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Dynamic small-scale self-focusing of a femtosecond laser pulse

V.P. Kandidov, O.G. Kosareva, S.A. Shlenov,
N.A. Panov, V.Yu. Fedorov, A.E. Dormidonov

Abstract. The formation of many filaments in a laser pulse
with initial perturbations of the intensity propagated in a
turbulent atmosphere is studied numerically. It is shown that
the competition between nonlinear focuses can slow down the
formation of filaments during their propagation. The number
of filaments in the turbulent atmosphere increases with
distance. Nonstationary interference upon defocusing in a
laser plasma leads to the appearance of secondary filaments.
The dynamic competition between filaments produced during
the pulse shortens their length and the length of plasma
channels.

Keywords: small-scale self-focusing, femtosecond pulses, filamenta-
tion.

1. Introduction

The phenomenon of small-scale self-focusing attracted the
attention of researchers as early as the 1970—80s in
connection with the problem of amplification of high-
power nanosecond pulses in solid-state laser systems [1, 2].
At present interest in this phenomenon is caused mainly by
modern problems of femtosecond laser optics. During the
propagation of high-power femtosecond laser pulses in
gases and condensed media, extended filaments are formed,
in which a great part of radiation energy is concentrated
[3—-35]. Filamentation is accompanied by the formation of
plasma channels and extremely strong broadening of the
frequency spectrum of the pulse. The possibility of using
these properties of laser radiation for the development of
new methods of the femtosecond laser technology in micro-
photonics, laser probing of the environment, and remote
control of electric discharges is being investigated at present
[6].

Filaments are formed due to a combined action of the
Kerr self-focusing in a medium and nonstationary aberra-
tion defocusing of radiation in the laser-produced plasma.
In giga- and terawatt pulses, a chaotic beam of filaments is
formed, which are produced due to a small-scale self-
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focusing of laser radiation. The stochasticity of the beam
containing many filaments in a femtosecond laser pulse is
caused by the spatial instability of an intense light field in a
medium with the Kerr nonlinearity [7]. The perturbations of
the intensity and phase of the output laser radiation and
fluctuations of the refractive index of the medium lead to a
random from pulse to pulse location of filaments in the
beam, resulting in an irregular backscattering signal in a
femtosecond lidar [8].

From the point of view of nonlinear optics, filaments are
the traces of moving focuses [9]. Unlike the self-focusing of
nanosecond pulses in optical glasses, an increase in the
intensity in nonlinear focuses of femtosecond pulses is
limited not by two-photon absorption but nonlinear refrac-
tion in a laser plasma produced due to multiphoton and
tunnel ionisation [10, 11].

Filamentation is detected with a CCD camera as many
‘hot’ dots appearing in the distribution of the energy density
in each pulse or as a supercontinuum generated in experi-
ments. In [12, 13], 42-fs, 40-mJ pulses from a Ti:sapphire
laser decomposed during propagation over 35 m into 6—8
filaments, which originated from a small number of
inhomogeneities in the energy density distribution at the
output mirror of the laser system. In the Teramobile setup
[14], more than 20 filaments were observed in a 600-fs, 230-
mJ pulse at a distance of 55 m. As the pulse duration was
reduced down to 100 fs and the peak pulse power increased
correspondingly up to 2 TW, first a few tens of filaments
appeared of length more than ten metres, which then
decomposed into a few hundreds of small-scale ‘hot’ dots
in the energy density distribution in the beam cross section
[15].

Theoretically, filamentation was studied by solving
numerically a system of equations for slowly varying
amplitude of the light field and the electron concentration
in the laser-induced plasma [12, 13, 16]. The problem of
stochastic formation of many tens and hundreds of
filaments in a terawatt pulse in its full formulation with
the dimensionality 3D+1, when the nonstationary cubic
nonlinearity, material dispersion, and fluctuations of the
refractive index of the medium are taken into account,
requires an extremely large computational power and
cannot be solved even at powerful computer centres
containing up to 128 processors [15]. The authors of paper
[16] obtained the spatiotemporal picture of the development
of filaments in a pulse in which large-scale harmonic
perturbations were superimposed on the Gaussian distribu-
tion. The decomposition and merging of the initially formed
filaments was interpreted as optical turbulence.
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The development of many filaments from two perturba-
tions in the intensity distribution at the laser system output
was studied in [13] to explain the fading of a backscattering
signal during periodically pulsed probing of the air. The
stochastic formation of many filaments during propagation
of laser pulses in the turbulent atmosphere was considered in
[17] in the quasi-stationary approximation using a phenome-
nological model of the intensity limitation in moving
focuses. In [15], a reduced model was used in which the
electron concentration in the plasma channel was calculated
by approximating the temporal profile of a pulse in the
vicinity of a nonlinear focus by a hypothetical Gaussian
peak with a specified duration. This reduced the dimension-
ality of the problem and allowed the calculation of the
energy density distribution in the beam cross section upon
filamentation of femtosecond pulses with parameters close
to those generated on the Teramobile setup.

In this paper, we study numerically the dynamic small-
scale self-focusing of a femtosecond laser pulse, which is
manifested in the formation of many filaments. We con-
sidered the development of filaments during the propagation
of a pulse with a small number of initial perturbations in a
regular medium and of an initially unperturbed pulse in the
turbulent atmosphere.

2. Model of the filament formation

A pulse of duration 107"* — 107'* s can be described in the
slowly varying amplitude approximation, and its envelope
E(x,y,z,t) in the current time ¢ satisfies the equation

0E OE O°E 2k’

2ik$fax2+ayf2+z(Ank+Anp+Aﬁ)E. (1)

The increment An, of the refractive index describes the Kerr
nonlinearity. The electron component of this nonlinearity is
instantaneous, while the setting time of the response caused
by stimulated scattering by rotational transitions of gas
molecules is comparable with the pulse duration. Therefore,
Any is represented by the convolution [18, 19]
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where n, is the Kerr nonlinearity coefficient upon quasi-
stationary radiation. For the air, the response function /()
can be approximated by the expression [18§]
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where A2 = Q% — (I'*/4); Q@ = 20.6 THz; and I' = 26 THz.
The contribution An, of the laser plasma to the non-
linearity is determined by the frequency v, = Nyu.0. of
collisions with neutral particles of the medium and by the
plasma frequency w, = (4nezNe/me)1/2:
w2
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where ¢ and m, are the electron charge and mass,
respectively; N, is the concentration of neutral particles;
v, is the electron velocity; o. is the cross section for
collisions of electrons with neutral particles; w is the laser

radiation frequency; and n, is the refractive index of the
medium. A change in the electron concentration is
described by the kinetic equation

ON,
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where f is the recombination rate. The rate of multiphoton
ionisation was determined using the Perelomov—Popov—
Terent’ev model [20] for calculating the rate of avalanche
ionisation, which plays an important role in condensed
media. This rate is [21]
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where W is the ionisation potential (the energy gap width).

Fluctuations of the refractive index A7i(x,y,z) in the
medium are determined by the spatial spectrum Fj,, which
for the atmospheric turbulence has the form [22]

FAn(Kxa Ky, K:) = 0033C”2(K2 + Kg)_“/6 exp(—;cz/;c,%,),

K=Ky + Ky + K2, (7)

where the parameter C? characterises the magnitude of
turbulent fluctuations and the constants xy, = 2n/L, and
K, = 5.92/1y give the lower and upper boundaries of spatial
frequencies of the inertial interval of turbulence [from the
external (L;) to internal (/) scale].

Model (1) neglects the wave instability, which results in a
nonlinear increase in the slope of pulse fronts [23] and does
not affect the formation of nonlinear focuses in its cross
section. In addition, (1) does not contain the group-velocity
dispersion, because the dispersion length of pulses under
study exceeds the distance over which the spatial instability
develops [24].

3. Pulse with intensity perturbations in a regular
medium

Consider the formation of filaments in a pulse with initial
intensity perturbations for a superposition of two partial
coherent beams, whose centres are displaced with respect to
each other in the cross section plane. We assume that the
partial beams are Gaussians with equal amplitudes and
widths:
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where d is the distance between the partial beams of radius
ag. This model corresponds to the energy density distribu-
tion observed at the output of a femtosecond laser system
[25]. As a scale for the peak power P of the pulse (8), we
can use the critical self-focusing power of a Gaussian beam

+Eoexp[—
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which is close to the power of the Townes mode describing
the field in a nonlinear focus [26]. The nonlinearity
parameter R, was estimated as RS =1 in the axial
approximation [27], R =4 by equating the beam Hamil-
tonian H to zero [28], and RS =3.77 according to
numerical simulation [29].

The appearance and the initial stage of formation of
filaments are determined by the Kerr self-focusing of
radiation during which the radiation intensity in nonlinear
focuses increases up to the ionisation threshold of the
medium. (In the air at the atmospheric pressure, the
multiphoton ionisation threshold is ~5x 10" W cm™>
[30], in water this threshold is 10> W cm™? [31].) Plasma
in a nonlinear focus causes the defocusing of the subsequent
temporal slices of the pulse, resulting in the appearance of
interference rings in the distributions of the intensity and
energy density [11]. The plasma channel stabilises the
parameters being measured, which characterise the filament
energy and transverse size. Strong gradients of the light field
in the plasma cause the generation of a supercontinuum [32].

To analyse qualitatively the initial stage of the filament
formation, we consider the stationary self-focusing of laser
radiation (8), whose intensity coincides with the peak pulse
intensity. It follows from numerical calculations that in this
case two critical powers P! ) and Pcr) exist, whose values
depend on the distance d between the partial beams
(Fig. 1a). For the peak power P < PC(r , filaments are
absent. For Pér) <P< Pc(r), one nonlinear focus appears
in the pulse and, hence, one filament forms. For P > Pc(r2>,
two and more filaments appear. For d — oo, the radiation
decomposes into two uncoupled partial beams, the values of
P and P2 tend to 2P;", and one filament can no longer
be formed.

As the peak power P increases, the displacement of
partial beams being constant (d/a, = const), the distance Z;
to the filament origin changes nonmonotonically. When the
first critical power is slightly exceeded [P > P.V], the
distance Z; rapidly decreases with increasing P. For
P> Pc(rl), this decrease slows down, and as the power P
approaches Pc(r2>, the self-focusing distance Z; increases with
P (Fig. 1b). Such a type of the dependence Z(P)
explained by a competition between initial perturbations,
which can be treated as ‘stationary’ because it develops with
the distance z and is independent of time 7. For the peak
power P > PC(I.I), the initial perturbations at the beginning of
propagation merge into one, and then self-focusing occurs,
at which the power from the beam periphery transfers to its
axis according to the model of moving focuses [33]. In this
case, the distance to the filament origin decreases with
increasing P. For P < Pc<r2), initial perturbations first
increase independently. Then, the ‘extended’ competition
occurs between the enhanced perturbations, and the power
accumulated in them transfers to the beam axis, where one
nonlinear focus forms. The ‘stationary’ redistribution of
power in the pulse cross section increases the time of the
pulse formation, and the distance to the pulse origin
increases. For P > Pcr2 , the distance Z; again monotonically
decreases with increasing powc(e)r

The first critical power PH " was analytically estimated
by equating the Hamiltonian to z(ero (Fig. 1a) [34]. It
follows from the dependence of P /P on the distance
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Figure 1. Dependences of the critical powers Pc(rl ) and Pérz ) on the dis-
tance d between the maxima of perturbations in the initial intensity
distribution and the estimate of PCIZ M from the Hamiltonian (Pc(r1 ) and
P are normalised to the critical self-focusing power Pg* of the
Gaussian beam calculated numerically, PH "is normalised to the critical
power PgH calculated from the Hamiltonian) (a) and dependences of the
distance Z; to the filament origin on the peak power P for different
distances between initial perturbations d (Ly = kag is the diffraction
length of the partial beam) (b).

d that the estimate by the Hamiltonian H gives the over-
estimated critical power in the region d/ay =2 — 6, where
the nonlinear focus is formed during a strong competition
between initial perturbations.

We considered dynamic self-focusing during the propa-
gation of a 27-fs pulse (8) in water with partial beams of
radius @y = 63 pum separated by the distance d = 2q,. These
parameters correspond to the experiment on filamentation
of a pulse focused in water [35]. The Kerr nonlinearity in
water can be treated as inertialless, and the response
function A(f) can be represented by the delta function
0(r). The nonlinearity coefficient for water is
n, = 107" em®> W', which corresponds to the critical
self-focusing power of a Gaussian beam P, =4 x 10 W
[35]. Avalanche ionisation in water makes a substantial
contribution to the plasma production because for the
radiation intensity in the filament equal to
10" — 10" W em™2, the ionisation rate v; achieves
~5/ty, while the collision frequency v, is close to the
radiation frequency wgy. The distributions of the energy
density J(x,y) in the pulse cross section and the electron
concentration N.(x,y) in the plasma are presented in the
form of tinted images in Fig. 2 for different distances z.
Initially, J(x, y) has the distribution with two weak maxima,
which is elongated along the y axis (Fig. 2a). For the peak
power P =5.3 x 10 W, which, according to the depen-
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Figure 2. Tinted images of the distributions of the energy density (upper row) and the electron density N,(x,y) in a laser plasma (lower row) in the
pulse cross section at distances z/Ly = 0 (a), 0.15 (b), 0.20 (c), 0.25 (d), and 0.30 (e). The energy density J is normalised to 0.29 J cm ™2, the electron

density N, is normalised to 2.7 x 10" ecm™.

dence in Fig. la, is lower than Péf) but is higher than P§r1>,
one filament forms in the pulse with a plasma channel at the
axis.

In a pulse with the energy W = 140 pJ and peak power
P=3x10°W exceeding Pcr), two closely spaced filaments
are formed in the plane z = 0.15Ly, where Ly = kad is the
diffraction length of the partial beam (Fig. 2b). The
radiation intensity between the filaments achieves the photo-
ionisation threshold, and a connector appears between the
plasma channels. Defocusing in the plasma produces waves
at the rear edge of the pulse, which go away from the
filaments, carrying their power. This results in the appear-
ance of local minima at the centres of filaments in the energy
density distribution. At the distance z = 0.20L4, the inter-
ference of these waves leads to the formation of the intensity
maxima, at which two short secondary filaments appear
(Fig. 2¢). Later (for z = 0.25Ly), the local maxima of the
energy density are preserved at the place of secondary ones.
However, plasma channels disappear because the radiation
intensity does not achieve the ionisation threshold during
the pulse (Fig. 2d) and two filaments with a complex energy
density distribution remain. The cross section of their
plasma channels are elongated (Fig. 2e).

4. Pulse in the turbulent atmosphere

The frequency of collisions of electrons with neutral
particles in the air for the radiation intensity achieved in
a filament is about 2 x 10'? s", and the contribution of
avalanche ionisation to the plasma production during the
propagation of pulses of duration shorter than 500 fs is
negligible. In addition, we can neglect electron recombina-
tion, which occurs for ~1 ns. The critical self-focusing
power for pulses of duration 107 fs is 6x 10° W
according to measurements [5].

Filamentation in the presence of fluctuations of the
refractive index of the air was considered for a 100-fs,
0.8 pm pulse with the peak energy density J, = 8 mJ cm™>.
The radiation intensity was described by the unimodal
Gaussian distribution (d =0) with the width ay = 0.92

cm and the maximum value I, =0.45x 10" W cm™2.

The fluctuations of the refractive index along the path
were simulated by a phase screen, whose statistical charac-
teristics corresponded to the atmospheric turbulence with
the parameters C>=2x 107" cm /3, Ly=1m, and
lpy =1 mm.

The dynamics of the intensity distribution /(x,y) over
the pulse cross section is illustrated in Fig. 3, where the
tinted images of I(x,y) are presented for different times ¢
and z = 80 m. At the leading edge of the pulse (#/1y = —0.8)
in the central part of the beam in the region of a ‘focusing’
fluctuation of the refractive index in the turbulent atmos-
phere, a nonlinear focus arises (Fig. 3a). In the temporal
slice 7/t9 = —0.4, defocusing is observed in the plasma
produced by the previous slices of the pulse. At the centre
of the produced filament a local intensity minimum appears
(Fig. 3b). In addition, the interference of the wave going
away from the filament and the incident wave, perturbed by
atmospheric fluctuations, results in the formation of the
stochastic picture of the intensity maxima in which the ring
structure is manifested, which is observed in homogeneous
media [11]. The intensity maxima become the centres of the
formation of secondary filaments in the next temporal slices.
In the central temporal slice (¢/7y = 0), the number of global
maxima and local maxima, caused by the interference of the
waves, increases (Fig. 3c). At the pulse tail, where power
decreases, defocusing in the laser plasma is especially
prominent, and only weak and blurred intensity perturba-
tions remain in the pulse cross section, whose number
decreases (Figs 3d,e). Note that the positions of the
intensity maxima in the (x, ) plane change during the pulse
because they depend on the perturbations of the refractive
index caused by the turbulence and plasma produced by
previous filaments.

Figure 4 shows a change in the distributions of the
energy density J(x,y) and electron concentration N,(x,y) in
plasma with the distance z. At the distance z = 50 m, one
can see a ‘hot dot’ of the primary filament with a high
energy density (Fig. 4a) and the corresponding plasma
channel with a drastically increased electron concentration



Dynamic small-scale self-focusing of a femtosecond laser pulse

63

x/cm

xcm

a b

Figure 3.
P =20P,,. Sections correspond to the instants 7/7y =

x/cm

C

x/cm

d

x/cm

[§

Intensity distribution /(x,y) in the pulse cross section at the distance z = 80 m in the turbulent atmosphere for the peak pulse power
—0.8 (a), —0.4 (b), 0 (c), and 0.8 (d).

(Fig. 4d). Also, perturbations in the energy density distri-
bution caused by the atmospheric turbulence exist, in which
the probability of the formation of new filaments is high. As
a result, another ‘hot dot’ appears at a distance of 60 m,
which corresponds to the secondary filament (Fig. 4b), and
the number of plasma channels increases (Fig. 4¢). The
plasma produced by the primary filament leads to the
formation of a local minimum at the filament axis and
of a ring structure in the distribution J(x, y).

Later on, the pulse decomposes into many randomly
located filaments and plasma channels (Figs 4c,f). In this
case, the positions of these channels in the pulse cross
section can be not coincident with ‘hot dots’ in the energy
density distribution. As follows from analysis of the
dynamics of plasma channels, during refraction a local
tilt of the wave front appears in them, resulting in the
appearance of weakly diverging trajectories of filaments and
in a noticeable displacement of plasma channels along the
extended atmospheric path.

5. Conclusions

In a high-power femtosecond laser pulse, dynamic self-
resulting in the formation of many

focusing develops,

filaments in the pulse cross section. A stationary competi-
tion between nonlinear focuses at the initial stage of
filamentation can lead to an increase in the distance to the
filament origin. The intensity maxima in the nonstationary
interference pattern produced due to defocusing of
filaments in the laser plasma are the centres of the
formation of secondary filaments. Fluctuations of the
refractive index in the turbulent atmosphere result in an
irregular interference pattern and stochastic decay of the
pulse into numerous filaments. The direction of the power
transfer in the pulse cross section varies with time during
the formation of filaments. The dynamic competition
between filaments affects their length and the length of
plasma channels.
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