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On the theory of signal filtration in a bistable moderately

dissipating oscillatory system

A.N. Dombrovskii, S.A. Reshetnyak, V.A. Shcheglov

Abstract. The interaction of a weak periodic signal with
noise is studied theoretically in bistable systems. Based on the
generalised Smoluhowski equation, it is shown that, depend-
ing on the relation between the friction coefficient and the
oscillation eigenfrequency, the solution of this equation has
the aperiodic or oscillatory character. Within the framework
of the linear response theory, the stochastic resonance effect
is explained and the optimum value of the friction coefficient
is found at which the output signal-to-noise ratio of a bistable
system exceeds the input signal-to-noise ratio.

Keywords: stochastic resonance, bistable system, moderate dissipa-
tion.

1. Introduction

Optical bistable systems, which are very convenient for
studying the nonlinear interaction of a signal and noise,
attract considerable recent attention [1—3]. In particular, a
ring laser with an acousto-optic modulator [1] was the first
experimental setup in which the anomalous increase in the
signal-to-noise ratio caused by the stochastic resonance
(SR) effect was found with increasing the noise intensity.
The propagation of laser radiation either clockwise or
counter-clockwise corresponds to two stable equilibrium
positions in a bistable system. The interaction between the
signal and noise was performed by varying determinately
and randomly the parameters of an acousto-optic modu-
lator. The review of papers on the SR effect is given in
[4, 5].

However, as follows from theoretical studies [6—9], aside
from the SR effect, another anomalous phenomenon can be
observed in optically bistable systems, which lies in the fact
that the output signal-to-noise ratio of a bistable system
exceeds the signal-to-noise ratio at its input only due to
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energy transfer from the noise to signal. According to [10],
we call this phenomenon the stochastic filtration effect. This
paper continues the theoretical study performed in [9].
While in [9] the first-order system was analysed, here we
study these effects in the second-order system, which has
been studied mainly numerically so far [11-13].

Without referring to any specific optically bistable
system, we consider the behaviour of an abstract physical
quantity n obeying the system of Langevin equations

%+ yu+ W'(n) = heos(wgt) + (1), (1
v=S0 () = 0. (&0Em)) = 25— 1),

where W(n) = —an2/2 + /3114/4 is the bistable potential and
y is the friction coefficient. One can see that (1) is the system
of equations of nonlinear oscillations caused by the action
of the signal hcos(wsf) and the white noise &(7) of the
intensity ¢ at the input of the bistable system. The angle
brackets in (1) denote averaging over time or an ensemble
of realisations of the random force &(7). The potential
function W(n) has two minima or stable equilibrium
positions at the points +1,, where 5, = (ot/ﬁ)l/z. Between
the equilibrium positions the potential barrier of width
Wy = o /(4p) is located.

It is well known [14] that the behaviour of systems
described by the second-order Langevin equations depends
on the value of the friction (or dissipation) coefficient. In the
limiting case of large friction coefficients, relaxation to the
equilibrium state is aperiodic and described by the Smolu-
howski equation. In the limiting case of small friction
coefficients, relaxation has the oscillatory behaviour and
is described by the energy diffusion equation. In this paper,
we show that in the case of moderate dissipations, the
description involving both aperiodic and oscillatory features
can be used. Within the framework of such an approach and
the linear response theory, we explained the effects of
stochastic resonance and stochastic filtration and also found
the optimal friction coefficients at which the conditions are
improved for detecting weak signals against the background
noise.

Before proceeding to the analysis of system (1), we find
the conditions under which it transforms to the first-order
equation for n studied earlier in [9]. By representing the
potential near one of the equilibrium positions in the form

1
W) = =Wo+35 o501 —n) + ... @)
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where w, = (22)'/? is the eigenfrequency of oscillations near
the equilibrium position, we find the established in time
response of the system to a signal in the absence of noise,
which is described by the expression

hcos(wst — @)

n=mn+ 2 2
[(0f — w2)* + ()]
3)
Yg
tan p = ———.
[y,

It can be easily verified that expression (3) for signal
frequencies w, < w, and eigenfrequencies w, < y coincides
with the solution [9] of the first-order Langevin equation

g,
o (n) = Acos(wyt), 4
where u(n) = W(n)/y; A= h/y.

It follows from (4) that in he limit of low signal
frequencies w,, the theory based on the system of equations
(1) should contain the results obtained earlier [9]. However,
the questions related to the behaviour of a bistable system in
the frequency region wg ~ wy and the dependence of the
signal-to-noise ratio on the friction coefficient y remain
open. It is these questions that we considered in this paper.
We have managed to obtain analytic results only for small
amplitudes / of a signal.

2. Kinetic equation for small friction coefficients

Note that the system of equations (1) is universal and is
used in many fields of physics. For 4 = 0, it forms the basis
for the theory of motion of Brownian particles with the unit
mass in the potential field W (n). Let us pass from system
(1) to the kinetic equation for the probability density
distribution F [10]:

OF OF , OF OF 0 0
E—&—va—W a——i—hcos(wt) % a—(va—i—s—) (5)

Fliy =800~ 1.8~ v). [ Fando =1,

where #, and v, are the initial values of # and its derivative,
respectively. We also assume that a signal begins to act on
the system at the instant ¢ = 0.

By considering the equations for the first two moments
following from Eqn (5),

aﬂo aﬂl =0
ot o
o, oM
S S W = heos(,0] g = 3.0,

where .4, = [v"Fdv, we obtain the exact equation

o>, o, o,
e +yﬁ+hcos(a) 1) —— o
0 EMZZ

To break the chain of equations for the moments, we find
the relation between .#, and .# . In the absence of a signal,
Eqn (5) describes the establishment of the Maxwell -
Boltzmann distribution. The establishment time of the
velocity-equilibrium Maxwell distribution is of the order of
»~! [10], which is substantially shorter than the time of
establishment of the Boltzmann distribution over #, which
is determined by the quantity inverse to the Kramers
frequency [14] or by the average time of transition of a
Brownian particle through a potential barrier. Taking into
account the fast transition of the velocity distribution
function to the equilibrium function, we consider relaxation
for the time 7 >y ~!. Then, the relation between .#, and
My can be considered the same as in the case of the
established distribution function of Eqn (5). We assume
that in this case the theory will give correct quantitative
results for signal frequencies w, < y and correct qualitative
results for w, > y. For small signal amplitudes established
in time, the solution of Eqn (5), taking (2) into account, has
the form

_(v— 6)2 + g (x — )E)2

™

where x =n —1y;, 0 =¢/y is the analogue of the motion
temperature of Brownian particles; and X and v are the
average values of x and v satisfying the equations

do dx _
d—+yv+cu = hcos(wgt), T ®)

Note that the solution of Eqn (8) for average values exactly
coincides with the solution (3) of linearised Eqn (1)
describing forced oscillations in the absence of noise.

By using (7) and considering signals with amplitudes
h < (e)"?, we find

My = (0+02)My ~ 0.4,

In this case, Eqn (6) takes the form

o of of_ 0 of
§+ya—l+hcos(w t)a17 617< "F+0 = ) )
where f= /.

In the case of low signal frequencies (w, < wy), the
second derivative with respect to time from the distribution
function can be neglected and Eqn (9) transforms to the
known Smoluhowski equation, which is equivalent to the
first-order Langevin equation (4). For wg ~ w,, the second
derivative should be taken into account. Note that Eqn (9)
was obtained for the parameters of a bistable system
satisfying inequalities

<y, h<@E)' (10)

3. Analysis of the kinetic equation
for small-amplitude signals

We assume that the signal amplitude satisfies the condition
h < wy+/0, which is more strict than condition (10). Then,
the solution of Eqn (9) can be found in the first order of the
nonstationary perturbation theory in a small parameter /.
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Because this solution is constructed similarly to that in [9],
we present here the main results of calculations.
We seek the distribution function in the form of a series
f=p+p+p+..., 1

where p is the solution of unperturbed Eqn (9), which takes
the form

02 op 0 , 0
J+“ —p——(W p+0§>,

r T O (12)

Plimo = 8(n —n.), den =1

where p is the perturbed part of the distribution function
proportional to / and defined by the equation

or?

op 0 op 0
\ ﬂfi<W’[;+()§) —lqcos(wst)i,

Ty Ty on

(13)

o =0, [adn=o

p is the perturbed part of the distribution function pro-
portional to A%, etc. For small signal amplitudes #
considered here, it is sufficient to find the solution of (9)
in the form of a sum of the two first terms of series (11).
From the physical point of view, the terms p and p in (11)
describe the response of the system to noise and signal,
respectively.

Solutions for p and p are represented in the form of
series in the basis functions ¢,

p=p0Y_ CalDo,(n), p=po > CalDo,(n),  (14)
n=0 n=0

where p, = Ny Vexp (— W/0) is the equilibrium distribution
function of Eqn (12) normalised to unity and N, is the
normalisation constant. The basis functions ¢, are the
eigenfunctions of the boundary problem

d do 5
0 — n\ _ _
di’] (pO dl’] ) Vi PoPn

where the positive eigenvalues have the dimensionality of
the square of frequency and are denoted by v2. They can be
conveniently numbered in the order of increasing as vy = 0,
V<V <V3....

The eigenfunctions ¢, have the orthogonality and
completeness properties [9]. For the symmetric potential
W considered here, all ¢,, are even and ¢,,,, are odd
functions of the variable #. There exists the method [15] for
successive calculations of all the eigenfunctions and eigen-
values, beginning from ¢, and v. The first term of a series
for p in (14) is the equilibrium probability density distri-
bution in the absence of a signal and it corresponds to
vy = 0 and ¢, = 1. As follows from calculations [15], unlike
the higher eigenvalues, the first nonzero eigenvalue v;
exponentially depends on the noise intensity,

2
2, @0 M
VI_n 2exp( 0)"

(15)

(16)

The quantity gives the Kramers frequency for the
transitions of a Brownian particle from one potential
well to another caused by the action of noise on a bistable
system. The quantity inverse to the Kramers frequency
determines also the characteristic time of establishment of
the Boltzmann distribution over the variable #. The fre-
quencies v, and v; coincide by the order of magnitude with
the frequency w, of the natural oscillations of the bistable
system near one of the equilibrium positions and weakly
depend on temperature 6. The higher eigenvalues v describe
the details of the behaviour of the bistable system during its
relaxation to the stationary state and are of minor impor-
tance.

By substituting (14) into (12) and taking into account the
orthogonality of the eigenfunctions ¢,, we obtain equations
for the coefficients C, of expansion (14)

d’c dc, 5
n n C — 0
d12 s dt + v Gy >
17
dc
C = . 1 =0.
n|r:0 @, (1.)s dz o

One can easily see that, taking into account the complete-
ness of the eigenfunctions, the initial conditions in (17)
correspond to the initial condition for p

plico=p0 Y Cal0)g,(n)
n=0

- Po i (Pn("*)(/)n(") = 6(7’ - 17*)
n=0

We find from Eqn (17) that

knl exp(k,,zt) - kl12 exp(knl [)
knl - an ’

C,(t) = @,(n.) (18)

where k,; and k,, are the roots of the characteristic
equation k2 + 7k, +v2 =0. It follows from (18) that
Cy =1, while the rest of C, decrease exponentially with
time because here the roots k,; and k,, are either real and
negative or complex with the negative real parts.

By using the solution found for p, we obtain the
correlation function k(t) of the stationary random process
n(1) at the bistable system output:

o0

k() = (n(t + oyn() = j Mol +1,11,1)

x np(t,n,n,)po(n,)dn.dndn,, (19)

where p(t+1,n,,n) is the probability that a random
quantity has the value n at the instant ¢ and takes the
value #, at the instant 7+ t; and py(n,) is the equilibrium
distribution function at the initial instant.

By substituting (14) into (19), we obtain

k(z) = J np(t 4 t,my, 1) po (n)dn diy .

Note now that the transition probability p(f+ t,7,,7%) is
determined by Eqn (12) in which ¢ should be replaced by ,
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n by 5, and 5, by 5. Therefore, taking these substitutions
into account, this probability is specified by expressions (14)
and (18). This gives the expression for the correlation
function

)) =D Cot (M1, (20)

k=0

where M, = jf)o npo@,dn. Because the integrand is odd, we
have M,, = 0. In the first-order approximation [15], ¢, is
determined by the error function integral, so that M| = y,,.

By calculating the Fourier transform of the correlation
function, we find the spectral noise density

N(w) =1 j " k(t) exp(—iwr)de

T —0oQ
RS V3,1 Moy
D T ;- @D
n=0 V2n+1 ) + (yw)
where the obvious equalities k,;+ k,, = —y and k1 k,» = v

were taken into account.

Let us calculate now the response of a bistable system to
a signal, which is determined by the perturbed part p of the
distribution function

<ﬁ>:Jjo p(t,n)d

The equation for C, is obtained by substituting (14) into
(13):

dn =3 G0

n=0

(22)

d*cC . o

gy = 't d 23
a2 TV TG (wb)Jimfpnp 1, (23)
. dc,
Cyliso =0, il 0.

Note that C,, = 0 because the right-hand side of Eqn (23)
vanishes for odd subscripts.

To determine the stationary response of the system to a
signal, it is sufficient to find only the solution of homoge-
neous Eqn (23), which has the form

h [ po@aneidn

Conpi(1) = (02 —wd) + (yws)2]1/2
X cos(wgt — Yo,y 1)s (24)
VW > / V22n+1
tany,, | = ool J,m PoP2u1dn = 0 My

By substituting (24) into (22), we obtain

- h :
(i) = i [as cos(wgt) + b sin(w,t)], (25)
<2 (v} o)
Z ot (Vg1 — . M22n+1’ (26)
n=0 V2n+1 Wy ) =+ (sz)
V22 +1 2
by = yoy Z '21 M. 27

P 3
= (V3 —0d) + (o)

To calculate sums contained in expressions (21), (26),
and (27), note [9] that the weight factors M22n+1 decrease
with increasing subscript 7 faster than (2n + 1), and hence
the terms with the two first eigenvalues make the main
contribution to these sums. Therefore, we separate the first
term of a series corresponding to the eigenvalues v{, while
the residual sums of series corresponding to the higher
eigenvalues are replaced by the expressions describing the
effective resonance curves

c- Va1 M1 - Veir 0 28)
2 e 2 35"
= (V3 — )+ (o) (v —e?) + (o) 2
i 01 (Vs — 0 )Ma  vaver—o?) 0 (29)
2 7 = 2 295"
= (Vi —0?) + (o) (var — ©?)" + (o)™ 24

where vJy is the effective higher eigenvalue, and the estimate

]
- 0
Mz ~—
; 2n+1 20

for temperatures 0 < W is used.

Let us find the effective eigenvalue vZ; from the
condition of the equality of areas under the resonance
curves described by the left- and right-hand sides of equal-
ities (28) and (29). By considering temperatures that are low
compared to W, after integration with respect to the
frequency and calculations (similarly to [9]) of the sums
appearing in this case, we obtain ve; ~ wy. Note that
asymptotics of the effective resonance curves for high
and low frequencies o coincide with the asymptotics of
partial sums (28) and (29). In addition, the estimate of v, in
the first-order approximation by the method [15] gives the
value v with accuracy to the numerical factor of the order
of unity. Therefore, the approximation of these sums by the
effective resonance curves leads to a small error due to a
rapid decrease of terms in the sums with increasing the
summation index. The consideration of the main and
efficient higher eigenvalue can be called the two-relaxation
time approximation, because y/vi and y/wi determine the
kinetic and dynamic relaxation times of the bistable system.
Finally, note that for ¢ — 0, the obtained solution (25)—(29)
coincides with the response (3) of the system to a weak
signal in the absence of noise, and in the limit of low-
frequency signals, with the results of analysis [9] of the
Langevin equation (4). Note that a more accurate estimate
of the quantity vy will result in its weak dependence on
temperature 6.

4. Signal-to-noise ratio and transfer coefficient

We define the signal-to-noise ratio S/N for weak signals as
the ratio of the square of the signal amplitude to the
spectral noise density at the signal frequency. The signal-to-
noise ratios at the input and output of a bistable system
have the form

mh? (8/N) W (al +b2)
out —

0*N(wy)

(S/N)s, = 5. (30)

The filtering properties of the system under study can be
described by the transfer coefficient
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CL.UM
(S/N)m ,

which, after simple transformations taking (28) and (29)
into account, can be written in the form

g (p4s+ 40 + (oo’ (p + 1)° 3D
pA3 + A%+ (Yo ) (p+ 1)

where p = 8W0v12/(0w02); A =vi— w2 and 4, = o — 0’

We used the obtained expressions to calculate (S/N)gy
and ¢ depending on the parameters of the problem. In the
region of low signal frequencies (w, < w,), the SR takes
place both in the second-order and first-order systems,
which is manifested as a local maximum of the dependence
of the signal-to-noise ratio on the noise intensity shown in
Fig. 1. This maximum corresponds to the condition
W ~ Vf/y. From the point of view of filtration of weak
signals, this effect is of no interest, because the transfer
coefficients for parameters of the system at which it is
observed is always smaller than unity.

(S/N)out
mh? /(29 Wo)
25 F

2.0 -

0.5

0 1 1 1
-1.0 —0.5 0 0.5

lgfe/(yWo)]

Figure 1. Dependence of the normalised signal-to-noise ratio on the
noise intensity for y/ver = 1 and wg /v = 0.017.

The frequency dependence of the output signal intensity
is presented in Fig. 2. For the friction coefficient that is
small compared to w,, this dependence has two character-
istic maxima and a plateau in the low-frequency region. The
first maximum (in the low-frequency region) is observed
only in the presence of noise and corresponds to the signal
frequency wg = vlz/y. The second maximum (at a higher
frequency) corresponds to natural oscillations at the fre-

(i)’

2.4
=y

400

300

200

100

0 1 1 1 1 1 1
—4 -3 ) -1 0 1 lg(wg/ver)?

Figure 2. Dependence of the normalised intensity of the output signal on
its frequency for y/ver = 0.1 and W/0 = 0.8.

quency wq, near the bottom of the potential well. As the
noise intensity ¢ decreases, the first maximum shifts to the
red, the plateau intensity increases, and the second max-
imum decreases and finally disappears. As ¢ further dec-
reases, the second maximum appears again and increases,
while the first maximum decreases. In the absence of noise,
only the second maximum at the frequency w, remains.

The calculations of the frequency dependence of the
spectral noise density showed that it behaves as the curve in
Fig. 2. As a result the signal-to-noise ratio and the transfer
coefficient increase with increasing signal frequency and are
saturated for wg > w,, i.e., the region of high-frequency
signals is most convenient for filtration. Indeed, as follows
from (31), for wg = w, and y > w,, the transfer coefficient is
g = 1+ p. In practice, the noise intensity ¢ is specified, so
that it is more convenient to vary ¢ rather than 7. Figure 3
shows the dependence of ¢ on y for w, = ®,. One can see
that this dependence for the system parameters used in
calculations has a local maximum and, therefore, the
optimum friction coefficient y exists, which is determined
from the condition 6 = W,. In this case, the transfer
coefficient ¢ takes the maximum value equal to 1.66.
Because the value of ¢ is specified, the output signal-to-
noise ratio similarly depends on 7.

0.8

04

0
1.0 1.5 2.0 25 3.0 lg(y/om,)

Figure 3. Dependence of the transfer coefficient on the friction coeffi-
cient for wg/ver = 1 and Wy /e = 0.005.

5. Conclusions

The theory developed in the paper is applicable for small
signal amplitudes and low friction coefficients satisfying
inequalities (10). The final expressions have been found in
the two-relaxation time approximation, when sums (28) and
(29) can be approximated by the effective resonance curves.
We assume that because of a fast decrease of terms in these
series with increasing their summation index, the error of
the approximation does not exceed 20 %. The obtained
results give correct solution (3) of Langevin equation (1)
when the noise intensity tends to zero. In the limit of low-
frequency signals, the expressions contain the results [9]
obtained by solving first-order Langevin equation (4).

Our analysis has shown that the SR effect is realised in
the second-order nonlinear system, as in the first-order
system, for oy € @y. In the high-frequency region (wg >
g), the stochastic filtration effect is realised, i.e., the
transfer coefficient exceeds unity. For the specified noise
intensity ¢ in the high-frequency region, the optimal friction
coefficient y,, = &/ W, exists at which the transfer coeffi-
cient ¢ takes the maximum value equal to 1.66.
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Thus, optimal conditions for the weak-signal detection
exist in the second-order system, and we are sure that the
predicted stochastic filtration effect, as the most interesting
from the practical point of view, can be found in optically
bistable systems both of the first and second order.
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