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Algebraic solution of the synthesis problem for coded sequences

A.N. Leukhin

Abstract. The algebraic solution of a ‘complex’ problem of
synthesis of phase-coded (PC) sequences with the zero level of
side lobes of the cyclic autocorrelation function (ACF) is
proposed. It is shown that the solution of the synthesis
problem is connected with the existence of difference sets for
a given code dimension. The problem of estimating the
number of possible code combinations for a given code
dimension is solved. It is pointed out that the problem of
synthesis of PC sequences is related to the fundamental
problems of discrete mathematics and, first of all, to a
number of combinatorial problems, which can be solved, as
the number factorisation problem, by algebraic methods by
using the theory of Galois fields and groups.

Keywords: phase-coded sequences, quasi-uniform energy spectrum,
Galois group of a system of equations, difference set.

1. Introduction

The problem of separation of the fields of application of
quantum and classical calculations appeared from the very
beginning of the development of the theory of quantum
calculations [1]. A number of problems of classical discrete
mathematics have not been solved so far first of all due to
the difficulties involved in solving algebraic problems based
on the theory of finite groups and fields. The problems
whose solution is of great practical interest include: (i) the
problem of number factorisation; (ii) the problem of exis-
tence of difference sets with given parameters; (iii) the
problem of partition of the coefficient set specifying sets,
which are automorphic to the initial difference set, into
nonintersecting classes of coefficients without specifying the
code method; (iv) synthesis of all the finite projective block
schemes whose incidence matrices are circulant; (v) syn-
thesis of all the finite projective planes and projective
geometries of a given dimensionality; (vi) analytic expres-
sion for irreducible polynomials over a given Galois field
GF(q).

Note that this list is far from being complete, and the
above-mentioned problems have much in common, being
related to practical applications in cryptographic schemes,
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synthesis of the codes correcting errors, and in synthesis of
noise-like signals [2]. All these problems have been solved in
some particular cases, but as a whole the classical complex-
ity of the algorithms for solving these problems was not
proved. However, there exist quantum algorithms which can
be used for solving many so-called difficult problems by
employing the polynomial number of iterations. The main
argument in the favour of their application is the absence at
present of the classical algorithm for solving these problems.

In this paper, the solution of one of such difficult
problems is presented — the synthesis of phase-code (PC)
sequences with the zero level of side lobes of the cyclic
autocorrelation function (ACF), and the classical algorithm
for its solution is given.

2. Formulation of the problem of synthesis
of phase-code sequences

At present, codes with the zero side lobes of the cyclic ACF,
which have, as the white noise, a uniform energy spectrum,
have found wide applications in radio-engineering systems.
Therefore, the problems of synthesis of noise-like code
sequences, their practical realisation and processing are of
current interest. In the case of large phase gradations, a
number of sequences are known which have the one-level
ACF with the zero side lobes [3]: Franc codes, class p codes,
and codes associated with a linear frequency-modulated
(LFM) signal. In [4], a code in the form of a composition
contour was considered, which was synthesised based on
the theoretical concepts of contour analysis described in
monograph [5].

To date the problem of synthesis of all the possible PC
sequences with the zero level of side lobes for a given
dimensionality N is not solved. Numerous methods and
approaches have been developed for the synthesis of codes
with good correlation properties. In this paper, a new
approach, based on the Galois theory, is proposed for
solving the problem of synthesis of PC sequences with the
zero level of side lobes of the cyclic ACF. Some aspects of
the problem, related to the so-called basis solution, were
discussed earlier [6].

Let us write the discrete PC sequence I'= {y,}, y_; as

7, = exp(ip,), n=20,..,N—1, (1)

where the phase value in each nth code interval is
determined from the range ¢, € [0,2x%]; N is the number
of code elements in the code, and the modulus of each code
element is |y,| = 1.
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The cyclic ACF can be found from the expression

N—1
771:2”/;1“ (1n0dN)V:7 T:()717~'~7N_ 1. (2)
n=0

It is necessary to determine the form of the code
I'={y,}o.y_1 providing the zero values of all the side
readings of the cyclic ACF, i.e.,

’70:N7 m :07 ;72:0a"'717N—1 =0. (3)

It is necessary to find out whether code sequences
satisfying condition (3) exist for any positive integers N
and also to determine the total number P of solutions in the
case of the existence of solutions at a given dimensionality
and to develop the algorithm for synthesis of the total family
of codes with the zero level of side lobes of the cyclic ACF
for a given dimensionality N of the code.

k

should be satisfied for at least one solution, where ]...[
means an integer. We will call this solution the basis
solution.

The initial basis solutions can be represented by the
expressions

Py = ¢,[n” (mod Ny)), (6)
where

N — 2N for N(mod2) =0,
'™ U N for N(mod2) = 1;

n=0,..,N—1; ¢, =2n);/Ny; 4, is the number mutually
disjoint with the number Ny; /= 1,2, ..., (Ny); @(N;) is the
Euler function.

If the dimensionality of the PC sequence is the square of
an integer k, i.e., N = k2, the initial basis solutions of the
system of equations (4) will also have the form

k

P50 = Pk

0-1,1- 1, (k=1) 13k -3, (k+1)-3,..,2k—1)-3, ...,
k

(mod M) », (7)

(I — k) 2k = 1), (I =k + 1)(2k — 1), ..., (* = 1)(2k — 1)

By representing the energy spectrum for the PC sequence
I'={y,}o.y_ in the form

H 2n 2
|pm|2: ;Vnexp(i]vmn) s m:O,...7N71,
and taking into account that |p]*=|p|*=..=

|pN,1|2 = N, we obtain the system of equations

where

M= 2k for k (mod2) =0,
" | k for k(mod2) = 1;

¢, =2nA/Ny; A, is the number mutually disjoint with the
number M; s=1,2,..,¢(M); and ¢(M) is the Euler
function of the number M.

In addition, if k is an even number, then except the
solutions of types (6) and (7), there exist the initial basis
solutions of system (4) of the type

k

——
0,0,0,.,0.2-1,2-2,...2 kid-(k+1),4-(k+2),..,4-2k, ..

" |(mod 2k ) >, (8)

k k/2

2-(k—D(k—1)7..,2 (k= 1)(k* —k —1);0,0,...,0

k)2
Psn = d)sk
N2721 COs — 2—nml’l
n=1 o N
N—1 o
£ Y coslo, ot mi-n| =0 @
I=n+1

which can be used for seeking for the angles ¢, ¢,,...,
PN-1-

3. Solutions of the problem of synthesis of PC
sequences obtained using basis solutions

Basis solutions. By analysing the system of equations (4), we
can prove that the condition
P1 = Pn-1>

P2 = PN-2y-5 QN2 = PN/2> (%)

where ¢, =2nl;/Ny; A, is the number mutually disjoint
with the number k; and s = 1,2, ..., p(k).

The Galois group for the system of equations (4). We can
prove that the roots ¢, ¢,,...,¢y_; of the system of
equations (4) satisfy operations of mutual replacement —
permutations that does not violate the relation between the
roots of the system of equations. By multiplying the
subscripts 1,2,3,..., N—1 of the roots of the system of
equations (4) by the number A mutually disjoint with the
number N, we obtain that each nth root, where
n=1,2,3,...N—1 will pass to a new root with the sub-
script 4 - n(mod N). We represent such a permutation in the
form

T, ={[1 =41 (modN)], [2— -2 (mod N, ...,
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[N—1—4-(N—-1)(modN)J}, 9

where /=1,2,...,(Ny); @(N) is the Euler function. A set
of permutations

C‘I.."ll(]‘):{T/L T/127"'7T" }

" (10)
forms the Galois group of the @(N) order, where
I=1,2,..., ¢(N). Because any Galois group is Abelian,
the system of equations (4) has the solution for any
dimensionality N.

If the dimensionality of the PC sequence is N = k2, the
solution of the system of equations (4) can be considered in
the form of the quadratic matrix @ = ||®;||, where &; = ¢,
n=0,..k*>—1, and the subscript » is incremented upon
changing the subscripts i =0,...,k—1 and j=0,..., k — 1.
The permutations

17

S, ={[l = 4 l(modk)], 2 — 4;-2(mod k)], ...,

1

(k—1— 7, (N—1) (modk)]} (11)

are admissible, where 4; is the number mutually disjoint
with the number k; /= 1,2, ..., ¢(k); and ¢(k) is the Euler
function. The set of permutations interchanging the lines of
the matrix @

Gal(S) = {S)ll’Siz7"'7S;tq7(A)}’ (12)
forms the Galois group of the ¢(k)th order of additional
permutations.

When the values of the number k are even, the Galois
group of permutations of the roots of the system of
equations (4) formed with the help of (10), (12), can be
added. The expression n = s— k/2(mod N) determines the
subscript s. Taking this cyclic shift from the matrix @ into
account, we obtain the matrix ¥ =||¥;||, where
i=0,nk—1,j=0, k=1, V=0, n=k —k/2+1;
and the subscript n is incremented upon changing the
subscripts i, j. The permutations

v,

A

={[1 — 4 - 1(mod k)], 2 — 4;-2(mod k)], ...,

(13)

are admissible, where /; is the the number mutually disjoint
with the number k; /= 1,2, ..., ¢(k); and ¢(k) is the Euler
function. The set of permutations interchanging the lines of
the matrix ¥,

[k—1—4;-(N—1)(modk)]}

Gal(V) = {V),lﬁ V/lza E) V/lu,(k)}a (14)
forms the Galois group of the ¢(k)th order of additional
permutations.

After the application of permutations (14) for solving the
system of equations (4) represented by the matrix ¥, it is
necessary to perform the inverse transition from the matrix
¥ to the matrix @ by using the expression n=s—
k/2 (mod N).

Solutions of the system of equations (4) obtained from
basis solutions. By applying admissible permutations of the
roots of the system of equations (4) in the form (10), (12),
(14) to the initial basis solutions in the form (6)—(8), we
obtain all possible basis solutions. We denote the total
number of basis solutions of the system of equations (4) of

dimensionality N by L. For each basis solution obtained, we
can also obtain N non-basis solutions:

'Pn+l~N,N—n+m (mod N) = Py — Pip (H’lOd 3600): (15)
where /=0,..,.L—1; n=0,..N—1, m=0,...,.N— 1.

We denote by P the total number of possible solutions of
the system of equations (4). It was shown above that the
three cases of solutions should be distinguished:

(i) For arbitrary N, where N # k%, and k is a positive
integer, we determine the total number of possible solutions
as

P=@(N)N, (16)
the number of basis solutions for odd N being L = ¢p(N)
and for even N, L = ¢(2N).

(ii) For N? = k, where k is an odd number, the number
of possible solutions is

P=[p(N)p(k) + @(N)o(k)/2]N

3
=S 0(N)o(k)N., (17)
in this case, L =3 p(N)p(k).
(iii) For N = k~*, where k is an even number, the number
of possible solutions is:
for even k/2,

P=[omot) + 2 oot
#2000 =2 s gy, s
and L= p(N)o(k )5+ (]2
for odd k/2
P=[owyot + 2 o200
#0000 3 =252 20y, sy

and L = {[p(N)p(k)]/4}[9 + 2¢(k)].

Special case of N = 4. Consider now a special case when
the code sequence length is N = 4. Taking into account the
existence of the basis solution, the system of equations (4)
can be represented in the form

2cos ¢, +cos @, + 14 2cos(op; — @,) =0,
(19)
cosp, +1=0.

It follows from (19) that ¢, =180°, while ¢, and,
therefore, ¢, can take any value in the range [0°,360°],
ie., @ = @3 €[0°,360]°. Therefore, there exist an infinite
number of basis solutions of the form

0%, ¢y, 180°, 0, (20a)
where ¢, can take any value in the range [0°,360°]. Taking
transformations (17) into account, solutions of the type
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0% ¢1,0°% ¢, + 180° (20b)

will be also the solutions of the system of equations (21).

Let us emphasise that only in the special case of N = 4,
an arbitrary large number of code sequences with the zero
side lobes of the ACF can be synthesised. In this case,
P = oo and the number of basis solutions L = oc. In the rest
of the cases, taking the restriction ¢ = 0° into account, the
number of code sequences will be finite.

4. Solutions obtained based on difference sets

The sufficient condition for the existence of a code with the
one-level ACF is the existence of the difference set
D(N,K*,2) (where K* is the number of elements of the
difference set of dimensionality N, and A is the number of
repetitions of the difference of elements of the difference
set) and, vice versa, if the difference set exists, a code with
the one-level ACF should certainly exist [1]. To date, the
problem of synthesis of all possible difference sets for a
given dimensionality N is not solved. The known difference
sets are classified in [7]. They include:

(1) The difference set obtained based on quadratic
residues:

D(N=4x+3=p K" =2x,i=x),

x=0,1,2,..., pisaprime number. (21)

To this difference set, the Legendre code corresponds.
The power of the code method (the number of non-
inversion-isomorphic coefficients) is

M, =1. 22)

(2) The difference Singer set:

DN:qS_l K+:(]X7l—l ):q572_1
q717 qfl o )

q=p" (23)
To this difference set, the Singer code corresponds. The
power of the code method is determined from the
expression

w@"—lf

Me =0, "

24

Of interest is a particular case of the difference Singer set
g=2",s=1:
DIN=2"—1, K" =2"1_1 )=2"2-1). (25)

To this difference set, the m-sequence corresponds. The
power of the code method is

M, =22 =D, (26)
2n

(3) The difference Jacobi set:

D(N=4x+3=p(p+2), K"=2x+1, A=x). (27

To this difference set, the Jacobi code corresponds. The
power of the code method, as in the case of the Legendre
code, is M, =1.

(4) The difference Hall set:

D(N=4x+3=4y>4+27=p, K" =2x+1, 1=x),

y=1,.. (28)

To this difference set, the Hall code corresponds. The
power of the code method is

M, =3. 29)

Note that in previous papers, for example, [1] the

difference sets were used only for synthesis of phase-
manipulated sequences (in each code interval, ¢, =0 or
¢, = n) with the one-level ACF. It is shown in this paper
that the difference sets can be used to synthesise PC
sequences. In each code interval of the PC sequence, the
phase values are

¢ ={0,0,¢,0,0,¢,...,0,,0}, (30)
where the positions of non-zero phase values are deter-
mined by the corresponding difference set. For the zero
level of the side lobes, the phase gradation is determined
from the expression

¢ arccos Nl
=n— — .
N+1

Except the solutions found above, we can obtain in the
general case N solutions by applying to solution (30) the
transformations (15). For the solutions obtained based on
the difference sets, the total Galois group of the system of
equations (4) will give solutions of the type

3D

@1 =W, —2nln/N, 1=0,1,..,N—1,

n=0,1,..,N—1. (32)

Taking the above consideration into account, the total
number of possible solutions obtained based on the diffe-
rence sets is

P=2M.N>. (33)

5. Example of synthesis of PC sequences

For the dimensionality N =7, we have the total number
P’ =42 of solutions obtained from basis solutions, of
which six solutions are basis ones:

e

B 027r 2n 2n 2m
¢= 77

571 477 277 27a

27r 27r Zn 42n 2n 22n
(p 7 b 7 ) 7 b 7 b
:{0,321 2 62 62 252
2n 27[ 2n 2n 2n | 2m
Q= {07 4 7 ) 7 ) 77 7}7
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2n 2n 2n 2n 2n _2=n
@_{0757a67737737767757}7

2 2n 2n _2n _2n 2m
@—{0,67,37757757,37,67}

By using transformations (15), we can obtain from these
solutions 6 x 6 = 36 new solutions.

For the dimensionality N = 7, there exists one non-
inversion isomorphic difference set of quadratic residues,
which gives the solution

(p = {0’07¢707 ¢7¢70}’

where ¢ = 138.59°.

Taking into account transformations (15) and (33), the
total number of solutions obtained based on difference sets
is P” =98. Then, for N = 7, the total number of possible
solutions of the system of equations (4) is P= P'+ P"
=42 + 98 = 140.

6. Conclusions

The total number P of possible solutions was determined
and the algebraic algorithm was developed for synthesis of
PC sequences with the zero level of side lobes of the cyclic
ACEF for a given code dimensionality. It was shown that the
difference sets can be obtained based on the solution of the
problem of synthesis of code sequences.
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