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Two-photon electron transfer between quantum dots

A.M. Basharov, S.A. Dubovis

Abstract. The effective Hamiltonian of a system describing
electrons of two quantum dots in a two-frequency electro-
magnetic field upon Raman resonance of the field with a pair
of the electronic levels of different dots is obtained by the
method of equivalent transformation. The states of the
continuous spectrum (conduction bands) are correctly taken
into account. The role of the terms describing the dynamic
Stark effect in a two-body system is analysed. A new
mechanism of particle transfer between quantum wells in a
non-resonance electromagnetic field is proposed, which is free
from disadvantages of previous models.
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1. Introduction

Electron transfer between two widely spaced quantum dots
induced by an electromagnetic pulse was considered in Refs
[1-8]. If a pair of quantum dots is treated as a qubit, the
optical electron transfer between them can be used to realise
quantum logical elements [1, 2].

The author of paper [1] initiated investigations of three-
level models of quantum dots, in which optical electron
transfer between the low-lying states of two identical
quantum dots proceeds through the third energy level
located near the upper boundary of a barrier separating
the dots (Fig. 1a). The electromagnetic-pulse frequency o is
selected so that to provide the resonance between a pair of
the lower energy levels and the upper delocalised state. The
experimental implementation of this mechanism involves
considerable difficulties: along with the technological prob-
lems of manufacturing two almost identical quantum dots
with initially specified properties, there exist rigid restric-
tions caused by the one-photon transition of an electron
from the upper level to a state with a continuous spectrum
(the dashed arrow in Fig. 1b) [7].

The electron transfer mechanism based on the Raman
resonance does not require the use of identical quantum
dots [8—11]. Within the framework of this mechanism,
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Figure 1. Schemes of the electron transfer between two identical
quantum dots through the third bound state delocalised between them
by neglecting continuous-spectrum states (a) and taking into account the
single-photon electronic transition the continuous-spectrum state (trans-
ition to the continuum) (b).

periodic transitions between two stationary states with
energies E, and FE, appear under the action of two
monochromatic waves (Fig. 2a) with frequencies selected
to provide the Raman resonance condition

E,—E=w—o M

(hereafter 71 =1). Nevertheless, the method of electron
transfer proposed in [8] has the same drawback as three-
level systems [1—7] — it requires the presence of a quasi-
resonance bound state delocalised between widely spaced
quantum dots, i.e., lying in fact near the upper boundary of
a barrier separating the dots. The presence of such a level
also imposes additional restrictions on the parameters of
the problem caused by direct transitions to a state with a
continuous spectrum [7].

We show in this paper that to provide electron transfer
between quantum wells, it is sufficient to have continuous-
spectrum states in the potential relief of any type, which
were not considered in Refs [1-6, §]. Because of their
delocalisation, the energy levels of the continuum can
play the role of quasi-resonance states required for Raman
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Figure 2. Schemes of the Raman mechanism of the electron transfer
when the bound state delocalised between quantum dots is quasi-
resonant (a) and in the general case with the use of continuous-spectrum
states (b).
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transitions between widely spaced quantum dots (Fig. 2b).
As shown below, the closer the quasi-resonance energy level
lies to the continuous spectrum

Es = E1 + 0| = E) + 0. 2

the most efficient will be the electron transfer. However, if
the energies E; and E, are substantially different, the choice
of the frequencies w; and w, at which the energy E,, is
close to the continuum boundary leads to the irreversible
electronic transition to the continuous-spectrum state from
the state with a lower binding energy (the dashed arrow in
Fig. 3a).
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Figure 3. Schemes of the single-photon transition to the continuum (a)
and the electron transfer between the states with close energies (o, ~
W,y = w) (b).

To obtain intense electronic transitions, avoiding a direct
ionisation, we propose in this paper to use the parameters of
quantum dots with the electronic states with close energies
(Fig. 3b), i.e., with energies E; =~ FE, = E. In this case, it
follows from the Raman resonance condition (1) that
W] & ,, 1.e., to induce electron transfer between the two
quantum dots, it is sufficient to irradiate the system by an
electromagnetic field at one frequency only. Generally
speaking, this frequency can be arbitrary, but if it higher
than the binding energy FE, then along with periodic
transitions between localised states, the irreversible electron
transition will occur due to a direct ionisation to the
continuous-spectrum state.

2. Effective Raman resonance Hamiltonian

Consider the dynamics of the system in Fig. 2b subjected to
the action of the electromagnetic field with the electric
component strength

2
E= Z g;(t)e'+cc.,
J=1

where ¢;(¢) are slowly varying (compared to ;) wave
amplitudes. We neglect the spatial dependence of the field
assuming that the linear dimensions of the system are much
smaller than the wavelength of the incident electromagnetic
waves. In addition, to simplify expressions, we assume that
the electric strength vectors & and & have the same
direction or the fields &; and &, have the same polarisation.
Note that subscripts 1 and 2 correspond to the localised
states between which electron transfer should be performed,
while the subscript k corresponds to other stationary states,
including the continuous-spectrum state. For definiteness,
we will measure the energy from the lower boundary of the
continuum (conduction band).

The Schrodinger equation describing the dynamics of the

wave function ¥ of an electron in the dipole approximation
in this system has the form

i%’: (Hy — Ed)P, (3)

where H, is the Hamiltonian in the absence of the
electromagnetic field and d is the operator of the dipole
moment projection on the direction of the vector E.

To obtain the closed system of equations describing
transitions only between the bound states | 1) and [2), we
perform with the help of the operator S the equivalent
transformation of a state vector of the system, similar to
that presented in monographs [10, 11]:

P =S, (4)
Then, Eqn (3) will take the form

L2
= HY
16[ %)

with the effective Hamiltonian

s e s . igde’
H=€_1SHOCIS76_ISECJGIS716_1S7dt . (6)

Let us expand S and H in power series in the electric field
strengths:

S=804s@ 4+ H=HO4+HO L HFD L 1)

where S, H™ are terms of the nth order in the field. It
follows from (6) that

A0 .
. T T
H(l):—Ed—i[S(l),H0]+—a§t , ®)
40 _Liew g ig0 o
LIS, Ed) - (80, A
T
—i[S®), Hy] 5 )

To obtain the closed system of equations, we will require
that all the matrix elements of the term H'" of the effective
Hamiltonian would be zero (see details in [10, 11]), while
among the matrix elements of the term H® only the
diagonal elements and matrix elements corresponding to
the transitions between the states |1) and |2) would be
nonzero. Mathematically, these requirements are repre-
sented by the expressions

A =0

off O‘7ﬂ:1727ka

(10)
(2 (2
Hl(k) = Hz(/c) =0.
Conditions (10), taking (8) into account, lead to the

fp(ll)owing equation for the matrix elements of the operator
g
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j=1
H,, = Hy,, =0, (15)
where w,5 = E, — Ej. I *
The solution of this equation is the matrix elements where
—d ZJ wJ/;(rt ()—1wt+8()1wr]d i|8|22‘d ‘2< 1 + 1 ) (16)
= o ] T — o .
xﬂ " = 4 o + w; O — )
2 sje_iw/’ & Tl are the Stark level shifts and
= dyp Z - + -
=1 l(wocﬁ - wj) 1( Wyp + wj) 1 1
A= —eiey Yy dydyy < + > (17
; Wi + ] Wk — W)

(11

agj efiw,vl agl* eiw,f
E 2 + E 2 + “es .
(@ (@5 + @)
Because we assume that the amplitudes ¢;,(7) of the
electromagnetic waves change slowly compared to their

frequencies w;,, we will take into account only the first
term in (11):

a/; = aBZ[

uf — wj)

71&)[ * 1wt
! ge

( Wyp + ;)]

Wyp — @

By using this expression in the calculation of the matrix

elements of the operator H ), we obtain
i7(2) _ L —oyr Y 0 (2 ) ioyt
Hy =e o1 [S51 ]

l\)l'—‘

2
Z 1wqr + sZ(t)ei‘”q’]

; 1 1
1 —1w/r _
z/; 2k Z [ i ( Wj W — wj)

= W — W;

+erel L1 . (12)
Wy + @ W + O

We select the matrix elements so that ﬁz(lz) ~
exp(—iw, 1) ~ expli(wy — wy)t], which corresponds physi-
cally to oscillations at the Raman resonance frequency.
In this case, expression (12) takes the form

_ 1 . 1
Hz(z) _ Eslgzel(wszl)r Zdzkdkl (
k

Wp + W)

1 1 1
T + )
W — W] Wiy — Wy Wy + Wy

Therefore, the term of the effective Hamiltonian of the
second order in the field strength, which describes two-
photon processes, has the nonzero nondiagonal matrix
elements corresponding to transitions between the states
|1) and |2). To describe such transitions, we can restrict
expansion (7) to the second-order terms. The expressions
for matrix elements of the effective Hamiltonian H =
ao + 70 + H? of two- photon transitions take the final
form

is the Rabi frequency.

3. Electron transfer probability

To describe the electron transfer between the states | 1) and
|2) analytically, we will neglect the possible relaxation and
electron—electron correlation processes and will solve
transformed Schrodinger equation (5) by representing its
solution as a superposition of all the states:

Za

By using expressions (13)—(15), we can obtain the closed
system of equations describing transitions between the
states | 1) and |2):

—1 (E,+ES) |O£>

ay = —iaye A A,
(18)

iy = —ia;e'® A,

where 4 = (E, + Est — E; — E}Y) — (0, — ) is the detun-
ing of the system from the Raman resonance.

If the time dependence of A is neglected and it is
assumed that a;(t =0) =1, a,(t =0) =0 (i.e., an electron
is located initially in the first quantum dot), the solution of
the system of equations (18) has the form

; A
a; = e 14/ (cos Qt + iESin Qt) ,

i(4/2)1

A
=—i— Qt,
a, 1Qe sin

which is standard for two-level systems, where

2 1o\
= (|4 —A .
(||+4)

The square of the modulus of the coefficient a,, which
determines the probability of electron transfer from the first
to the second quantum dot, is described by the expression

) AP

|a2| = W(l — COSZQI).

Therefore, if the detuning from the resonance is much
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smaller than the Rabi frequency (4 < |A]), the electron
transfer between two quantum dots can occur with the
probability |a,|%,. ~ 1 — 4%/(4|A*) close to unity.

max

4. Choice of the optimal frequency
of an electromagnetic pulse

The efficiency of electron transfer between quantum dots is
determined by the Rabi frequency A, which can be varied
not only by changing the strength of electromagnetic pulses
but also by the choice of their frequencies.

By analysing expression (17), note first of all that it
contains contributions only from the states that are not
localised in one of the quantum dots, because otherwise the
product d,,dj,; will be zero. Therefore, it is necessary to take
into account only the stage of the continuous spectrum and
probably discrete states with energies near the upper
boundary of a barrier separating the quantum dots.

We will seek for the conditions of increasing A consid-
ering only the states of the continuous spectrum because
they are present in the potential relief of any type, whereas
the presence of discrete delocalised states is a rather
particular case and their influence on two-photon processes
can be taken into account as a correction if necessary.

By going in (17) from summation to integration over the
continuous-spectrum states, we obtain

14 1
A=—¢ a*—Jd d <7
1 2(21_[)3 2kYk1 Ek — Eres

1
e )dk,
Ek - 2El + Eres)

(19)
where V' is the system volume and k is the quasi-wave
vector.

We will consider only the situations when E <0,
because otherwise an electron will undergo the transition to
a state with a continuous spectrum due to one-photon
ionisation. One can see from expression (19) that for any
E, >0 and FE, <0, the sum in parentheses increases
monotonically in the interval E; < E. < 0. Therefore, it
is reasonable to assume that the optimal conditions for
electron transfer are achieved when the quasi-resonance
region of energies E, lies near the lower boundary of the
continuous spectrum, which is a predictable result in a
certain sense.

Such a choice of frequencies aimed for increasing the
Rabi frequency is also based on more substantial grounds.
Upon integration over the quasi-wave vector k, the complex
factor dy,dy; in expression (19) oscillates in a complicated
way and is ‘self-quenched’ to a great extent, resulting in a
substantial decrease in the Rabi frequency. This effect will
be suppressed in fact if the frequencies of external fields are
chosen so that E, ~ 0, because in this case the states near
the lower boundary of the continuous spectrum are sepa-
rated. The terms in dominators in expression (19)
corresponding to these energy levels are close to zero,
and the phase of the factor dy;d;; can be considered
identical for all the states near the lower boundary of
the continuum. Therefore, it is the states lying close to
the continuum boundary that will make the main contri-
bution to the integral, not resulting in their mutual
weakening.

5. Single-frequency electron transfer

Thus, the choice of energy E,., near the lower boundary of
the continuous spectrum results in a drastic increase in the
Rabi frequency. However, such a choice does not provide a
reliable electron transfer because it leads to the single-
photon electronic transition to the continuous-spectrum
state from the state with a lower binding energy (the dashed
arrow in Fig. 3a). Formally, this is manifested in the
appearance of zero denominators in terms in expression
(16), which correspond to the levels of the continuum that
are resonant with the |2) level at the frequency w;. From
the point of view of mathematical description of such
processes, the zero denominators can be eliminated in a
standard way, by replacing w; by w; 4+ 19, where 6 = +0.
This results in the appearance of the imaginary addition in
the diagonal matrix element H,,, which describes the
irreversible electronic transition to the continuous-spectrum
state [7]:

Hy = Ey + E>' +ily, (20)
where

B =P Lol (o o)

? ? T P \opt+ o op—o

2 2
2 |dja| |djo] )

—le G2l N p 92l ) Q1)

l <;wk2+wl ; Wi — Oy

Iy = —7T|81\2 Z |dk2\25(wk2 — ).
k

Generally speaking, for a particular form of the poten-
tial the conditions can be found when the ionisation
efficiency will be negligible compared to other processes
involved. However, analysis of the situation in the general
case showed that we can avoid the consideration of
unfavourable processes of the irreversible transition by
changing somewhat the initial model.

We will consider the pairs of quantum dots for which the
energy of stationary states localised in them only slightly
differ from each other, i.e., E; =~ E, = E. It follows from the
Raman resonance condition (1) that in this case w; =
wy, = w, 1.e., to realise electron transfer between such
quantum dots, it is sufficient to irradiate the system by
the electromagnetic field only at one frequency. The
equivalent transformation (3)—(9) of the wave function
of this system leads to the following expressions for the
matrix elements of the effective Hamiltonian:

H, :E142+E15,127 Hy =A=Hp, (22)

where

1 1
Est - _ 2 d, 2 .
o |8| ; | 1\01| w/w + w + wka —w )

1 1
A= d d.( + )
; i\ oot o o

In this case, the electron dynamics is described by a system
of equations equivalent to (18) with accuracy to renaming A
and 4. By repeating the above considerations or simply
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passing to the limit, we can show that the Rabi frequency
(22) will be maximal when the external electromagnetic field
frequency is chosen so that the quasi-resonance energy
region E., = F+ w lies close to the lower boundary of the
continuum.

6. Quantitative estimate of the Rabi frequency

After a standard passage from summation to integration in
(20), we obtain

A~ |g\2l3 [Mdk. (23)
(27()" JE+ |Eres|

We will make estimates by using the dispersion law for free

electrons. Let us introduce the notation g = (2m*|Eres\)1/ 2,

where m™ is the effective electron mass. Then, expression

(23) will take the form

A~ |g\2L32m* J%dk (24)
(2m) k*+q

The states with the energy close to E,, i.c., to the
boundary of the continuous spectrum make the main
contribution to the integral in (24). The corresponding
wave functions are plane waves (strictly speaking, the waves
distorted near quantum wells), whose wavelengths are large
directly at the continuum boundary and decrease with
increasing energy. Accordingly, the integrand in expression
(24) oscillates for two reasons: first, the modulus of each of
the factors dy; and dj; changes in a complicated way
(depending on k) and, second, the phase difference periodi-
cally changes, which can be approximately written as
dopdy) = \dedk1|e'kL, where L is the characteristic distance
between quantum dots. Because it is initially assumed in the
model that the states | 1) and |2 ) are well isolated from each
other, we assume that the distance between quantum dots
noticeably exceeds their size, which corresponds to real
systems. Therefore, we can believe that the second of the
above-mentioned reasons for oscillations is dominant.

To estimate roughly the value of A (24), we can restrict
the integration to the region of k where the first oscillation
occurs. Therefore, we will restrict the integration region to
the sphere of radius k,,, = 1/L and will assume that each of
the matrix elements d,; and dj; within this sphere is
constant and dyy ~ dj ~ ea(a3/V)1/2, where a is the char-
acteristic linear size of quantum dots and e is the electron
charge. The root dependence appears because upon multi-
plying the wave function ¥, normalised to the volume V by
one of the functions ¥, localised near the corresponding
quantum dot, the ‘effective’ integration region decreases to
the volume ~a>. Taking all the above assumptions into
account, expression (24) takes the form

A~ e

O 2 5 kn\dX 2
a J k-dk (25)

e
(2n)32m % 4n . g
One can see from this expression that it is reasonable to
consider that the energy E, is close to the continuum
boundary when the value of ¢> is comparable to or even
much smaller than k2,.. In this case, we obtain from
expression (25), taking Planck’s constant into account,
A~ |e)*e*m*a’® J(h*L). 1f we assume for estimate that
a~10nm, L~ 100 nm, m* ~ 0.1m, ~ 1072 g (where m,

is the electron mass), which corresponds to the unfavou-
rable case from the point of view of obtaining a large
transition energy, then the Rabi frequency becomes equal
to ~ 107 eV already at moderate wave amplitudes
¢~ 10> Vem™'. Note for comparison that the range of
optimal values of A in [1]is ~107° — 107 eV.

7. Conclusions

The effect of nonresonance two-photon electron transfer
predicted in this paper can be also important in the
confinement of ultracold atoms in magnetooptical traps,
where the energy level diagram is the same as in Fig. 1b.

The transfer of atoms from the E; energy level of one
trap to the E, energy level of another trap induced by a
pulsed two-frequency electromagnetic field under conditions
of the Raman resonance (1) was discussed in papers
[12—14]. However, the continuous-spectrum states have
not been correctly considered so far in the models of
ultracold atoms in magnetooptical traps. Expressions (20)
and (21) are also valid for ultracold atoms in traps, taking
the continuous-spectrum states into account. The non-
resonance transfer mechanism proposed in the paper can
be used for atoms in magnetooptical traps for the states with
energies E; ~ F, because the main expressions presented in
the paper are valid within the framework of a simple model.
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