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Information properties of generalised quantum measurements”

B.A. Grishanin, V.N. Zadkov

Abstract. The concept of generalised quantum measurement
is introduced as a transformation establishing the corre-
spondence between the initial state of an object and the final
state of the object—instrument system with the help of a
classical information index one-to-one related to a classically
compatible set of the states of the object—instrument system.
It is shown that this measurement includes all the types of
measurements: standard projective, entangling, soft, and
generalised measurements with a partial or complete dest-
ruction of the initial information contained in the object. A
special class of partially destructing measurements is con-
sidered which establish the correspondence between a con-
tinual set of states of finite-dimensional quantum systems and
systems with an infinite-dimensional space of states. The
information sense of these measurements is discussed and
some information characteristics are calculated.

Keywords: quantum measurement, quantum information.

1. Introduction

Progress in the development of methods for transformation
of quantum information [1] makes natural the transition
from the standard quasi-classical concept of a quantum
measurement [2, 3] as the establishment of a one-to-one
correspondence between the eigenstates of the measurable
variable of an object and readings of a quasi-classical
instrument to a more general concept of a measurement as
the establishment of such a correspondence between an
object and a quantum instrument in a substantially quan-
tum form including in the general case the entanglement in
the object—instrument system [4] (the so-called entangling
measurement).

Such a generalisation is necessary, for example, for a
complete description of the measurement dynamics in
experiments of the type described in [5], where the non-
perturbing measurement of the number n = 0, 1 of photons
in the resonator was performed for the first time by using a
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probe atom and a photodetector as a measuring instrument.
In this case, a quantum entanglement exists during the
response of a photodetector in the object—instrument
system, while the type of representation of the measurement
result during the formation of the photodetector signal
changes from completely coherent (with an accuracy to
minor distortions) in an atom to completely incoherent, i.e.,
dequantisied in the detector signal.

Within the framework of such a generalised insight, the
concept of a soft measurement also naturally appears whose
accuracy is restricted by the internal quantum uncertainty of
the states of an indicator variable used in measurements [6].
In the case of a continually valued measured variable, a
consideration of measurements of this type reveals in fact
the information content of the internal quantum uncertainty
of nonorthogonal quantum states of the indicator, des-
cribing it not in traditional terms of fluctuations of physical
variables (for example, the Heisenberg inequality) but
directly in terms of quantum states themselves, i.c., irre-
spective of the values of physical variables.

A natural addition to the requirement of the absolute
accuracy of a classical perfect measurement is the require-
ment that the system 1is not perturbed during the
measurement, whereas in the quantum case this requirement
cannot be fulfilled in principle due to the specificity of a set
of quantum states as a linear space. Any interaction with a
quantum system inevitably changes a part of its possible
states, whereas this measurement, being always substantial
in terms of the Hilbert space of quantum states, is neglected
in the algebra of physical variables in a classical system
described by the passage to the limit 77 — 0.

In a quantum system, the requirement of the absence of
perturbation can be fulfilled only for a measured variable,
which distinguishes the class of nonperturbing measure-
ments. However, because of the uniqueness — the impossi-
bility to copy the total quantum information [7], the total
nonperturbing measurement means simultaneously a com-
plete destruction of the coherent, i.e., essentially quantum
information in the initial state of the object [4], which is
distributed in the case of a completely coherent measure-
ment between the object and instrument and is not
contained in the individual components of the object—
instrument system.

The soft nonperturbing measurement performed instead
of the total measurement preserves a part of coherent
information in the object. The opposite situation — the
transfer of a greater part of information to the instrument,
can be realised only by using the perturbing measurement,
when the object state is perturbed. Examples of a completely
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perturbing measurement, which eliminates all initial infor-
mation, are a completely coherent transfer of excitation
from oscillator A to oscillator B in a set of oscillators or a
purely incoherent measurement of a state of a two-level
atom by detecting an emitted photon.

In this paper, we consider a more general class of
measurements, which unlike the class of soft measurements
defined in [6], includes the possibility of perturbation of the
initial state in any variables. We analyse the most interesting
case (with respect to the qualitative content of mapped
information) of nonselective mapping of all the states iy =
> ck|k) of the Hilbert space of a quantum system with the
orthogonal basis |k) by the classically distinguishable basis
states |/) of the continually valued variable of another more
complicated system with the Hilbert space of states
¥ = [¢yly)dy. Apart from the determination of potential
resources of such a transformation for the development of
new methods for transformation of quantum information,
these measurements are of fundamental interest as the
qualitative interpretation of the quantum theory. They
allow one to find the most general relations between the
physical content of transformations of quantum systems and
classical information contained in the values of the infor-
mation index establishing the one-to-one correspondence
between the initial and final quantum states.

2. Determination of the indexing perturbing
measurement and its correspondence
to the generalised measurement

The state of the instrument before the measurement can be
considered specified, so that the measurement can be
characterised not by the transformation in the object—
instrument system but by a simpler isometric mapping of
the object states to the states of the object—instrument
system. The physical sense of the isometric mapping ¥ from
the space corresponding to the object A to the space
corresponding to the system A + B is that it always can be
predetermined to the unitary transformation U in the
system A + B, which corresponds to the mapping V for the
fixed initial state |0); of the instrument:

Ulp)al0)g = VI[)a, Y € Hy.

Therefore, the isometry is the condition for the physical
realisation of the transformation in the form of dynamically
reversible evolution in the combined object—instrument
system.

Consider the isometric transformation of the type

V:ZV;/2|O‘>AB(°( A (1

from the Hilbert space H, of the object A to the Hy ® Hp
space of the object—instrument system A + B. Here, vectors
|o) og determine the orthogonal basis in the object —instru-
ment space indexed by the values o of an indicator variable
and realising a new representation of the initial quantum
information, which is read out in the general case with the
help of the nonorthogonal ‘test” states (|, (the use of the
parenthesis indicates that the states of a set under study are
nonorthogonal). The set of positive numbers v, character-
ises the multiplicity of elementary mappings |o), — |¢)ap
from which the resulting transformation V' is constructed as

a coherent (depending on the phases of wave functions)
superposition of the corresponding generalised projectors.

The condition of the isometry of the given transforma-
tion has the form

V4V = ZV1|°‘)A(°‘|A:iA- (2)

This condition can be obviously fulfilled if the set of the
mapped states |x), is a set of orthogonal bases arbitrarily
turned with respect to each other. In particular, for N
equally represented bases in the D-dimensional space, we
have v, = 1/(N). Transformation (1) is the generalised
modification of the canonical representation of the iso-
metric mapping V =3, |k)-(k|, as the transformation of
the total orthogonal basis in H, to an orthogonal set in an
arbitrary space Hc corresponding to a physical system C.
This, first, specifies the structure of the mapping space as
the space of the states of the object—instrument system
A + B and, second, uses in the general case the overfilled set
of states |o) for the representation of a set of the initial
states.

The index o in representation (1) accumulates in the
classical form the information associated with a set of the
initial quantum states |o) of the object. The values of « are
mapped in a one-to-one manner by a set of classically
distinguishable stages |«),p in the composite system. This
correspondence, i.e., the presence of the physical represen-
tation for the transferred information abstractly described
by the index o is used for the representation of trans-
formation (1) as a variety of a purely coherent measurement,
which represents the output information about the object in
the form of the entangled |o),, state. Taking into account
the dequantisation effects, which are manifested in a partial
loss of coherence of the measurement results without the
loss of classical information, such a measurement is des-
cribed by the corresponding superoperator [§]

M=(VoVH)

=> Ryg(v,7)*|et) s (e |4 © |B) o (B lag - 3)
af
where 7 =3 5 Ryglo) A {0 [ap © |B) ap (B [ap is the dephas-
ing superoperator and R4 is an arbitrary positively defined
matrix with the unit diagonal, which describes the
dephasing of states, and the symbol ® specifies the place
of the substitution of he operator being transformed (den-
sity matrix). For R,z =1, i.e., in the absence of dephasing,
this superoperator simply describes the representation of
the transformation 7 in terms of the density matrix.
The general representation of the measurement by
expression (3) and its purely coherent variant (1) include:
(1) Standard projective and entangling measurements [4]
by using a complete set of classically compatible events (the
orthogonal basis |k),) as information being mapped and by
using the doubled basis |k),|k)p as |a)ap-
(i1) The soft measurement [6] by replacing the orthogonal
basis |k)p of the instrument by the nonorthogonal set |k).
(iii) The generalised measurement considered in this
paper with a partial destruction of the initial information
by assuming that |o),5 = |e,)s]o)g. Where the set of states
le,)a is completely arbitrary, while the set |o)g is orthogonal
and uniquely maps the values of the information index «,
whereas the set (a|, can also contain nonorthogonal states.
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Transformation (1) corresponding to the generalised
measurement takes the form

V=" v"le,)alo) (x4 4)

where in the case of the nonorthogonal set («|,, the
information index « is not related uniquely with classically
discernible states, and its statistics includes the internal
quantum uncertainty of the states |o), being mapped. This
index can be formally interpreted as the number of the
elementary coherent subchannel |0), — |e,)5 o) p relating in
the general case the classically incompatible input states
|o)s of the object with the states |e,)a o)y of the object—
instrument system.

In the case of a soft nonperturbing measurement, the
orthogonality of the set |e,), = |k), leads to the unique
correspondence with the information index « =k and,
therefore, to the nonperturbing measurement over variables
of the type 4 =73, Alk)o(k |5, as well as to a complete
absence of the coherent information of the instrument with
respect to the initial state of the object [6]. The non-
orthogonality of the set |e,), reduces information pre-
served in the object, i.e., leads to the perturbing measure-
ment and the transfer of a part of coherent quantum
information to the states of the instrument, whose readings
o contain the quantum uncertainty with respect to the states
|o)o of the object only when the latter have the internal
quantum uncertainty, and are uniquely represented by the
output states |o)p of the instrument. In the limiting case
le,)a = 10)4, transformation (4) corresponds to a complete
transfer of the initial information from A to B.

When the orthogonal bases |k), are used as the sets |e,)
and |«),, transformation (4) corresponds to a completely
coherent entangling measurement [4] resulting in the iden-
tical redistribution of the initial information between A and
B and a complete absence of the coherent information about
the initial state for individual components of the A+ B
system. In the general case, the distribution of the initial
information about the object between the object and instru-
ment is determined by the metric Q,; = (e,leg)s of the set

|eot)A'

3. Relation between the generalised measurement
transformation and its representation
in the form of the positive operator measure

Consider superoperator (3) mapping generalised transfor-
mation (4) taking into account dephasing

=3 Roy(rp) e 05l © 1B)a Blalepla: (5)
off

The probability distribution P () = («|zpg|a)p corresponds
to this superoperator, where pg = Tra.#p, and p, are the
density matrices of the instrument and object, respectively,
for the results of measurement o physically realised as the
quantum states of the instrument. This distribution has the
form

P(2) = TraE,pa (6)

where E1:Va|O€)A(O(‘A is the positive operator measure
(POM). This expression depends neither on the degree of

the transformation coherence nor the form of its repre-
sentation in the output state of the object and the
corresponding entanglement of the object—instrument
system after measurement because it describes only classical
(internally compatible) information of the instrument about
the initial state. It describes, however, not the quantum
result of measurement by the resulting nonselective infor-
mation preserved in the quasi-classical form in the object.

The resulting information, although mapped in a clas-
sically discernible form, is described by the reduced object—
instrument superoperator

My =" Royg(v,5)'* (egle) ale)g(Bla © [B)a (Bl (D)

up

which takes into account quantum correlations with the
initial state. Even for a completely coherent measurement,
expression (7) contains the decoherence factor R,; =
(egley)a caused by the neglect of the coherent information
represented as the entanglement of the object—instrument
system. This dequantisation is not complete. The conside-
ration of a complete dequantisation of the output
information for R,; = 3,5 leads, as one can easily see, to
the transformation

My = ZVx|“>B(“|A © [or) 5 (e[,

o

to which the probability distribution (6) in the algebra of
classical events described by a set of compatible states |o)p
and its subsets still corresponds.

Generalised measurements in terms of the POM were
widely discussed earlier, in particular, in the problem of the
optimal measurement of continual quantum variables of the
type of coordinates and momenta [9—11]. The consideration
presented above is qualitatively different due to a finite
dimension of the space H, allowing the discussion of
information about all the quantum states of the Hilbert
space to which the analysis of measurements in infinite-
dimensional quantum systems performed earlier was not
obviously applicable.

4. Selective generalised measurement

A special case is the selective measurement which differs
from the entangling measurement by the generalised form
of the output states of the instrument: |k), — |e,)a = |k)a,
k=1,...,D, which now differ from the basis states |k), of
the measured variable and, being represented in the general
case by a nonorthogonal set, do not allow the object to
preserve the initial state for the measured variable. In the
case of a purely coherent measurement, the instrument
acquires as a compensation the nonzero coherent informa-
tion about the initial state of the object, which is complete
in the limiting case |k), = |0),, i.e., quantitatively equal to
the initial entropy of the object. In this case, information
relations for the object—instrument mapping obviously
reproduce the same relations for the object—object map-
ping for a soft measurement, for which the transformation
differs by the inversion H, = Hgy of the resulting states of
the object and instrument. Because of this, the correspond-
ing dependences for the coherent object —object information
in a two-level system presented in [6] are also valid in the
case under study. The quasi-classical information acquired
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by the instrument is always complete due to the absolute
accuracy of the measurement, i.e., it quantitatively coin-
cides with the entropy of the measured variable.

5. Nonselective generalised measurement

Another special case is the nonselective measurement for
which a set of mapped states |o), includes all the quantum
states of an object. In this case, the information index o
uniquely maps all the physically discernible elements of the
Hilbert space H,, and the set of its values is naturally
represented by the unit (2D — 2)-dimensional sphere of the
real Euclidean space. The corresponding generalised
measurement is the H, — Hp ® Hg mapping with the
state space Hg = L,(H,) of the instrument and the wave
functions g(x) of the continual argument. The multiplicity
of the states dv =73, v, corresponding to the element of
the set o € dv has in this case the form dv = Ddv/v, where v
is the total volume of a hypersphere of physical states.
Figure 1 shows the set of states of a two-level quantum
system. It corresponds, in particular, to the measurement of
the polarisation vector of a single photon or the wave
function of a single two-level atom.

Figure 1. Mapping of the elementary states during the nonselective
generalised measurement. The new states |e,), of the object differ from
the states o), in the general case.

Distribution of information between the object and instru-
ment. The amount of information preserved in the object is
determined by the information content of the overfilled basis
le,) s, which partially duplicates information represented by
the states |o)p of the instrument, but corresponds in the
general case to a partial or complete loss of the initial
information |a), of the object. In the case of a completely
coherent measurement, i.e., for R,z =1, the information
content of this basis for a pure input state p, = |), (|5 1s
characterised by the entanglement E (|y/),p) of the resulting
object—instrument state |Y),z = V'|{),. The instrument in
this case contains all available information [12] about the
total Hilbert space of the object states, which is represented,
however, in the quantum form including entanglement with
the object. This form passes to the classical form either after
the additional projective measurement or after the totally
dephasing transformation & in (3) for R,; = 8,5, which is
equivalent informatively to this measurement.

The calculation can be illustrated by the example of a
two-level system (D = 2) by using as |e,), all the states of
the part of the Bloch sphere with the angular variables 3 and
¢ obtained by mapping 3 — ¢3, where 0 < ¢ <1 is the
compression coefficient of the initial Bloch sphere mapped
into its part corresponding to 0 < 3 < mg. In the case of
such mapping (¢ < 1), there exists symmetry with respect to

the value of the polar angle s of the initial state oy = (s, @),
which is maximal for ¢ =0 and is absent for ¢ = 1. The
entanglement of the object—instrument system appearing
after the measurement can be represented as the entropy
S(pa) = —Trpalog, pa of the partial density matrix pp =
Trg|y) ap(¥|ap Of the transformed state of the object ™. The
corresponding dependence E (s, q) is shown in Fig. 2.

RS2 A A L7 7|
AR AL T SAALLT
R LR LA A

2L7R LT AL
e

Figure 2. Dependence of the entanglement E on the compression
coefficient ¢ of the Bloch sphere and the angle 3 = s corresponding to
the initial state. The maximum value 1 bit is achieved for s =m and
q = 0.7978, while for ¢ = 1 the entanglement is independent of s and
corresponds to the entropy S = E, = 0.918 bit of the pure qubit state
after its complete depolarisation.

The result of calculations for a completely nonselective
representation of the final state of the object for ¢ = 1 and,
therefore, |e,)s = |2)o is obvious without complete calcu-
lations because in this case pj corresponds to the totally
depolarised initial state {see, for example, expression (3.115)
for p =1 in [13]}:

pA = (2/3)|ag) o] + (1/3)]0t0) (%ol

where |3,) is orthogonal to |«y). Therefore, irrespective of
oy, we obtain E = Ey = (2/3)1og, (3/2) + (1/3)log, (3/1).
The result E=1 bit, i.e., the complete entanglement
achieved in the initial state characterised by the angle s = m,
which is represented on the Bloch sphere by the point
opposite to the compression point 3 =0, and the inter-
mediate value of the compression coefficient seems to be
somewhat unexpected and requires qualitative explanation.
This is alleviated because for the given orientation the
symmetry with respect to the Bloch sphere axis takes place;
as a result, the density matrix is diagonal in the correspond-
ing basis and has the form pp = pi|1) o (1|5 + P2]2) 2 (2|4- In
this case, because the direction of the state vector with 3 = 0
is opposite to that of the initial state vector with s =,
according to the above expression for ¢ = 1, the probability
is p; = 1/3. When the compression parameter changes to
the value ¢ = 0 corresponding to the collapse of the Bloch

*The calculation of the trace over B in the partial matrix pA in the
continual limit under study is reduced to the corresponding integral over
the Bloch sphere with the differential dv = sin ¥ddde/2m.
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sphere to the point 3 = 0, the probability p, of the opposite
state decreases to zero and, hence, the probability p,
changes to unity, according to the analytic expression

3 —2q2 t+cosmg 1 —cosmg
4(1-¢%) 4(4-q°)"

pr=1-p,=

In this case, because of continuity, the probability p; passes
through the value 1/2 corresponding to the maximum
entanglement of the two systems, one of which is a qubit.

Note also that the maximum entanglement £y, = 0.918
bit, achieved upon a complete reproduction of all the states
of the Hilbert space by the object after the measurement, is
very close to the complete entanglement achieved in the
completely coherent nonperturbing entangling measure-
ment. However, in the latter case this is realised only for
the optimal choice of the initial wave function of the object.
In the case of the completely nonselective measurement
considered here, the value of E, is invariant with respect to
the initial state |og), because all the states are on equal
terms.

6. Competition between the object
and instrument in the choice
of nonselective quantum information

A distinct property of the non-destructive quantum
measurement is the absence of competition between the
object and instrument because of the possibility of
unlimited multiplication of classically compatible informa-
tion obtained in such a measurement. However, during the
choice of nonselective information related to the non-
orthogonal overfilled set |og),, which is typical, in
particular, for protocols of the quantum transfer of a
key [14], the competition appears which is caused by the
same reason — the impossibility of nonperturbing duplica-
tion of information about nonorthogonal quantum states.
The competition of this type can be considered by
describing information quantitatively with the help of the
information Holevo measure, which directly takes into
account its quantum specific.

Information for a semiclassical quantum channel charac-
terised by the density matrix p(z) depending on classical
messages o« on the channel input is described by the
expression

I = () = | PAnS(H(2) ®)

where p = [p()P(de) and P(d«) is the distribution of
probability (or appearance frequency) of classical messages
a. One can easily see that the classical parameter o in the
considered transformation of the quantum measurement
corresponds to the information index of the initial object
states |a),, while the two channels of the problem (object —
object and object—instrument) are described by averaging
the state corresponding to the wave function V'|a), of the
object—instrument system [or in the general case, the
density matrix appearing after incoherent transformation
(3)] over the competing system.

The density matrices of the corresponding channels for
the uniform distribution P(do) have the form

p(0) = [ dopl(Bls) s Plep)a el ©)

h = [ dopleneapl (10)

(@) =D () P (eplep) a (B'l2) A (21B) B ) u (Blss (1)
BB’

_ 1 =
P =5 2 ) P eplep ) (B'1B)AB Yo Blis — b
BB’

1
= [donlp)alei e (Bl (12

The second expression in (12) is the isometric mapping
of the continual density matrix of the instrument to the
discrete space Hx ® H,, which realises the active subspace
of states and is used for quantitative calculations. The
entropies of density matrices p,(x) and pg(x) coincide, so
that there is no need to use the continual representation.
Figure 3 presents the dependences of the Holevo informa-
tion for the instrument and object calculated by general
expression (8) by using (9)—(12).

1/bit
1.0

0.874
0.8

0.6 -

04

02
0.081

0 0.2 0.4 0.6 0.8 1.0 ¢

Figure 3. Dependences of the Holevo information, obtained in the
instrument (/z) and preserved in the object (I4), about a uniformly
distributed ensemble of the initial states |a), of the object—qubit on the
degree ¢ of preservation of information in the object. The maximum
value of the object information 7, = 0.081 bit corresponds to the
minimum value of the measured information Iz = 0.874 bit.

The dependences demonstrate a relatively weak com-
petition in the object—instrument system upon obtaining
semiclassical information compared, for example, to com-
petition during obtaining coherent information in the
selective measurement, when the preservation of all infor-
mation in the object leads to its complete absence in the
instrument [4].

7. Conclusions

We have shown that the transformation of a partially
destructing quantum measurement generalises in the unified
form all the basic types of quantum measurements
discussed earlier: standard projective and entangling, soft
and destructing, coherent and dequantising.

The nonselective variant of such a measurement, as
shown by the example of a two-level system, has an
interesting feature of the possibility to achieve the maximum
entanglement in the object—instrument system in the case of
the intermediate degree of preservation by the object of the
information initially contained in it. When the object
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preserves the maximum of the initial information, the
entanglement achieves almost the maximum value for
any initial pure states.

The nonselective measurement, realising equal measure-
ments of all the dynamic variables in the quantum system, is
characterised by a substantially weaker competition in the
distribution of quantum information between the object and
instruments compared to the completely selective measure-
ment. In the experimental scheme [5], the passage to the
nonselective measurement corresponds to the passage from
measuring the number of photons n = 0, 1 to measuring the
superposition state |a), = ¢4|0) + ¢;|1) of the photon field
itself. In this case, the most obvious difficulty involved in
such measurements, as follows from the relations obtained
in this paper, is related to the necessity to establish the equal
correlation between each state |a), and the corresponding
states of the continual set of the orthogonal, i.e., classically
discernible states of the instrument.
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