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Spatial and energy parameters of laser radiation
and second harmonic upon self-frequency doubling

G.D. Laptev, A.A. Novikov, A.S. Chirkin

Abstract. The intracavity second-harmonic generation of
laser radiation in an active nonlinear crystal is studied. The
spatial distributions of the intensity and power of laser
radiation and its second harmonic are calculated by the
method of numerical simulations as functions of the
parameters of the resonator, active nonlinear crystal, and
pump. The analysis is performed for a periodically poled
Nd:Mg: LiNbO3 crystal taking diffraction into account.

Keywords: self-frequency doubling, active nonlinear crystals, perio-
dically poled structure, diffraction, transverse mode structure.

1. Introduction

Second harmonic generation (SHG) is the first nonlinear-
optical process that was observed in laser beams [1, 2] and
provided the basis for the development of a variety of
directions in nonlinear optics. For example, the observation
of excess fluctuations of the second harmonic at the initial
stage of its generation stimulated the development of
statistical phenomena in nonlinear optics [3—6]. Parametric
amplification in optics was also first observed in the second-
harmonic field [7, 8]. For the last forty years, the SHG
process has been investigated in detail both theoretically
and experimentally, and analysis of nonlinear-optical
phenomena in monographs and textbooks begins conven-
tionally from the description of this process.

The extension of applications of sources of coherent and
non-classical light attracts interest both to new methods of
optical frequency conversion and unconventional nonlinear-
optical media. Among the latter, active nonlinear crystals
(ANCs) have long attract attention [9, 10].

Interest in ANCs, in which rare-earth ions provide active
(laser) properties, while a crystal matrix plays the role of a
nonlinear medium, is related to the possibility of the
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development of compact solid-state laser systems, which
generate radiation at the wavelengths that can be used in
many applications such as optical communication, optical
storage devices, medicine, etc. In ANCs, the so-called self-
frequency conversion can occur, when lasing takes place
simultaneously with nonlinear laser frequency conversion
[10, 11]: self-frequency doubling [12-21], parametric self-
frequency conversion [22, 23], and summation of the laser
and pump frequencies [24—28].

We showed earlier [29] that the use of periodically poled
active nonlinear crystals provides a further extension of the
possibilities of ANCs to increase the number of nonlinear-
optical processes involved. Periodically poled crystals
(PPCs), which possess no active properties, have been
already widely used in nonlinear optics and its applications
[30—32], providing efficient quasi-phase-matched nonlinear-
optical processes even when the usual phase-matching
conditions for the interaction waves are not fulfilled.

To further improve self-frequency conversion laser
systems and to increase the number of nonlinear-optical
processes proceeding in ANCs, it is necessary to develop
models that would adequately describe self-frequency con-
version. At present, self-frequency conversion was
investigated theoretically only in a few papers, and in
most of them the plane wave approximation was used
[33—35]. Only in papers [11, 36] the theory of self-frequency
doubling was developed in the Gaussian beam approxima-
tion by neglecting the size of resonator mirrors. The
approach developed below makes up for this gap.

The aim of this paper is to study the spatial structure of
laser radiation and its second harmonic generated in a
periodically poled ANC taking into account diffraction
effects in a laser resonator. It is well known that the spatial
structure of laser radiation (laser beams) can be adequately
described only taking diffraction into account. Diffraction
effects upon SHG should be taken into account if the so-
called confocal parameter of the fundamental radiation is
smaller than the length of a nonlinear crystal [9, 37]. In the
case of intracavity SHG, when a nonlinear crystal is placed
inside the laser cavity, the manifestations of diffraction in
laser radiation and second-harmonic radiation can be
considered separately. In this case, as a rule, a nonlinear
crystal is oriented so that the confocal parameter is larger
than the crystal length, which allows one to neglect
diffraction over the crystal length. We study the case of
crystal orientation when lasing and frequency doubling
occur in the same crystal. The theory developed in the
paper takes into account a number of factors determining
the efficiency of the process under study. Apart from the



14

G.D. Laptev, A.A. Novikov, A.S. Chirkin

factors that are usually considered in theoretical papers, we
took into account for the first time a finite size of resonator
mirrors. The equations describing simultaneously lasing,
nonlinear frequency conversion, and propagation of waves
inside the resonator were solved by using computer simu-
lations.

2. System of equations and the method
of solution

Consider an ANC placed inside a resonator formed by two
spherical mirrors. The crystal is pumped through one of the
resonator mirrors (end pumping). The self-frequency
doubling of laser radiation in this scheme is described by
the system of equations
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The system of equations (1), (2) is obtained by generalising
equations for self-frequency doubling in the plane wave
approximation [9] by adding the second derivatives of fields
with respect to transverse coordinates describing diffraction
effects and also taking into account the interference
between counterpropagating waves in the resonator in
the first term in the right-hand side of Eqn (1), which is
responsible for amplification. Here, Aff’z are the amplitudes
of laser waves (subscript 1) and the second harmonic
(subscript 2) propagating in the positive (‘+”) and negative
(‘=") directions of the z axis (all the amplitudes are
normalised to /I;, where I, is the saturation intensity in
the active medium); «; , is the coefficient of linear losses in
the crystal (in intensity); k| , is the wave number in vacuum,;
&= 8n2[2n15/(cn12n2)]'/2deff/i is the coefficient of nonlinear
coupling between the interacting waves; n;, are the
refractive indices of the crystal at the fundamental radiation
frequency and second harmonic; ¢ is the speed of light in
vacuum; /A is the laser wavelength at the fundamental
frequency; d. 1s the effective nonlinear coefficient;
Ak =2nik, — nyk, is the phase mismatch between the
interacting waves; p;, is the angle between the wave and
beam vectors; the parameter n = o}, N(x, y, z) is the gain in
the medium; oy, is the cross section for the laser transition;
N(x,y,z) is the inversion population at the laser levels for a
four-level system, whose dynamics is determined by the
balance equation [38]
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Here, o, is the pump absorption cross section; I, and I,

are the pump and laser radiation intensities at frequencies
o, and o, respectively; n is the concentration of active ions;
and 7, is the relaxation time of the upper level.

We are interested in a stationary case. Then, we obtain
from (3), taking into account that I = I|d4;" + A |%
I, = how/(015571), the inversion population
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The system of equations (1), (2) should be supplemented
with boundary conditions at the resonator mirrors [39]:
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where T),(0) and T),(L) are the energy transmission
coefficients of the left and right resonator mirrors for the
laser wavelength (subscript 1) and second harmonic (sub-
script 2); L is the distance between the resonator mirrors;
the exponential factors take into account a change in the
phase of the waves after reflection from spherical mirrors;
Ry and R; are the radii of curvature of the left and right
mirrors, respectively; the functions Qgy(x,y) and Q;(x,y)
take into account a finite aperture of resonator mirrors.
Below, we will consider circular mirrors, for which

2 2 2
1 for x"+y°<ajy,

Qo (x:7) = {0 for x> +y2 > a&L,
where a, and a; are the radii of the left and right resonator
mirrors, respectively.

The system of equations (1)—(6) was transformed for the
convenience of numerical calculations by making some
assumptions. Thus, we assumed that the resonator mirrors
and the distribution of the pump intensity have a cylindrical
symmetry. In this case, the fields can be represented in the
form of the m, ,th angular harmonic Efz(r, z)

Aia(x,y,2) = Eia(r,2) exp(im) 19), ™

where ¢ is the polar angle.
We also assumed that the pump radiation has a
Gaussian distribution
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is the radius of the Gaussian beam; P, and R, are the
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power and radius of the pump beam at the ANC surface; z,,
is the position of the beam waist in the crystal; n, is the
refractive index of the ANC at the pump wavelength; and
the factor exp ( — no,z) takes into account absorption of the
pump radiation in the active medium.

In experiments, as a rule, the ANC length is ~1 cm. At
the same time, the confocal parameter for radiation inside
the resonator is usually a few centimetres.

Therefore diffraction effects have no time to manifest
themselves over the ANC length, and therefore we can
calculate separately the propagation of radiation in the
resonator (diffraction effect) and self-frequency conversion
of this radiation.

During the propagation of radiation in the resonator
formed by circular spherical mirrors, the fields at the
resonator mirrors are related by the integral equations [40]
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where m , is the order of the angular harmonic; J,,(x) is the
Bessel function of the mith order of the real argument;
Ly, =L — Ly(n;, — 1)/n5; and Ly is the ANC length. The
curvature radii and transverse sizes of mirrors were taken
into account in Eqns (10) and (11).

In numerical calculations of the resonator, we neglected
a rapidly oscillating term in (4), which is related to the
interference between counterpropagating waves in the reso-
nator, i.e., we used the conventional approximation [39]
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In addition, we assumed that p, , = 0, which is valid for
extraordinary waves propagating along the optical axis or
perpendicular to it. The latter often takes place in PPCs.

Finally, taking the above assumptions into account, we
obtained from Eqns (1)—(6) the following equations
describing self-frequency doubling of laser radiation in
active nonlinear PPCs:
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for zy < z < zy + Ly, where z, is the position of the left face

of the crystal inside the resonator; g(z) is the function
describing a periodic variation in the sign of the nonlinear
coupling coefficient in the PPC crystal. The system of
equations (10), (11), (13), (14) with the boundary conditions

Eis(r,L) = [1 — Ty5(L)]/*Ef(r, L), (15)

E{5(r,0) = [1 — T, 5(0)] 2 Ery(r,0) (16)

was used for numerical calculations of the transverse mode
structure of laser radiation and second harmonic during
self-frequency doubling. The functions Elifz(r, 0) and
Efz(r, L) are the solutions of this system of equations.

The scheme of the resonator used in the analysis is
shown in Fig. 1. As in most experiments on self-frequency
doubling, a crystal was placed near the left mirror of the
resonator (zy = 0), which is plane (R, = o0) and highly
reflecting for the fundamental and second harmonic radia-
tion [T ,(0) = 0]; the right mirror of the resonator is the
output mirror. The mirrors are completely transparent for
the pump radiation. The apertures of the plane mirror and
ANC are assumed identical.

N ANC 2

2aq \ 2a;,
r
P2

I X

L

Figure 1. Scheme of a hemispherical resonator with an ANC for self-
frequency doubling.

The system of equations (10), (11), (13)—(16) was solved
numerically in the following way. First, arbitrary initial
distributions of the laser field E;"(r,0) and the second-
harmonic field E, (r,0) at the left resonator mirror were
specified. Then, the fields were numerically calculated from
(13) and (14) after the propagation of radiation through the
crystal from left to right by neglecting diffraction. The
fulfilment of quasi-phase-matching conditions in the first
order was assumed, which allowed us to replace the function
g(z) by its effective value 2/7 (see, for example, [31]). Note
that this replacement significantly reduces the computer
calculation time when solving Eqns (13) and (14). Then, the
fields behind the crystal were used for the numerical
integration of Eqn (10) to find the fields E;(r, L) at the
right resonator mirror. In this case, we took into account
radiation losses due to the transmission of the right mirror
[Eqn (15)]. The fields E[,(r,0) at the crystal surface were
calculated by the numerical integration of Eqn (11). Then,
the fields propagated through the crystal from right to left
were calculated numerically from Eqns (13) and (14). As a
result, taking relation (16) into account, we found again the
spatial distribution of the fields at the left resonator mirror,
and the above sequence of operations was repeated. The
numerical calculation ended when the spatial distribution of
the fields after the next round trip in the resonator became
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identical with a high specified accuracy to the field dis-
tribution after the previous round trip [41]. Not also that the
spatial distributions of the fields obtained by solving
numerically the system of equations (10), (11), (13)—(16)
remained the same after the variation of the initial dis-
tribution of the fields. The spatial distributions of the laser
and second-harmonic fields found in this way correspond to
the stationary regime of self-frequency doubling.

3. Results and discussion

We present in this section the results of numerical solution
of the system of equations (10), (11), (13)—(16) for self-
frequency doubling in an active nonlinear Nd : Mg: LiNbO3
PPC. We reported the experimental study of self-frequency
doubling in this crystal in [42]. The periodically poled
structure of the Nd:Mg:LiNbO; crystal allows us to
perform the ee—e type quasi-phase-matched nonlinear-optic
interaction, which permits the use of the maximum
nonlinear coefficient d3;. The results of calculations of
the spatial intensity and power distributions are presented
in Figs 2—9, the intensities being normalised to their
maxima.

We used in calculations the values of parameters that
were close to the experimental values: the length of the
active nonlinear PPC was 0.5 cm, the pump wavelength
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Figure 2. Normalised spatial distributions of the laser radiation intensity
1, (a) at the output mirror and the second-harmonic intensity 7, (b) at the
resonator output for different diameters of resonator mirrors
2ag = 2a;, = 2a and powers of laser radiation P; and second harmonic
P,. The resonator length is L =20 cm, the radius of curvature of the
output mirror is Ry, = 20 cm, the pump power is P, = 1 W, the pump-
beam radius is R, = 50 pm, and the ANC length is L, = 0.5 cm.

4p = 810 nm, the pump absorption cross section o, = 5.4
%1072 ¢cm?, the pump power P, =1 W, the pump beam
radius in the crystal R, =50 um [we assumed that the
confocal parameter of the pump beam, which is approxi-
mately 1.6 cm for the above values of parameters, is greater
than the crystal length, i.c., z,, = 0 in (9)], the laser wave-
length was 1084 nm, the laser transition cross section
O1as = 18 x 1072 cm?, the relaxation time of the inversed
population t; = 10~* s, the concentration of active ions n =
5x 10" cm’3, the effective nonlinear  coefficient
dyr = 2dy3/n =22 pm V™', the refractive indices n; =
2.15 and n, = 2.22 at the wavelengths 1084 and 542 nm,
respectively, linear loss coefficients o; = 0.1 cm™' and
a0, =0.3 cm™!, and the resonator length L =20 cm. One
of the resonator mirrors was plane (R, = o0), while the
radius of curvature of another mirror was R; = 20 cm, i.e.,
the resonator was hemispherical, the diameters of the
resonator mirrors were 1 cm, the mirrors had the 100 %
reflectivity at a wavelength of 1084 nm, the plane mirror also
had the 100 % reflectivity at the second-harmonic wave-
length, while the output mirror was completely transparent
for the second-harmonic radiation. The calculations were
performed for the fundamental transverse mode (m;, = 0).
The accuracy of calculation of the spatial distribution of the
fields was 6 = 107%. The values of other parameters are
indicated in figure captions. Note that in Figs 2—6, 8, 9, the
laser output power is indicated at the fundamental fre-
quency in the resonator with highly reflecting mirrors at this
frequency.
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Figure 3. Same as in Fig. 2 for different lengths L of the resonator and
different powers of laser radiation P; (a) and second harmonic P, (b);
2a=1cm, R, =20 cm, P, =1W, R, =50 um, L, = 0.5 cm.
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The results presented in Figs 2—6 depend on the action
of three processes: diffraction, lasing, and nonlinear fre-
quency conversion. As expected, the transverse size of the
second-harmonic beam is always smaller than that of the
fundamental beam.

One can see from Fig. 2 that the greater the diameter of
the resonator mirrors, the less the effect of diffraction from
the mirror edges on the transverse intensity distribution of
laser radiation, whereas the intensity distribution of the
second-harmonic radiation almost does not change. In our
opinion, this is explained by the fact that the second-
harmonic beam is narrower than the fundamental beam,
so that the spatial distribution of the second-harmonic
intensity is less sensitive to diffraction at the resonator
mirror edges. According to Fig. 3, as the distance between
the resonator mirrors is decreased, i.e., when the resonator is
detuned from a hemispherical resonator, the transverse sizes
of the laser and second-harmonic beams decrease somewhat,
whereas their powers decrease substantially. This is
explained by a decrease in the role of diffraction and of
contribution from the active medium. This means that,
when the separation between the resonator mirrors is
constant, an increase in the radius of curvature of the
output mirror should result in a similar effect.

It follows from Fig. 4 that when the resonator strongly
differs from a hemispherical resonator, the spatial structure
of laser radiation becomes rather complex, while the output
power considerably decreases.

Figure 5 shows the dependence of the spatial structure of
the fundamental and second-harmonic radiation at the fixed
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Figure 4. Same as in Fig. 2 for different radii of curvature of the output
mirror and different powers of laser radiation P; (a) and second harmo-
nic P, (b); 2a=1cm, L =20 cm, P, =1 W, R, = 50 pm, L, = 0.5 cm.
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Figure 5. Same as in Fig. 2 for different radii R;, of the pump beam and
different powers of laser radiation P; (a) and second harmonic P, (b);
2a=1cm, L=20cm, R =20 cm, P, =1W, L; =0.5cm.

pump power on the pump-beam radius varied from 10 to
100 pm. When the pump-beam radius is small (10 pm), the
observed spatial structure of fundamental radiation is
determined by the fact that the transverse size of the
gain region of the crystal is smaller that that of a mode
of the empty resonator, i.e., the pump is used inefficiently.
As the pump-beam radius is increased up to 50 um, the
output power increases, while the spatial intensity distribu-
tion becomes smoother, i.e., the pump radiation is used
more efficiently. As R, is further increased, the spatial
intensity distribution does not change, while the output
power decreases, which shows that the pump radiation
again is used inefficiently. Therefore, there exists the optimal
pump-beam radius at which the radiation power at the
fundamental frequency is maximal. Figure 5 shows that this
radius also provides the maximum second-harmonic power.
Our calculations also showed that a change in the pump
power does not change the spatial structure of the funda-
mental and second-harmonic radiation fields.

Our analyses shows that in the region of values of
parameters considered in the paper the situation always
takes place when a variation of some of the parameters
causes a strong change in the spatial structure of laser
radiation field, whereas the spatial structure of the second-
harmonic field changes only weakly (Figs 2 and 5). Note
that the spatial distributions of the laser radiation and
second-harmonic fields have a nearly Gaussian profile in a
broad range of values of parameters. At the same time, there
exist the values of parameters at which the spatial distri-
bution of the second-harmonic intensity strongly differs
from a Gaussian due to a combined action of the saturation
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Figure 6. Same as in Fig. 2 for reflectivity R, of the output mirror for the
second harmonic equal to 0 and 0.9; 2¢=0.5 cm, L=20cm,
R, =40cm, P, =1W, R, =50 um.

of the active medium, nonlinear interaction of the waves,
and diffraction (Figs 4 and 6).

We also compared the spatial intensity distributions of
fundamental radiation in the case of self-frequency doubling
and in the absence of SHG. Our calculations showed that
the spatial distributions of fundamental radiation in these
two cases slightly differ from each other, only the output
powers being different. In other words, even a great energy
transfer to the second harmonic does not affect substantially
the spatial distribution of the fundamental radiation inten-
sity. At the same time, the spatial distribution of the second-
harmonic intensity depends not only on the intensity
distribution of fundamental radiation but on the other
parameters of the problem as well. For example, Fig. 6
demonstrates two spatial distributions of the second-har-
monic intensity calculated for different reflectivities of the
resonator mirrors at the second-harmonic wavelength,
which are substantially different, whereas the spatial dis-
tributions of the fundamental radiation intensity are
virtually the same.

Figures 7—9 present some power characteristics studied
in the paper. One can see from Fig. 7 that there exists the
optimal reflectivity of the output mirror of the resonator at
which the output power of the second harmonic is maximal.
Similar results for crystals of lengths 0.1 and 0.5 cm were
obtained in the case of plane waves [35]. At the same time,
the dependence obtained for a crystal of length 0.9 cm
differs from these dependences in the case of plane waves.
One can also see that to increase the second-harmonic
power in the case of ANCs of a smaller length, it is

P /mW
35+
am- —Ly=0.1cm
4 S ---Ly=05cm
30 s Se e Ly=09cm
N
25 | AN

0 0.2 0.4 0.6 0.8

1.0 R,

Figure 7. Dependences of the second-harmonic power P, at the
resonator output on the reflectivity R, of the output mirror for the
second harmonic for different lengths of the ANC; 2a=1 cm,
L=20cm, Ry =20 cm, P, =1W, R, =50 pm.

expedient to use a higher-Q (for the second-harmonic
radiation) resonator.

Figure 8 shows the dependences of the power of laser
radiation and its second-harmonic at the resonator output
on the pump power for crystals of different lengths. The
threshold pump power for the parameters of the crystal and
resonator considered in the paper was 0.2—0.4 W. One can
see that the dependence of the laser radiation power on the

P /W
40 |
351
30 |
25 |
20 |
15

600 | .
450 | 2
300 %

150 + -7

Figure 8. Dependences of the laser radiation power P; inside the
resonator (a) and the output second-harmonic power P, (b) on the
pump power P, for different ANC lengths; 2a =1 cm, L =20 cm,
Ry =20 cm, R, =50 pm.
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P /W the resonator. It has been found that second harmonic
14| 0 generation, affecting the fundamental radiation power, only
ol oo igg _ 18& weakly affects the spatial distribution of its intensity. It is

- L e P,=15W shown that second harmonic can be efficiently generated by
10 selecting parameters appropriately.
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