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Eigenfrequencies of an inhomogeneously

filled ring optical resonator

V.F. Sudakov

Abstract. A ring optical resonator with the simplest type of
an inhomogeneity causing backscattering of waves is
considered. A boundary problem of the periodic type is
formulated in terms of the reflection and transmission
coefficients. In the case of a small reflection coefficient,
analytic expressions for eigenfrequencies are found in the
limiting cases of their degeneracy and maximum splitting.

Keywords: ring resonator, resonator eigenfrequencies, inhomoge-
neous resonator filling.

1. The problem of studying the eigenfrequency spectrum of
an inhomogeneously filled resonator, in particular, a ring
optical resonator (ROR) is traditional. It has been
discussed many times in physical and mathematical papers
(see, for example, monograph [1]). However, in the general
formulation of the problem, only general, although
important results were obtained. At the same time, a
number of applications require more detailed information
(see, for example, review [2]). In this case, the type of
inhomogeneities should be specified. The results can be
obtained most simply when the perturbation theory can be
used in one or another treatment. Thus, the perturbation
theory was phenomenologically applied in [3] and other
papers for studying small local inhomogeneities of simple
structures (a plate, a small sphere, etc.). This allows one, in
principle, to estimate the asymptotics of the spectrum,
although even this problem cannot be finally solved
analytically.

In this paper, in some sense the opposite case is
considered: two simple inhomogeneities (jumps of the
refractive index) are separated over the ROR perimeter
by a maximum distance. The problem is formulated and
solved consistently electrodynamically without any artificial
assumptions (as in [3]). The transcendent equation, from
which the eigenfrequency spectrum of the resonator is
determined, is obtained and can be solved (for example,
numerically or graphically) not using the perturbation
theory. The analytic results are illustrated in the case of
relatively small reflection coefficients.

RORs are used in a number of optical schemes, for
example, in a ring laser. An important problem both in the
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ROR theory and its applications is the consideration of the
mode coupling due to the inhomogeneity of the resonator
filling, which results in mode locking. In particular, a great
attention was devoted to the determination of the mode-
locking region [2, 4, 5], which is usually expressed directly in
terms of the mode-coupling parameter within the frame-
work of the nonlinear theory of a laser. However, these
questions can be also studied indirectly using the linear
theory of the resonator because its eigenfrequency spectrum
also contains information on the properties of mode
coupling (through the influence of an inhomogeneity on
the spectrum splitting). In this way, the results of this paper
can be used in the theory of ring lasers.

2. The eigenfrequencies of a homogeneously filled res-
onator are equidistant (the interval between them is
inversely proportional to the resonator perimeter) and
are doubly degenerate. Two counterpropagating travelling
waves or any their linear combination can be chosen as the
natural waves for each frequency. In the presence of
backscattering in the resonator, which can be caused by
any inhomogeneity of the resonator medium, travelling
waves cannot be the eigenfunctions. The eigenfrequency
spectrum of a ROR also changes.

If the dielectric constant of the medium is described by a
sufficiently smooth function of coordinates, the asymptotic
behaviour of eigenfrequencies and eigenfunctions can be
determined quite easily by the Wentzel — Kramers — Brillouin
method. If this function is not continuous, another method
should be used. In this paper, the problem of determining
the eigenfrequencies of a resonator is solved for the simplest
situation when the function describing the optical properties
of the medium is a step function. The problem is formulated
in more detail below.

3. We assume that a ROR is one-dimensional [z is the
coordinate of a point on the axis and L is the resonator
perimeter (0 < z < L)]. The refractive index n(z) of the
medium filling the resonator has discontinuities at the points
z=L/2and z=L: n(z) =n; for 0 <z < L/2 and n(z) = n,
for L/2 < z < L. Stationary waves with the frequency o in
such a structure satisfy the homogeneous wave equation in
each interval where the refractive index is constant and also
the continuity conditions for the field and its derivative at
the discontinuity points.

The continuity condition can be written in terms of the
reflection and transmission (refraction) coefficients. We
denote these coefficients as R; = (n; — ny)/(n; +n,) and
T, =2n;/(n; + ny), for the waves propagating in the direc-
tion of increasing z and as R, = (my— ny)/(n; +ny) = — R,
and T, = 2n,/(n; + ny) for counterpropagating waves. The
ROR field can be represented as a sum of the two waves:
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uy(z) = A, exp(—ik,z) + By exp(ik;z) for0 <z < L/2,
uz(Z) = A2 eXp(—ikQZ) + Bz exp(ikzz) for L/2 <z < L.

Here, k| = kny, ky =kn, and k=w/c. We will call the
waves with amplitudes 4; and B; the forward waves and
the waves with amplitudes 4, and B; the backward waves.
Let us introduce the reduced amplitudes of the forward and
backward waves Ago) = A exp(—ik;L/2) BI(O) = B exp (ik,
x L)2), A% = A, exp (—ik>L/2), and B = B, exp (ik>L/2).

It follows from the continuity condition at the point
z=L/2 that

B" = R A" + 1,BY,
(1
AY = 1,49 + R,BY.

From the continuity condition at the point z = L, we obtain

Bz eXp(lkzL) = RzAz eXp(flkzL) -+ TlBl7
2
Al = RlBl + T2A2 eXp(—lkzL)

From (1) and (2), we obtain the coupling equations for the
reduced amplitudes:

R [ L
B = feXP _l(kl — k) 2] A4y
1 . L
+—exp [—1(1(1 + ky) f} BI(O),
T, 2 3)
1 [ L]
AZ(O) = Eexp _l(kl +ky) 5_ A(lo)

R . L
_?;exp |:—l(k1 — k2) 5:| B](O).

By combining (1) and (3), we obtain the homogeneous
vector equation
4\
(H - E) =0, 4)
BY

where E is the unit matrix and

1 R
T, T

g |0 |
R,
T

1 . L
—-exp [l(kl +k2)§]

R . L
7 —Lexp {_l(kl —kz)g}

1,
- (%)
R, [ L 1 . L

?zexp |:1(k1 - kz)i] TZQXP |:1(k1 + kz)z}

4. The nonzero solutions of Eqn (4) exist if Det(H—
E) = 0. It is obvious that Det(H — E) =1 — SpH + Det H.
The diagonal elements of the matrix H and, hence,
expressions for SpH and DetH can be easily obtained
from (5):

11 L

SpH = 2?? COS(kl +k2) — R12 COS(kl — k2)§

L
142 2

1R
- T, T,
Det H = Det R, 1
T |
L R L
—exp [1(1(1 +k2)—} —Lexp {— i(k; — k2)—}
P 2 g
x Det |

. L
fexp [l(kl - kz)z}

The calculation of determinants entering the latter
expression shows that the matrix H is unimodular:
Det H=1. This allows us to represent the equation
1 —SpH+ Det H=0 in the form

11 L L
1 — 7172 |:COS(k1 -‘rkz)z — R12 COS(kl — k2)§:| = 0,

or in the equivalent form
cos¢p — 1 :Rlz(cos&ﬁ— 1), 6)
where new variables

¢:MkL, ="M

n—n
=R,, 6¢p=—1—kL (6
) n + ny 1y ¢ B ( a)

are introduced.

5. The left and right-hand sides of Eqn (6) are shown by
two curves in Fig. 1. The reflection coefficient is usually
R; < 1. Therefore, the right-hand side of (6) has much lower
frequency and amplitude than the left-hand side. This
cannot be displayed at the real scale in the plot, so that
the curves in Fig. 1 serve only as an illustration.

Assuming that the reflection coefficient is small, we can
find approximately the roots of Eqn (6). They form two
discrete series ¢((1+) and qﬁg’) of positive numbers: the roots
of one of the series are somewhat higher than 2¢m, while the
roots of another series are somewhat lower than these
numbers. In the general case, the roots are described by
the expressions

¢\ =2qn+ Rioy"), ¢y =2qm — Ryal, (7)

where the influence coefficients ofji> are of the order of
unity and depend on the root number ¢. They can be found,
for example, graphically (see Fig. 1).

By using (7) and (6a), we find the eigenfrequency

spectrum of the ROR:

1 —cos¢, Ry (1 —cosde)
1

Figure 1. Graphic representation of Eqn (6): 1 —cos¢ [curve (1)],
Ri(1 — cosdg) [curve (2)].
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Some eigenfrequencies can be doubly degenerate.
6. Consider a degenerate frequency spectrum. Let
0 =n/m, where m and n are the natural numbers. Let us
assume that the roots of Eqn (6) have the form ¢ =
2mn + @. Then, d¢ = 2nn + 6@P. For small &, we have
2 252
1 —cos¢ w% and 1 —cosdp =1—cosod %57(1)

By using these approximations, we can represent (6) in the
form of the equation

®> RiPDP 0
2 2 7
which has the doubly degenerate root @F) = 0. Therefore,
for each integer m, there exist the multiple root d),(ﬂi) =2mn
and the multiple eigenfrequency

c
wfwig = W0 = 2mm <n1 i, n2) I
Therefore, the degenerate frequency spectrum in the
presence of backscattering coincides with the spectrum of
the equivalent ROR homogeneously filled with a medium
with the refractive index equal to (n; 4+ n,)/2 (i.e., without
backscattering).

7. Consider now the maximum splitting in the frequency
spectrum. Let us assume that the reflection coefficient is
approximated by the rational ratio 6 = (2n+ 1)/(2m). In
this case, along with degenerate eigenfrequencies, non-
degenerate frequencies also exist. We will seek the solution
of Eqn (6) in the form ¢ = 2mn 4+ & for small . Because
0 =2mmnd + 0@ = 2n+ 1)n + 0P, we have

252
1—cos5¢z2—6T@.

Therefore, Eqn (6) in the first approximation has the form

(a0
2 T 2 )

The roots of this equation are the approximate values of the
roots of Eqn (6)

o) ~ +oR,, )

where

1 1/2
1+ 06°R}

Therefore, under these conditions, the roots of Eqn (6)
are located symmetrically with respect to points 2mmn, being
removed from them by the maximum distance. In Fig. 1,
these roots correspond to the points of intersection of the
curves in the vicinity of the points of coincidence of the
maxima of curve ( /) and minima of curve (2) (for example,
points A and B). It is obvious graphically that in this case
the influence coefficients in (7) do coincide (a,(n*) = o,<1;> =0)
and are maximal.

The eigenfrequencies of the ROR are found from
expressions (8) and (9):

2 ¢
o) = 0,0+ oR, (nl n n2> I (10)

In the absence of backscattering (n; =n,), we obtain
o) ,(ni) = w,,o from (10), i.e., the entire frequency spectrum
is degenerate.

Because only the estimate of the maximum splitting is of
interest, smaller splittings are not considered.

8. The problem of the ROR spectrum considered above
is similar to the traditional problems of quantum mechanics
and theory of waves, where some periodic structures are
studied (see, for example, [6—9]). However, in these prob-
lems the propagating stable or unstable waves are mainly
investigated. The eigenfrequencies corresponding to these
waves belong to a continuous spectrum. Periodic waves with
the discrete frequency spectrum are an exception in these
papers and have not been adequately studied. This is
explained by the fact that the waveguide treatment was
used, namely, the derivation of the dispersion equation for
the specified frequency. In the present paper, the resonator
treatment was employed to obtain frequencies at which
periodic waves exist in a periodic structure. The use of the
concept of the reflection coefficient allows one to pass from
the simplest model of the filling medium, which we used only
to illustrate the method, to obvious generalisations.

The general approach to the solution of the formulated
spectral problem is quite natural. It was used, for example,
in [10, 11] for determining the frequency spectrum and
polarisation eigenstates of a linear optically anisotropic
resonator. However, the eigenfrequencies were not found
analytically in these and other papers known to us. In the
present paper, the expressions for the eigenfrequencies of a
ring resonator have been obtained (in the first approxima-
tion in a small reflection coefficient). The sufficient
conditions for the formation of degenerate eigenfrequencies
have been also found and the maximum removal of the
spectrum degeneracy has been estimated.
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