the form of series for an arbitrary geometry of the system.
Simpler expressions were obtained for a cluster consisting
of two identical spheres. It is shown that in the case of
closely spaced spheres, the spontancous decay rates can
infinitely increase for an atom located between the spheres
and having the dipole moment directed along the symmetry
axis.

The analytic equations obtained in the paper can be used
not only for prompt estimates of the effect of clusters on
fluorescence of atoms and molecules but also for precision
estimates of numerical calculations in more complicated
cases.

The calculation method developed in this paper can be
generalised to a cluster consisting of two spheres made of
arbitrary materials. In this case, of course, the values of
decay rates change substantially compared to the case of
ideally conducting spheres considered here. The study of the

/7
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10!
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100 150 200 250  Ryy/nm
b

100 150 200
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/7

0.6

0.4

0.2

0 1 1 1
100 150 200 Ryp/nm

Figure 7. Spontaneous decay rate of an atom (molecule) as a function of the distance between spheres (/). The radius of spheres is 50 nm. The atom is
located exactly midway between nanospheres with the dipole moment oriented along the z axis (a), on the internal surface of one of the spheres with
the dipole moment oriented along the z axis (b), on the external surface of one of the spheres with the dipole moment oriented along the z axis (c), and
exactly midway between nanospheres with the dipole moment oriented along the x axis (d). Curves (2) and (3) are asymptotics for 1, — 0 and

1y — 0o, respectively.
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spontaneous emission of an atom located near more realistic
metal and dielectric clusters will be presented elsewhere.
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