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Nonlinear absorption spectrum in the field
of a weakly saturating standing wave

O.V. Belai, D.A. Shapiro, S.N. Yakovenko

Abstract. 'The spectrum of a probe field in a three-level
system interacting with a standing wave at the adjacent
transition is calculated. The expression for a nonlinear
resonance profile is obtained taking into account diffusion in
the velocity space in the fourth order of perturbation theory in
the standing-wave amplitude.
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1. Introduction

Nonlinear spectral resonances in the field of a standing
wave have been studied since the 1960s in connection with
the development of the theory of a single-frequency gas
laser. The velocity distribution of the population of atomic
levels in a standing-wave field considerably differs from a
simple sum of the spectra of resonance structures induced
by counterpropagating travelling waves. This difference is
caused by the spatial inhomogeneity of the field in the
standing wave, which gives rise to higher spatial harmonics
both in the level populations and polarisation of a medium.
The solution for a two-level system is obtained in the form
of a continued fraction [1, 2], which is expressed in terms of
the Bessel function in the case of identical relaxation
constants and an exact resonance [3]. However, after
averaging over velocities, a smooth profile of the Lamb
dip is formed in the lasing spectrum. It was shown that
higher spatial harmonics are manifested only in the probe-
field spectrum at the adjacent transition. Some structures
were calculated numerically in [4] but they were not studied
in detail.

The probe-field spectrum at the adjacent transition was
measured in the A scheme at the lines of Ar II [5]. A strong
field with the frequency w was generated at the laser mn
(4p°S)),— 4s°Py)) transition at A =458 nm, while the
probe field at the frequency w, in the form of travelling
wave acted at the ml (4p 2S| 2= 3d2P3 /,2) transition at
A, =648 nm (Fig. 1). Upon the probe-field detuning
Q, =k, Q2/k, the known field-splitting resonance was
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observed [6]. Along with this resonance, a new structure
was observed at the centre of the spectrum (22, = 0) whose
position was independent of the strong-field detuning Q. For
Q =0, a dip was observed, which can be interpreted as the
splitting of the field-splitting peak. As the detuning Q was
increased, the dip transformed to a peak, but its position did
not change.
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Figure 1. Scheme of the interaction of levels with the field: a strong
standing wave (solid straight line) with the frequency w and the wave
vector k and a probe travelling wave (dashed straight line) with the
frequency w, and the wave vector k.

It was shown that the new structure corresponds to the
resonance of higher spatial harmonics. Its position in the
spectrum was explained within the framework of the Feld-
man—Feld theory [4], whereas the interpretation of the
resonance broadening due to ion—ion Coulomb collisions in
a plasma required rather cumbersome numerical calcula-
tions [7]. The necessity appeared in a simple analytic theory
which would describe the dependence of the resonance
broadening on the concentration of charged particles and
the ion temperature in a discharge.

The aim of this paper is to obtain and analyse the
expression for the nonlinear absorption spectrum within the
framework of the perturbation theory over the standing-
wave amplitude. The higher spatial harmonics are not
manifested in the second order of the perturbation theory.
Because the second spatial harmonic appears in the fourth
order of the perturbation theory, we restricted ourselves in
this paper to the expansion of nonlinear absorption up to
the fourth order.

2. Equations for the density matrix

The equation describing the behaviour of a three-level
system in strong and probe light fields with the wave
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vectors  k||k,, whose interaction with the system is
considered as the perturbation V = —Ed/(2h) is obtained
from the equation for the density matrix [8]

o 0 X
(F +t3; 05y >p,, V. ply- (1

Here, x is the coordinate along the direction of wave
vectors; v is the velocity component in the direction of the
wave vectors; subscripts 7, and j take the values I, m, n; I';
are the radiative constants of the levels and transitions; p;
are the elements of the density matrix p; E is the field
strength in a light wave; d is the dipole moment operator;
and the brackets denote a commutator. Let us write
equations for polarisations p,,; and p,; of the allowed and
forbidden transitions

6 0
(le + = al a)pml = Vm/pll + anpnl = Pimm lev
2

6 0
(Fn/ += al a)pnl = Vnmpml ~ Pnn Vn/ ~ Pnm le'

We neglect the populations of levels m and n, which were
small in the experiment. The population of the level [ has
the equlhbrlum distribution p,; = N,(v) = Nz 2%
exp (—v? xvr?), where vy is the thermal velocity. Let us
represent the fields of the travelling and standing waves in
the form

1 . .
E,(x,1) = EE" exp(ik,x —iw,t) +c.c., 3)
E(x,t) = Ecoskxexp(—iwt) + c.c.

The Rabi frequencies of the strong and probe fields are
denoted by G, = E,d_,/(2h) and G. = Ed,,, /(2h), where E
and E, are the amphtudes of the strong and probe field
strengths; and dj; is the matrix elements of the dipole
moment.

By making the substitution

Pt = Pu(X,0) exp(ik,x —iQ,1),
pu = p,(x,0) exp(ik,x +iQt —iQ,1),

we obtain from (2) a closed system of equations for the
amplitudes p, and p, of polarisations of the allowed and
forbidden transitions

0
( —iQ, —HkU—H}@ )p”

= —i[G, exp(ikx) + G_ exp(—ikx)]p, +iG, N(v),

, ) “4)
I, +iQ—iQ, +ik v—l—va 0,
=1[G} exp(—ikx) + G* exp(ikx)]p,,
where I'y=1T,,;; I'y=1,. In these equations, only the

interaction of ions with the light field is taken into account.
However, under the conditions of the problem under study,
ion—ion Coulomb interactions accompanied by a change in
the ion velocity play an important role. Because Coulomb
scattering occurs within small angles, it can be described as
diffusion in the velocity space by adding the operator
—D?*/ov?, to the left-hand sides of Eqns (4), where
D = v,v¥/2 is the diffusion coefficient;

16\/aNZ*e* A
R VE:)

is the effective frequency of ion—ion Coulomb collisions;
Ze is the ion charge; M is the ion mass; A is the Coulomb
logarithm; and N is the total ion density [9]. The expression
for the collision frequency uses the ion density because the
number of excited ions is small and they are scattered
almost exclusively by the ground-state ions.

3. Perturbation theory expansion in a series

Consider first for simplicity the equations neglecting
collisions (4) and write them in the matrix form

Lp=r, )
where
2
—(Pu ~~__IG“N1 _ ! :L=1Ly+AL
14 <pv>9’ ﬁUT 1)72~ 0)’ 0+ )
-0 r,—iQ, -k, 0
LO*”ax+< 0 r,—iQ,—Q—kw) )

. 0
AL = Loy
<1G* kx4 G e 0

It is necessary to calculate the work of the probe field

P(@,) = ~2ho,Re(iGlp, (x,v)). (©)
where the angle brackets denote averaging over the phase
space (x,v).

By using the weakness of interaction of an ion with the
strong field, we represent the inverse operator as a series

L' =(Ly+ AL = (1 + Ly'AL) 'Ly

_ [i<_zmz>m} i ()
m=0

Let us expand the functions p and r in the basis

ap) = () expinke). ®

where # is the number of a spatial harmonic and 1 = 2n/k.
The orthogonality relation for the basis functions has the
form

(n’,p/|n7p> - 871 I18[7[7 (9)

Because the operator L, is diagonal in this basis, the inverse
operator K, = Ly is also diagonal and has the eigenvalues
K,

P

< )P |L0 |}’l p) - 6rm’8 np7
= {ivnk 4§, (I', —1Q, + ik,v)

+ 8,1 +i(Q - Q, + k)] (10)
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where p = u,v. The inverse operator can be conveniently
written as the expansion in the projectors

Lg' = |n.p)Kyp(n,pl. (11)
n.p
Let us introduce the additional notation
a*ln,p)=In+1,p), a |n,p)=|n—1,p), (12)
Uln,p) = 8pln, 1), Zln,p) = 8,ln, v) (13)
to express AL in terms of the raising and lowering operators
at and a”:
AL=iU(G,a’ +G_a ) +iZ2(Gra™ +G*a™).  (14)

To calculate the work of the probe field, it is necessary to
average the matrix element of the inverse operator (7)

o0

(0, 12710, ) = (0.1 [Zvio—‘Ai)m} L0 (19

m=0

over velocities with the Maxwell distribution. The operator
AL changes the parity of n because it consists of the
operators a' and a~, which increase and decrease,
respectively, the harmonic number # by unity.

Let us return to general equations taking into account
ion collisions accompanied by a change in their velocity.
Compared to the collisionless case considered above, only
the operator Ly, inverse to the unperturbed operator, will
change. To find this operator, we perform the Fourier
transform for the polarisation p,(v) and the right-hand
side of Eqn (5):

dz(q) . 2 o

—(kl’l + kﬂ)d—q + (Fu - IQu + Dq )Z(q) - ’(q)v
where z(g) is the Fourier transform of polarisation p,(v);
and r(q) is the Fourier transform of the right-hand side r(v)
of Eqn (5).

The solution of this equation can be written in the form

(16)

. Enu(Q) T §
) =~ i | En @randan a7)
where
Dq* )3+ qI', —iqQ,
E,m(q):exp( ), (18)
n

C is a constant determined by the boundary conditions. The
boundary condition for z(g) is the requirement z( &+ co)— 0.
Taking into account the behaviour of E(g) at infinity, we
can conclude that, if kn+k, >0, then C should be set
equal to +oo to provide the convergence of the integral in
(17). Correspondingly, in the opposite case kn +k, < 0, we
should set C = —oo. Note that E,,(—¢q) = E,;,](q), so that
the general solution has the form

1 q

z(q) = *WJC E, (@) Enu(—q1)r(q1) dqy, (19)

where C = sign(kn + k) x oo;

sion x = +1, x>0
gy = -1, x<O0.

It follows from Eqns (4) that the general solution of a
similar equation for the v component can be obtained from
the solution for the u component (18) by the substitution
r,—1r, .QMH QHfQ, ie.,

Dq*/3+ql', —ig(Q, — Q
Env(Q)ZGXp[ ¢’/ +in‘+qu( ! )] (20)
n
Then,
4 ) En En - ]
pla) == | [ij" 2 ”(,f,i;ki nle p'}r(ql)dql. e

The result of the action of the inverse operator on the right-
hand side of Eqn (5) will be the s-fold integral, where s is
the perturbation theory order.

4. Nonlinear absorption spectrum

The Fourier transform of the right-hand side of Eqn (5) in
the Doppler limit (v — oo) is the delta function

i o0
rq) =—= 0, u) exp(—igv)dv = ivV2xm 8(q)|0, u). (22
@)= =] 10w esp(igas = iv2m g0, @)

The expression in the zero order of the perturbation theory
contains the step function O(g):

(Lo + Dg*) " 'r(q) = ik, ' V2nO(—q) o, (9)|0, ). (23)

Under the action of the operator AL, the zero harmonic
|0, u) transforms to the two adjacent harmonics |1,v) and
|—1,v). The operator (L, + Dg*)! acting on the linear
combination of harmonics changes only coefficients at
them, without adding new harmonics. The subsequent
action of the operator AL again adds the adjacent
harmonics |2, u), |0,u), and |—2,u). The expression for
the required quantity P, contains p,(x,v) averaged over x,
which is equivalent to the scalar multiplication of the sum
of harmonics by the zero harmonic (0, u|. Because of the
orthogonality relation, only the term (0, u|0, 1) = 1 will be
nonzero.

The generation of harmonics is illustrated in Fig. 2. To
obtain the contribution of a harmonic to P,(f), it is necessary
to make s steps from |0, ) to |0, u) along one of the routes
shown in Fig. 2, by moving each time to the right-upward or
to the right-downward to an adjacent node. The total
number of such routes in the s order of the perturbation
theory is

N2
N = :s!(%!>

(if 5 is odd, then N =0 because it is impossible to come
back to the zero harmonic for the odd number of steps).
For s =2, 4, and 6, the number of routes N is 2, 6, and 20,
respectively.

In the Stokes case, when k, <k, a part of integrals
vanish. In the second order of the gerturbation theory, the
integral containing the factor |G_|" and corresponding to
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10, 1)

Figure 2. Increase in the number of harmonics due to the s-fold action of
the operator AL. The arrows indicate the route for which the contribu-
tion of harmonics to the probe-field work vanishes.

the route |0,u)— |1,v) — |0, ) vanishes. In the fourth
order, the integral containing the factor |G_ \4 also vanishes
and one integral with |G| and four integrals with factors
|G+G,|2 remain. Of these four integrals, one is also zero,
namely, the integral for the route |0,u) — |1,v) —
|2,u) — |1,v) — |0, ), which is indicated by the arrows
in the scheme. In the second order of the perturbation
theory, only one integral remains, and four integrals remain
in the fourth order. They correspond to the following routes
in Fig. 2:

|0a.“> - ‘—1,V> - |0,,Ll>,

|Oaﬂ - ‘717v> - |72nu> - |*1,V> - |0nu>a

10, ) = [=1,v) = 10,1) = [=1,v) — [0, ), (24)
|0, 1

|O,u - ‘17‘)) - ‘Omu> - |717V> - |07:u>'

)
)
>_> ‘_17v> - |07.u> - |1,V> - |0’:u>7
)

Let us write the obtained multiple integrals for G, =
G_=G:

AP, =3P + 8P, (25)
o 2 0
OP, =————| dquF,_
u kﬁ(kﬂ—k) JOC 44l l(q4)
q4
XJ dgsF_1 o(q3)0(—q3), (26)

@ G4 0
5P — J
bk, — k) (ky — 2k) )

dq4Fo—1(q4)

q3
dgF 5 _1(q2)%

—00

q4
X J dg;F_y _2(q3) J

q2 G4
X dq,F_ O—q)) + ——=
Jﬂo 1 F-10(q1)0(—q1) ki(ku _k)z

q4

X JO dQ4F0,—1(Q4)J

oo

dgsF_1(q3)

—00

43 92
XJ d‘hFofl(fIz)Ji dq,F_10(q1)0(—q1) 27

oo o0

G4 0
: J
kfl(ku - k)(ku + k) 0

q4
dgsF_1(g3)

o0

dqsFo_1(q4) J

g

q2
dq\F0(q1)0(—q1)

o0

q3
X J dg2 Fy, (flz)J

Gt 0
_|_
kf,(ku —k)(k, + k) LC

q4
d44F0,1(Q4)J dgs3Fi0(q3)

o0

q3 q2
X J d¢12F0A1(512)J dg\F_10(q1)0(—q1),

o0 o0
where
an(q) = Emp (_q)Enpz (q)a an(q) = an(_q);
p1 = if mis even and p; = v in the opposite case; p, is

defined in terms of n similarly, and E,, are described by
expressions (18) and (20). We can show that integrals in the
fourth-order perturbation theory can be simplified and
reduced to integrals of a lower multiplicity, i.e., to the
products of single, twofold, and threefold integrals. Due to
such a simplification, the integrals can be comparatively
easily calculated numerically. The order of sequence of the
integrals in sum (27) corresponds to that of the routes in
(24). The resonance of higher spatial harmonics is caused
by the term in (27) corresponding to the only route passing
through the second harmonic: |0, u) — |1, 1) — | =2, u) —
|717:u> - |Oa.u>

The dependences AP,(£,) for different G and Q are
presented in Fig. 3. We used the calculation parameters that
were close to the experimental ones. In the left part of the
figure are shown the dependences for Q =0 with the
standing-wave amplitude increasing from top to bottom.
Beginning with some amplitude, the top of the field-splitting
resonance becomes flat and then a dip appears, which
corresponds to the second spatial harmonic. The observed
dip is broader than for the case D = 0. In the right part of
the figure are presented the dependences obtained for the
same amplitude of the standing wave but its different
detunings, which increase from top to bottom. One can
see that the dip transforms to a peak located at the line
centre, which does not change its position upon detuning.
The peak amplitude decreases with increasing detuning.
This behaviour qualitatively agrees with the experiment.

To elucidate the physical meaning of individual terms in
(25), we calculate integrals in (26) and (27) for D = 0:

sp@ _ 2G3 (ky — k) (28)
no . . 2
k(=T +T,+iQ) + k(I', —iQ,)]
5p@ _ 6G1 (k — k,)’k,

ok (~Ty T +iQ) + k(T —i2,)]°

G>Gikplki (I, — T, —iQ) + 6k*(I', —iQ,)]
22k, (— Ty + Ty +iQ) + k(I —iQ,) (T, —iQ,)*
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AP, Q=0
G =25MHz
1 1 1 1
-2 -1 0 1 Q,/MHz
AP,
G = 50 MHz
1 1 1 1
-2 -1 0 1 Q,/MHz
AP,
G =75 MHz
1 1 1 1
-2 -1 0 1 Q,/MHz
AP,
G = 100 MHz
1

1
-2 -1 0 I Q,/MHz
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AP, G = 100 MHz
Q=0
1 1 1
-2 —1 0 I Q,/MHz
AP,
2 =02GHz
1 1 1 1
-2 -1 0 1 Q,/MHz
AP,
@ =0.7GHz
1 1 1 1
-2 -1 0 I Q,/MHz
AP,

1
-2 -1 0 I Q,/MHz

Figure 3. Dependences of AP, (Q,) for different G (on the left) and Q (on the right).

N G> Gk, kk,(—7, + 2T, + 2iQ + 5iQ,)]
262k, (— Ty + T, +iQ) + k(I —iQ,) (I, —1Q,)*

21G2G1(k — k)’
K[y +i(Q — QKT + k(=T + T, +iQ)] +kQ, )
(29)

A similar expression was obtained earlier in papers [5, 10].
The term (28) of the second order in the standing-wave
amplitude describes the resonance centred at the frequency
Q, = k,Q/k. Resonances at other frequencies appear only
in the fourth order. The first term in (29) is similar to the
second-order term (28) and describes the increase in the
field splitting with increasing Gi. The second and third
terms in (29) describe a nonlinear structure with the width
I', at the line centre with Q, = 0. This can be seen from the
factor (I', — iQu)_z, which is contained only in these terms.
The latter term in (29) appears due to the spatial modu-

lation of the coherence of the forbidden n/ transition,
resulting in the appearance of a nonlinear structure with the
width I', of the forbidden transition width at the two-
photon resonance frequency Q, = Q.

In the anti-Stokes case, the expression for the work of
the probe field in a medium with a large Doppler broad-
ening is simplified because only one integral corresponding
to the lower route in Fig. 2 remains:

0 qa
5P£¢4) x [ d(]4Fo,—1(‘14)J dgsF_; _»(q3)

J 00 o0

q3 92
XJC d612F72A71(f12)J dg,F_10(q1)0(—q1), (30)

where C = sign(k, — 2k) x co. The nonlinear absorption
spectrum is shown in Fig. 4. One can see that the amplitude
of the resonance, as in the Stokes case, decreases with
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AP

"

1
Q,/GHz

—0.4

-0.2 0 0.2

Figure 4. Dependences of AP,(8,) for k,/k = 1.4 and different Q.

increasing detuning. The profile of the nonlinear resonance
is of alternating sign. One can show that the area under the
nonlinear resonance contour of higher spatial harmonics
(27) or (30) is zero.

5. Discussion of results

Although expressions (26) and (27) for the spectrum are
rather cumbersome, they have a simple structure. The
integrands are the products of Green functions describing
diffusion in the velocity space and relaxation of polar-
isations of the allowed and forbidden transitions. These
expressions allow one to estimate the width of the
resonance of higher spatial harmonics and to find the
dependence of AP, on parameters in the limiting case of the
diffusion time shorter compared to the relaxation time:
(D) <,

Consider the case with the zero detuning Q =0. By
making the change of integration variables ¢; = (D/k)l/3qf
(i=1-4) in integrals (26) and (27), in terms of which

AP,(Q,) is expressed, we obtain the dependence of AP, on
D

Q k

_ n—4/3 Iz 1
APH(QM)_D f(Wv?)v

(31
where f is a function of two dimensionless variables.
Because Q, enters into (31) only in the above combination,
the width (FWHM) of the peak of higher spatial harmonics
is 6Q, = C1D1/3k2/3. To verify this estimate, we plotted a
family of curves AP,(2,) (Fig. 5) and found the width of
the peak near @, = 0 for different D. The FWHM of the
peak as a function of D is shown in the insert. The slope
angle was 0.31, in accordance with the estimate. The
coefficient C; proved to be 0.15. Such dependence can be
simply qualitatively explained.

The peak broadens due to a change in the velocity after
Coulomb collisions. During the time ¢, an ion is scattered by
a random angle 19, so that () =0 and (9%) = v.z. The ion,
which was initially located in the antinode of a standing
wave and had the zero velocity projection on the wave-
vector direction and the transverse velocity close to the
thermal velocity, acquires the longitudinal velocity ou ~
(vct)l/ 2y, for the time 7 and propagates over the distance
dx ~ v 2p3/ 2v;. When the phase shift caused by the Doppler
frequency shift nkdx of the nth harmonic becomes equal to
n, the phase is disrupted and the effect of this harmonic
disappears. The characteristic time of this process is

AP

w IndQ,

-2.6

-3.0

i
i
\
i
\
\
i
\
i
\
\,

-02 —0.1

—0.3

o
<

Q,/MHz

Figure 5. Peaks of higher spatial harmonics for I'y = I', = 1 GHz,
D/Dy =0.1,0.075. 0.05, 0.025, 0.001 (in the order of increasing the peak
amplitude) and D, = 103 m? s7°. The insert shows the dependence of
the width of the peak on the diffusion coefficient.

t~ (nkuT)_2/3vc_ /3 The resonance at the centre appears
because of the presence of higher even spatial harmonics
with n =2, 4, .... Therefore, the estimate should be per-
formed by considering the influence of harmonics with
n=2; in this case, the FWHM of the peak is 60, ~
D'3Kk*/3. For 8Q, ~ I'y, the dip in the resonance is ‘blurred’
and the width of the peak in the absence of resonance is
approximately doubled.

6. Conclusions

We have obtained analytic expressions for the nonlinear
absorption spectrum taking into account diffusion in the
velocity space. The contours of the nonlinear resonance of
higher spatial harmonics were calculated for the exper-
imental situation and anti-Stokes case. The broadening of
the resonance caused by the Coulomb interaction was
found. The expressions obtained by using the perturbation
theory agree with the known limiting case [5] and numerical
calculations [7]. It was shown that the Coulomb scattering
in a plasma qualitatively explains experimental data.
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