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On the influence of electron heat transport on generation
of the third harmonic of laser radiation

in a dense plasma skin layer

V.A. Isakov, A.P. Kanavin, S.A. Uryupin

Abstract. The flux density is determined for radiation
emitted by a plasma at the tripled frequency of an ultrashort
laser pulse, which produces weak high-frequency modulations
of the electron temperature in the plasma skin layer. It is
shown that heat removal from the skin layer can reduce high-
frequency temperature modulations and decrease the non-
linear plasma response. The optimum conditions for the third
harmonic generation are found.

Keywords: ultrashort pulse, generation of harmonics, heat transfer,
skin effect.

The interaction of ultrashort laser pulses with solids results
in the production of a high-density plasma on their surface,
whose boundaries remain sharp during the pulse action
(see, for example, [1—4]). Due to a high electron density,
the conditions are quite simply realised under which the
interaction of the pulse with plasma occurs in the normal
skin-effect regime [2, 4]. It is known that absorption and
reflection of radiation in the case of normal skin effect are
substantially determined by collisions of electrons with ions.
At the same time, electron—ion collisions lead to the
generation of odd harmonics of the high-frequency field [5].
The third harmonic generation of the field in a dense
plasma skin layer caused by electron—ion collisions was
considered in papers [6, 7]. The description of plasma
emission at the tripled laser frequency proposed in [6, 7] can
be applied when the emission frequency o exceeds the
frequency of electron—electron collisions ve.

In this paper, we present the theory of third harmonic
generation, which can be used for v, > w. Due to frequent
electron —electron collisions, the electron distribution func-
tion in the skin layer remains close to the Maxwell function,
which allows us to describe the third harmonic generation
by using the equation for the electron temperature. Because
this equation takes into account heat removal from the skin
layer, the approach used below describes the influence of
heat transfer on the third harmonic generation by applying,
as in [8, 9], a system of coupled equations for the field and
electron temperature. In [8, 9], the numerical solution was
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obtained for these equations and the emission spectrum of
the plasma was found under conditions of the rapid heating
of electrons in the skin layer irradiated by a laser pulse.

Unlike [8,9], we obtained below the approximate
analytic solution of the equations for the field and tempera-
ture, which is valid for comparatively low laser radiation
densities and short pulses, when the laser pulse causes weak
perturbations of the electron temperature in the skin layer.
This analytic solution gives the explicit dependences of the
third harmonic generation efficiency on the plasma and laser
pulse parameters. We found that heat removal from the skin
layer reduces the amplitude of high-frequency modulations
of the temperature perturbation, resulting in the decrease in
the plasma emission intensity at the tripled laser frequency.
This effect is especially strong when the electron mean free
path exceeds 6 % of the ratio of the speed of light to the
electron plasma frequency. For lower mean free paths, the
third harmonic generation is comparatively efficient.

Consider the interaction of an ultrashort laser pulse with
the dense plasma having a sharp boundary and occupying
the region z > 0. The assumption about the sharp boundary
of the plasma means that the plasma expansion during its
preparation and emission can be neglected. When studying
optical effects caused by electrons in the skin layer, the
plasma expansion can be neglected at times shorter than the
ratio of the skin-layer depth to the velocity of hydrodynamic
expansion of the plasma, which is of the order of the sound
speed. In particular, when the normal skin effect is realised,
the solid state plasma expansion can be neglected at times
shorter or of the order of 100 fs. We assume that the laser
pulse has a sharp leading edge, which arrives to the plasma
boundary at the instant = 0. Then, the electric field
strength of the incident pulse is

Ei(z,t) = E,sin(wt — kz)n(wt — kz), z <0, (D)

where E, = (E;,0,0); w is the frequency; k is the wave
number; ® = kc; ¢ is the speed of light; and #7(x) is the
Heaviside function. The step switching of the pulse
described by the Heaviside function simplifies the conside-
ration but is not necessary. The matter is that of most
interest are the properties that are independent of the
switching effect. In the case of step pulse switching, these
properties are realised at times 7> /. It is these pro-
perties that are studied in our paper. At the same time, the
method of switching on and off an ultrashort laser pulse
considerably determines the spectrum of incident and
reflected radiation. In experiments, laser pulses are usually
switched on and off comparatively smoothly. For example,
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when the pulse switching is described by the function
ocexp[—(t/fp)z], where 1, is the characteristic pulse dura-
tion, the effective spectral width of the pulse Aw is \/ﬁ/tp.
In this case, as shown in [8, 9], the influence of the pulse
duration on the absorption coefficient is manifested only
for 1, < 1/w, while the third harmonic in reflected radia-
tion is distinctly observed against the background of the
exponential tail of the broadened signal at the fundamental
frequency.

For ¢ > 0, the laser pulse is reflected from the surface
z = 0 and partially penetrates into the plasma. The field of
the reflected pulse has the form

E.(z,t) = E.(z+ ct)n(z+ct), z<O0. (2)

We assume that the pulse interacts with plasma under
the conditions of normal skin effect, when the frequency w is
much lower than the electron—ion collision frequency v and
the mean free path of thermal electrons / = vy/v is much
smaller than the skin-layer depth d (v is the thermal
velocity of electrons). The evolution of the electron tempera-
ture 7= T(z,7) and the electric field strength E(z,¢) =
(E(z,1),0,0) in the case of normal skin effect in the plasma
is described by a system of coupled equations [8, 9]

2

4n 9
3 EG0) = 5 50z 0EG. 1) 3

% nkg % T(z,1) = o(z, t)Ez(z7 1) —&-% {i(z, 1) %T(z, t)} , @
where a(z,1) = [32/(2n)'/2]ezn/mv(z, t) is the plasma con-
ductivity; e, m, and n are the electron charge, mass, and
density, respectively; v =v(z, f)=4nZe*nA/\/m kg T (z, t)]3 /2,
Z is the degree of ionisation of ions; kg is the Boltzmann
constant; A is the Coulomb logarithm; and 1= A(z, 1) =
[128/(2m)" /! nk3 T (z, ©)/mv (z, 1) is the Spitzer—Harm heat
conductivity.
System of equations (3), (4) has the initial

E(z,t=0)=0, T(z,t=0)=T,, (5

and boundary

E(Z — 00, t) =0, T(Z — 00, l) =Ty, (6)
0 ) 0
& E(Z, t) i =-2 ? Ep COoS wt, & T(Z, t) o = 0, (7)

conditions, where Ty, is the initial electron temperature. The
boundary condition for z = 0 for the temperature derivative
corresponds to the absence of a heat source on the plasma
surface, while the boundary condition for the field
derivative is the corollary of the continuity of the electric
and magnetic fields for z = 0.

Absorption of the filed in the skin layer causes the
heating of electrons. We assume that a change 67 = 87T (z, 1)
in the initial temperature due to such heating is compara-
tively small:

3T < Ty, ®)

Apart from condition (8), we also assume that the
inequality

0 3|0 3
‘alnE‘> E‘EIHT‘f— — =0T

T, Ot ®

2

1 © ‘

is fulfilled, which means that the field in the skin layer
changes faster than temperature. Then, the solution of the
system of equations (3), (4) can be found by using the
perturbation theory. In the first approximation, by
neglecting a change in the electron temperature, we obtain
from (3) a linear equation for the field in plasma, which
satisfies boundary conditions (6), (7) and initial condition
(5). The solution of the corresponding linear equation has
the form

d wt
Ey(z,t) =2 - prJ 7 cos(wt — 1)

0 (2mr)

2
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where
o) 1/4 1/2
d:(“j L(E) ; (11
wy, [0V

vy is the electron—ion collision frequency at the temperature
To; and o is the Langmuir frequency. For wt> 1, we
obtain approximately from (10)

dw z z T
Ey(z,1) ~ \/57 E, exp<—3> cos(wt _;l__) (12)

It follows from (9) and (12) that solution (12) takes place if
the electron temperature varies for the time exceeding 1/w.

In turn, for a small temperature change, we obtain from
(4) a linear equation of the type

2

309 d 5
EnkB&BT(Z,t)—AaZjBT(Z7[)—O'E()(Z7[), (13)
8T (z,t =0)=0, 8T (z — o0,1) =0,

(14)
0 T (z,1) 0
_ z =
oz ’ o s

where the conduction ¢ and the heat conductivity A depend
on temperature T,. Equations (4) and (13) contain the
electron density, which satisfies the equation of continuity
On/0t + div (j/e) = 0, where j is the current density. In the
conditions under study, the current along the inhomoge-
neity direction is absent because the contribution to the
current due to the temperature gradient, which is respon-
sible for thermal diffusion, is compensated by the
contribution to the current from an ambipolar electric
field. The description of heat transfer within the framework
of the Spitzer—Harm approach is based on this concept
(see, for example, [10]). The nonzero component of the
current density along the surface depends only on the
coordinate z. As a result, we have divj=0 or on/0r =0,
which allows us to neglect the density perturbation. Note
also that the relative perturbation of the electron density
caused by high-frequency modulations of the pondermotive
force in the case of the normal skin effect under study,
which is neglected in our approach, is substantially weaker
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than the relative perturbation of the electron temperature
due to their Joule heating described by Eqn (13). From (13)
and (14), we find the temperature perturbation

5760 = (175 ) e | ),

5 [ﬁ Bo(=, t/)]z{exp{—g@ + ﬁ)Lz(cfz;—(Ztl)z,/J

3 (z+2')?
—=(2 3) ——"—"— 15
-I—exp{ 2( +\/—)L2d2w(t—t’) , (15)
where
64 w w
L:(M)l/2 (1+\f3)7L10:70107L; (16)

and [y = (kyTy/m)"? /v, is the mean free path for T = T,
By using the field distribution (12) at times much longer
than 1/w, we find from (15) the temperature perturbation
for z=0:

o el )
x J:C% [1—(1+x)e™] exp[— <3 :Lﬁ)zz)_]

~ 4cos(2w) } or > 1
3+6L/(3+3) ) ’

where = CE;/STC is the incident radiation flux density.
Relation (17) allows one to write conditions (8), (9) in the
explicit form. For a weak heat removal, when L < 1, at
times satisfying inequalities

(B+V3)
16L% ~°

(17)

1 <ot < (18)

the perturbation of the electron temperature is small if

81

— ot < 1.
3anBTO w1 <

(19)

Because wt > 1, condition (9) automatically follows from
inequality (19). Inequality (19) imposes restrictions both on
the radiation flux density and the pulse duration.

When the current density is sufficiently small,

2

I<enkgTyl? ————, (20)
(1+v3)°
the time interval can be increased. Indeed, if
2
3 3
ot > M, 21

1612

the temperature perturbation remains small until the
inequality

(14 1)

Vrenkg T V3 (22

is satisfied. Because wt > 1, condition (22) provides the
fulfilment of inequality (9).

For a comparatively intense heat removal, L > 1. In this
case, the ratio 87/7, remains small if inequality (22) is
satisfied, in which wf > 1. Inequality (9) is satisfied auto-
matically in this case.

The temperature perturbation leads to a change in the
electric field in the skin layer. For small corrections to the
field, we obtain from (3) the linear equation

oz

0 1, 0
a BE'(Z7 t) — 5 wd @ SE‘(Z7 t)
3 0 [8T(z,1)
=3 Ey(z,1) o [ T ] (23)
with the boundary and initial conditions
0
8E(z,t=0)=0, 8E(z — 00,1) =0, — 8E(z,1)| =0.(24)

z=0

The field Ey(z,?) in the right-hand side of Eqn (23) is
described by relation (10), while the temperature perturba-
tion 87'(z, t) is described by relation (15). We find from (23)
and (24)

SE(z,t) = LIWJ:}%/{CXP {_%1'(2260—(712921’)}

} }Eo(z', 0 [—3”2(;0” )]. 25)

(z+z')

+eXp{ 2d20(i — 1)
The field perturbation 3E(z = 0, ¢) on the plasma boundary
determines corrections to the reflected-signal field
0E.(z=0,1) =0E(z =0,1). Consider the field perturbation
0E(z=0,¢) for wt> 1. At such times, we can calculate
integrals over ¢’ and z’ in (25) by using the expressions for
Ey(z',t") and 8T(z',t") corresponding to the instants
wt' > 1. In addition, by considering generation at the
frequency 3w, we retain in (15) only the terms that vary
with the frequency 2w for wz > 1. As a result, we find from
(12), (15), and (25) the field strength at the frequency 3w for
z=0:

V2 do I

b
X cos<3w171)‘

Here, the function F(L) describes the influence of heat
removal from the skin layer on the third harmonic gene-
ration:

(26)

2
F(L) = [1 +5 2L @7)

—1
(1+v3)(1 +L)} '

The electric and magnetic field strengths in vacuum at the
frequency 3w are the same, while the radiation flux density
is I,(3w)=(0,0, — I,(3w)) and is independent of the
coordinate:

T(3w) cdt

I.(3w) = JO Ta) [8E,(z = 0,1)]%, (28)
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where 7 (3w) = 2n/3w. In accordance with the definition
I,3w) = In(3w), we find from relations (26)—(28) the third
harmonic generation efficiency

If the electron mean free path is small so that L <4 or
Iy € 0.06¢c/w;, then F(L)~1. In this case, the function
n(3w) (29) depends on the plasma and radiation parameters
as the function n,(3w) obtained in [6] by using the
approximate solution of the kinetic equation for the
electron distribution function. In [6], the third harmonic
generation was studied by assuming that electron—electron
collisions weakly affect the electron motion in the high-
frequency field of a laser pulse. Such an assumption is
justified if the electron—electron collision frequency v, =

(29)

v/Z is lower than ®. On the contrary, if v, > w, frequent 3.

electron—electron collisions maintain the electron distribu-
tion close to the Maxwell distribution, and the description
based on the use of equations for the electron temperature
can be applied. Due to frequent electron—electron colli-

5.
sions, the third harmonic generation efficiency n(3w) (29) 6.

proves to be lower by a factor of (31571/512)2 ~ 3.7 than

the efficiency #,(3w) found within the framework of kinetic 7.

approach [6].
If [y » 0.06c/w;, then L > 4, and we obtain approxi-
mately from (27)
92+V3 2 06¢’
FAL) ~ (2+V3) ( 3y/mc >2<006c> <1. 30)
64\/510(UL lOwL

According to (30), for [y > 0.06¢/w;, the relative efficiency
of third harmonic generation decreases, which is charac-
terised by the coefficient F*(L) < 1. The function n(3w) (29)
decreases due to heat removal from the skin layer, which
results in a decrease in high-frequency modulations of the
temperature perturbation producing generation at the
frequency 3w. One can see from (30) that the generation
efficiency decreases with increasing mean free path. Recall,
however, that expressions (29) and (30) were obtained
assuming the classical heat transfer according to the
Spitzer—Harm law. This assumption is justified if the
mean free path is much smaller than the spatial scale of
temperature perturbation inhomogeneities, which, under
conditions under study, is comparable to the skin-layer
thickness d (11), ie., ly <d= (1/128)"*(vy/w)"/*¢c/w; ~
0.16(v0/w)1/2c/w]_, where vy > .

The mechanisms of the influence of heat transfer on the
function n(3w) (29) established above allow one to deter-
mine the optimum conditions for generation of the third
harmonic of an ultrashort laser pulse. Let us present the
example of such conditions. We assume for estimates that
the plasma consists of fully ionised beryllium atoms with
Z = 4 and electrons with the density n = 5 x 10* cm™* and
has the temperature 7, = 100 eV. In such plasma, vy ~
0.5m; ~2x10"%s7" [y ~3%x10% cm, L ~ 3, and F(L) ~
0.7. We assume that the fundamental frequency w of the
laser pulse is 2 x 10'° s™! and its duration is ~2m/w ~ 3 fs.
Under these conditions, vy > @ and dy ~ 107® cm > /;. The
electron temperature perturbation remains small during the
pulse action if, according to inequality (22), the radiation
flux density satisfies the condition I/cnkgTy < 0.15, or
I1<4x10'® W cm™2. For the maximum possible flux den-

22
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sity, we find from (29) that y(3w)~ 6 x 10°%, which
corresponds to the flux density at the frequency 3w emitted
from the plasma equal to I,3w)~ 2 x 10" W cm ™2,
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