Quantum Electronics 36 (1) 3—19 (2006)

©2006 Kvantovaya Elektronika and Turpion Ltd

INVITED PAPER

PACS numbers: 32.80.Pj, 32.10.Dk, 31.15.Ar, 31.25.Jf; 42.62.Eh
DOI:10.1070/ QE2006v036n01 ABEHO013098

Polarisation and dispersion properties of light shifts
in ultrastable optical frequency standards

V.D. Ovsiannikov, V.G. Pal’chikov, H. Katori, M. Takamoto

Abstract. The theoretical aspects of the Stark spectroscopy
of cold alkaline-earth atoms in a three-dimensional optical
lattice related to the development of ultrastable optical
frequency standards of a new generation are considered. The
main attention is devoted to the dispersion and polarisation
properties of the light frequency shift in these atoms, which
depend on the power, frequency, and polarisation of lasers
forming the optical lattice. The ‘light-shift-cancellation’
regime is considered in detail, in which the second-order
dynamic Stark shifts at the forbidden clock *P,—'S, and
3P1—180 transitions are mutually compensated. The wave-
lengths at which this regime takes place (‘magic’ wavelengths)
are calculated for the He, Be, Mg, Ca, Sr, Yb, and Hg
atoms. The fourth-order dynamic susceptibilities (hyper-
polarisabilities) are calculated for Sr atoms and the
contribution of higher-order multipole corrections to the
dynamic polarisability of the 3P0 and 'So levels is estimated.

Keywords: optical lattice, forbidden transitions, cold atoms, light
shift, optical frequency standards.

1. Introduction

The basic metrological parameters characterising the
primary time and frequency standards are the accuracy
of frequency measuring, its reproducibility and stability. At
present the frequency standards of a new generation —
atomic fountains developed in the last decade in a number
of leading laboratories worldwide {NIST (F1) [1], PTB
(CSF1) [2], SYRTE (FO2, FOM) [3, 4], IEN (CsF1) [5],
NPL (CsF1) [6]}, have the best accuracy. Compared to
classical primary microwave cesium atom standards (see,
for example, [7-9]), the accuracy of independent reprodu-
cibility of the time and frequency units in atomic fountains
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is at least an order of magnitude better, amounting to
~ 1079 while the long-term stability is ~ 107" per day
[10].

In the last few years a qualitatively new stage in the
development of optical frequency standards began, which is
based on the use of femtosecond lasers for the elaboration of
optical clocks and synthesis and precision measurements of
absolute frequencies in the optical range [11—14]. A femto-
second laser emits a set of equidistant frequency
components separated by a 100 MHz—1 GHz frequency
comb, which fill the entire emission spectrum of the laser (up
to hundreds of terahertz). The intermode intervals are
equidistant within an error of no worse than
107 — 1077, which is provided by the self-mode-locking
process itself [15—17]. Therefore, to obtain a frequency
comb in a broad spectral range, it is sufficient to lock any of
the components of a comb generator to a frequency
standard used as a reference. Applications of femtosecond
lasers for absolute measurements of optical frequencies are
considered in [17-21].

An alternative to atomic fountains for precision time
and frequency measurements may be at present optical
standards based on cold neutral atoms or singly ionised ions
(see, for example, [22—-27]). Without considering in detail
the advantages and disadvantages inherent in standards of
this type, we will point out here their most important
specific properties determining a rapidly increasing interest
in the development of optical frequency references based on
various schemes of laser cooling and trapping of atoms.

First, one of the most important advantages of optical
standards is a higher frequency of the so-called clock
transitions used in them (hundreds and thousands of
terahertz), which in turn makes it possible to achieve a
higher (by a few orders of magnitude) relative frequency
stability due to an increase in the cavity Q factor
(10'2 — 10" [28]). Thus, in optical frequency standards
on Hg" ions and Ca atoms, in which the electric quadrupole
transition

*S)/(F=0,Mp=0) —°Ds),(F =0, My =0) (=282 nm)
and the intercombination transition
'So(M = 0) —°P(M = 0) (=657 nm),

are used as frequency references, the relative frequency
stability is estimated as 1x 107" and 1.6 x 107'® per
second, respectively, while a similar estimate for the 698-nm
552 1Sy(F = 9/2) — 5s5p Py(F = 9/2) transition in fre-
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quency standards based on the fermion isotope of a
strontium atom (¥’Sr) gives ~ 1 x 107® per second [25].
It follows from these estimates that the optical frequency
standard has an advantage over the microwave fountain
frequency standard because it has a significantly higher
stability for a shorter measurement time.

Second, atomic systems with several valence outer-shell
electrons used in optical standards as working media have
rather complicated spectra containing narrow lines corre-
sponding to strongly forbidden transitions in the optical
range. For example, in the fermion isotopes of alkaline-
earth atoms, along with the 'S, —>P, intercombination
transition, the  above-mentioned 55> 'Sy(F = 9/2)—
555p *Po(F = 9/2) transition is used, which is caused by
the hyperfine structure effects and singlet —triplet mixing of
atomic *P; and 'P; levels.

Katori and co-authors (University of Tokyo, Japan)
[24, 25, 29—31] have recently realised experimentally the
idea of localisation of cold Sr atoms in periodic spatial
structures with dimensions less than the wavelength of light,
which were produced in a standing laser radiation wave
(optical lattices). This idea was first proposed by Letokhov
[32] for reducing the Doppler width in the emission spectra
of atoms. In this method, atoms trapped in a spatial region
with dimensions much smaller than the wavelength of light
emit a spectrum in which the Doppler broadening is strongly
suppressed, i.e., their fluorescence lines are narrowed due to
the Lamb — Dicke effect [33]. As follows from Fig. 1 [25], the
552 1Sy(F = 9/2) — 5s5p *Py(F = 9/2) transitions at a wave-
length of 698 nm occur between the energy levels of atoms in
fixed vibrational states in the potential well of the optical
lattice. The primary laser cooling of Sr atoms is performed
at the 461-nm 'S, —'P, resonance transition; as a result, a
part of atoms undergo transitions to the 35s5p°P, and
5s5p°>P, triplet levels via the intermediate 5s4d 'D, level.
The secondary, deeper laser cooling (down to a few
hundreds of nanokelvin) is performed at the 5s°'Sy(F =
9/2) — 5s5p Py (F = 9/2) intercombination transition [34].

The optical lattice shown in Fig. 1 is formed in a standing
wave of linearly polarised laser radiation at Ay ~ 800 nm
[25, 31].

It is clear from the general physical considerations that
the potential of the optical lattice localising an atom can
noticeably perturb both the internal and external degrees of
freedom of the atom (dynamic Stark shift of atomic levels,
modulation of its position and velocity, etc.). It is the
internal degrees of freedom that are of most fundamental
and practical interest in optical frequency standards of this
type because the accuracy of measuring the clock transition
frequency depends first of all on the degree of action of
factors perturbing the atomic levels and shifting the tran-
sition frequency with respect to its nominal value in the ideal
case.

The authors of papers [24, 25, 29—31] proposed the
original method to reduce to a minimum the effect of
the optical-lattice potential on the measured 'S, —°P,
(J =0, 1) transition frequency in the Sr atom. It was shown
theoretically [25] and experimentally [31] that, by selecting
properly the parameters of laser radiation (polarisation and
frequency) producing an optical lattice, a complete mutual
compensation of quadratic Stark shifts of the ground and
excited atomic levels can be achieved (‘light-shift-cancella-
tion’ regime). This method considerably reduces the
measurement error related to the influence of the lattice
potential on the frequency of optical transitions in alkaline-
earth atoms, which makes the use of this approach urgent
for the development of highly stable frequency standards in
the optical range.

The primary aim of this paper is to study theoretically
the polarisation and dispersion properties of light frequency
shifts at the forbidden 'Sy —°P, (J =0, 1) transitions in
alkaline-earth atoms used in modern optical frequency
standards employing optical lattices. We calculated the
dynamic polarisabilities and hyperpolarisabilities of atomic
levels as functions of the parameters of the laser field of the
optical lattice by using the general quasi-stationary pertur-

55218, (F=9/2)

Figure 1. Scheme of optical transitions in the Sr atom (a) and a three-dimensional optical lattice in a linearly polarised laser field (b) [25]. d;_5 are laser-
frequency detunings from the transition centre; dpg; and dpg are the hyperfine structure components of the states; Z9/2 is the optical lattice period.
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bation theory. We discussed in detail the results of calcu-
lations of the ‘magic’ wavelengths of laser radiation at which
the light-shift-cancellation regime is realised, which mini-
mises the effect of the localising potential on the frequency
shift of the 'Sy — *P, (J = 0, 1) clock transitions in alkaline-
earth atoms.

2. Radiative probabilities of forbidden transitions
in alkaline-earth atoms

As pointed out in Introduction, the spectra of alkaline-
earth atoms contain intercombination and forbidden
transition lines with very small natural widths, which
make them convenient for using as clock transitions in
modern highly stable optical frequency standards on cold
atoms. Figure 2 presents a simplified scheme of low-lying
levels of an alkaline-earth atom showing possible radiative
decay channels.

3
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M2, El-hfs
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Figure 2. Diagram of optical multipole transitions in alkaline-earth
atoms.

The natural width Av of the atomic transition from the
excited state |k) to the ground state |i) is related to the
spontaneous emission rate (transition probability per unit
time, or the Einstein coefficient) Ay; by the expression

_ A

Av =7,
v27‘c

(D

It is convenient to express the coefficient A4y; in terms of the
line strength S (Table 1). In Table 1, g, =2J, + 1 is the

statistic weight for the excited level |k). In the atomic
system of units, the line strength is written as the square of
the reduced matrix element of the operator of interaction
with the radiation field [35, 36]:

Ser = (DK, Sga = [(i]| 0a]K)[,
Swi = (il L + 28|k) [, 2)

Smz = [(iI{(L + 25) ® D}, |Ik) [,

where D, Q,, L and § are the electric dipole, electric
quadrupole, orbital, and spin moments of an atom; and
{a ® b}, are the second-rank irreducible tensor product of
two vectors. The general theory and multiconfiguration
approach to the calculation of the line strengths and
probabilities of multipole transitions in atoms with two
valence electrons are considered, for example, in [35—37].

Table 1. Relation between A4;; and the line strength S (in atomic units)
for electric and magnetic dipole transitions followed by radiation at the
wavelength 4 (in Angstrom).

Transition type Ay / s

El [2.026 x 10" /(g 2*)] Sk,
B [1.120 x 10'® /(g,.4%)]Sps
Mi [2.697 x 10 /(g,.2%)]Swy
D [1.491 x 10" /(g,2°)] Spz

The results of calculations of probabilities of one-photon
transitions from the °P, level show that the dominating
decay channel for Mg and Ca atoms is the magnetic
quadrupole (M2) transition to the ground state (Fig. 2
and Table 2). For the Sr atom, however, the most probable
is the magnetic dipole (M1) *P, — *P, transition between the
sublevels of the fine structure of the atomic multiplet
(Fig. 2). If the probability of a given radiative transition
is calculated in the nonrelativistic approximation, the Ein-
stein coefficient Ay, (in atomic units) will be determined by
a simple analytic expression [38]

oo, )

where o = 1/137.0360 is the fine structure constant and wyy;
is the M1 atomic transition frequency.

Table 2. Calculated and experimental probabilities of forbidden transitions for isotopes of alkaline-earth atoms with the zero nuclear spin.

Transi- Aizi‘lc/ s Ai’i(p/ s
Transition tion type
Mg Ca Sr Mg Ca Sr
1.9(3) x 10% [41 2.98(8) x 10° [44]  4.9(1) x 10* [47
, 1 2.6 x 10> [37] 2.4 % 10° [37)] 5.5 x 10* [37] ®) 2[ : ®) ) [44] M 4[ ]
P,-'S, El s , \ 2.1(4) x 107 [42]  2.9(2) x 10° [45]  4.7(1) x 10* [45]
2.8 x 10 [40] 2.7 x 10° [40] 5.3 x 10* [40] y , .
2.5(1.2) x 10°[43]  2.9(3) x 10° [46]  4.6(1) x 10* [48]
p,—1s, M2 441 x 1074 [38] 4.41 x 1074 [38] 1.27 x 107*[38]
’p, — P, Ml 9.12x 1077 [38]  1.60 x 107 [38]  8.26 x 107*[38]
5P, — %P, E2 1.0x 1072 [38]  3.0x 107°[38] 3.0 x 1077 [38]
P, - Py E2 3.0x 1072 [38] 1.0x 1077[38] 1.0 x 107° [38]
’Po— 'Sy El+Ml 1.6x 1077 [39] 3.6 x107°[39] 5.5x 1072 [39]
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Note that the value of 4y estimated from (3) by using
the experimental value of w differs from the ab initio
calculation [49] only by 3 %. The corrections of higher
multiplicities for this transitions [related to the magnetic
octupole (M3) decay channel and two-photon transition
probability] are negligibly small, and can be neglected in the
calculations of the total probability of transitions from the
3P2 metastable level.

The numerical values of the magnetic quadrupole (M2)
3P, — 'S, transition probability were absent in the literature
until recently. The only exclusion is the Mg atom for which
the first estimates of the probability Ay, (1.6 x 107% s71)
were obtained more than 30 years ago [50, 51]. The modern
theoretical estimates are at least twice this value of Ay,
being well consistent with each other (4.44 x 10™* s™! [38]
and 3.983 x 10~* s7! [49]). The probabilities of the electric
quadrupole (E2) decay channel of the *P, level to the 3POJ
levels are a few orders of magnitude lower than the
probabilities of the M1 and M2 transitions (Table 2).

The one-photon transition from the *P, level to the
ground state is strictly forbidden by the selection rules for
the atomic angular momentum, while the two-photon and
three-photon transitions from this level are strongly sup-

Table 3. Probabilities of the radiative decay of the metastable *P, and
3P, levels induced by the hyperfine interaction in fermion isotopes of
alkaline-earth atoms and in the Yb atom.

Atom Transition F Aki/f1 References
Mg Py — 'S, 52 444 %1074 [52]
42x107* [55]
p, 13, 32 225% 1074 [52]
1.4x 107 [55]
3p, — Is, 52 4.65 x 107* [52]
2.9%x 1074 [55]
3p, s, 72 502 x 107 [52]
3.1x107* [55]
B0, 3p, — 'S, 72 222%107° (52]
p, — 1S, 52 1.02 x 1073 [52]
72 1.81 % 107° [52]
9/2 174 x 107 (52]
873r 31:'0 - 1So 9/2 7.58 x 107 (2]
6.3 x 107" [29]
55%107° [56]
p, 18, 72 4.01 x 1072 [52]
9/2 6.81 x 1073 (52]
11/2 6.38 x 1073 [52]
Tlyh P, 'S, 12 435 %1072 [52]
5.0 x 1072 [57]
p, 13, 32 9.18 x 1072 [52]
Byp  3p, - s, 52 3.85x 1072 [52]
43 %1072 [57]

pressed (Table 2). However, in atoms with the nonzero
nuclear spin (odd fermion isotopes of alkaline-earth atoms)
the one-photon El transition to the ground state is possible,
which is caused, on the one hand, by the singlet—singlet
mixing of atomic levels of the same parity and the same total
momenta and on the other, by the hyperfine interaction of
the levels with the *P; triplet level [39, 52—54]. As a result,
for example, the radiative lifetime of the *P, and *P, levels
can strongly decrease due to the additional El1 decay
channel to the ground state induced by the hyperfine
interaction (Table 3).

The numerical data presented in Tables 2 and 3 show
that the lifetime © = 1/4,; of metastable levels of alkaline-
earth atoms is 10° — 10* s, while the typical natural widths
of forbidden spectral lines do not exceed several millihertz.
It is these unique radiative characteristics of forbidden
transitions that stimulate wide applications of alkaline-earth
atoms as working media in optical frequency standards.

3. Stark shift and splitting of atomic lines
in a monochromatic field

To study the interaction of an atomic system with the field
of a monochromatic wave

E(r,t) = EgjRe{eexpli(kr — wt)]} 4)

(where E, and w are the wave amplitude and frequency;
k=own/c is the wave vector; e and n are the unit
polarisation and wave-propagation vectors, respectively),
it is convenient to use the concepts of quasi-energy and
quasi-energy states [58—60]. In this case, the spectral
characteristics of an atom in an external field are
determined by the complex quasi-energies

e=Ree—1il/2, (5)

with the imaginary and real parts corresponding to the
Stark radiative-ionisation broadening I and the Stark shift

Ae = Ree — Ej) (6)

of the nondegenerate levels with energy EI(S) by the light-
wave field (here, J is the total momentum and f is the set of
quantum numbers). This approach allows one to solve most
simply many problems of atomic and molecular spectro-
scopy, in particular, the problems of decay of weakly bound
states [60—62] and a change in the atomic spectrum in a
monochromatic field [60, 63, 64], and to study multiphoton
processes [60] and the convergence of series in the
perturbation theory for isolated and degenerate levels
[64, 65], etc.

If the amplitude of monochromatic field (4) is small
compared to the intra-atomic field amplitude FE, =~ 5x
10° Vem™ , it is sufficient to use the lower-order corrections
of the perturbation theory to calculate variations in the
energy of an atom caused by the action of a light wave.

In the general case the shift Aazs—Eg of quasi-
energies of the |fJM ) sublevels of an atomic multiplet with
the projections M of the total momentum J caused by an
external monochromatic field is determined from solutions
of the secular equation [66, 67]

det||Aed; 8y ps — Ugiagr yuall = 0. (7)
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Therefore, the action of the electric field changes the spin—
orbit structure of an atom, by mixing states with different
total momenta J while the violation of the axial symmetry
caused by the light wave leads to the mixing of the states
with different magnetic quantum numbers M. As a result,
the problem of the quasi-energy spectrum is reduced to the
diagonalisation of a matrix in the subspace of closely
spaced states of the multiplet with different momenta and
different magnetic quantum numbers:

Upnergu = — (BT M| V(r, )GV (¢, 1)|BIM ) ®)

(here, the double Dirac brackets denote integration with
respect to coordinates and time averaging). The expression
for the operator of interaction with an external field has the
form

V(r,t) = v(r) exp(—iwt) 4+ v* (r) exp(iot), )
where
U(l’) = VD + Vll + VQ + (10)
1 E,
VD——iDE—7197 (11)
Vy *%(‘ll[n x E]) = aTEO(JJr S)[n x e, (12)
i
VQ = _gz QSIvSZkSIE
1Eooca) 2
®e},Cr(0 13
2\/~ {n 8}2 2( (P) ( )

are the operators of electric dipole, magnetic dipole, and
electric quadrupole interactions of an atom with the field,
respectively [66]; in the one-electron approximation,
D=—r, u=—a(J+S5)/2 and Q= —r>Cy(0,¢p) are the
electric dipole, magnetic dipole, and electric quadrupole
momenta of an atom, respectively; and C,(0,¢) is the
modified spherical function of the angular variables of the
radius vector r of a valence electron. In expression (8),

Z <<r7 I|I’Vl, K>><<Wl, K‘rlv t/>>

G(r t;r't") =
o m,K Emic — Eﬁ-/

(14)

is the reduced quasi-energy Green function expanded in the
quasi-energy states ({r,#|m,x)) = (rim)exp (ixwt) of an
unperturbed atom with the quasi-energy ¢, = E,, + Ko.
The time dependence of the Green function (14) can be
separated explicitly in the form of the Fourier expansion
[66]

G(r,t;r't") = Z GE =R (p: p") explixeo(t — 1)),

K

(15)

the coefficients of which are stationary Green’s functions

GO (pr!) = (r|m)(m|r’)
() = S D,

m

(16)

where summation is performed over a complete set of states
except the initial state |m) = |fJM) (M =0, £1,...,+J).
After time averaging and integration with respect to the
angular variables, matrix element (8) can be written in the
form of expansion in the irreducible tensor products
{e®e"}; of the polarisation vector e and its complex
conjugate vector e¢* of ranks j =0, 1, 2 (expansion in the
components of the polarisation tensor [66, 67]):

2

Upmrom = TOWJ’M’JMa 17
where
Wym'gm = —%UUIM%*"/ GE'"M(”S r'er!
+er GE O (ry ke r |BIM)
- ;X,,;l,z( Y e @ ey, (18)

The factor —1/2 in front of the sum of second-order matrix
elements is retained here to provide the coincidence of the
values of the matrix element wj/ s, in the static limit
(w = 0) with analogous values introduced in [68] for the
stationary Stark effect on the triplet levels of He. Expansion
coefficients (18) are representedl as products of the
Clebsch—Gordan coefficients €7, JMJ . and irreducible atomic
parameters

) 12 .
O _ o s Z 1 L1y
bY), = (-1 <2J,+1 EJ: ST

X [Ry, (@) + (=1) Ry, (—o)], (19)
where
117
J' T T
is the standard notation of the 6;j symbol;
Ry (@) = (BJ'| DG, D||pJ) (20)

is the reduced second-order dipole matrix element with the
partial Green function from the subspace of stages with a
fixed value of the total momentum J;. The further
integration over the angular variables allows us to express
the reduced matrix element (20) in terms of a superposition
of radial matrix elements, which depend on the specific
spin—orbit structure of intermediate states. In a particular
case of the LS coupling scheme, a set of quantum numbers
p consists of the principal (1), orbital (L), and spin (S)
quantum numbers: = {nLS}. After the calculation of
reduced matrix elements of the dipole moment in the LS
coupling scheme, expression (19) takes the form

B = (2L + D27+ 1)(2) + 1]/

x>

Ly, J,

(=17 2T+ 1)x
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o1 1 jlrLSJT 1JJ
<t )y H B ST g1 7 et o). en

where

o)), (@) = (nLSJ’ lr{ )

(0)

HEVEG | LSy =012 @
is the sum (for j =0, 2) or difference (for j=1) of the
second-order radial matrix elements with the posmve fre-
quency [g rEL)sﬁ“)(r r")] and negative-frequency [g Es~ (r, 1"
radial Greeél functions in the subspace of states with fixed
orbital and total momenta L; and J; (the spin moment S
remains invariable in electric dipole transitions).

Expression (21) is considerably simplified if the radial
matrix elements (22) for a fixed orbital momentum L; are
independent of the total momentum Ji, i.e., if the influence
of the spin—orbit splitting of levels on matrlx elements can
be neglected, by writing O'(L> 5, (@) = UL (a)) Then, summa-
tion over J; in (21) can be performed analytically:

bY)

Y = (~DESY oL D27 + D2+ D)V

] 211 -
X{f/fsj } ; (Cfd?()) { LL [{1 }G(If? (w) (23)
1
In this approximation, all matrix elements (17) can be
expressed in terms of three independent components of the
tensor of dynamic polarisability of the |[nLSJ) state.

The components of polarisation tensor (18) depend on
the polarisation type of the radiation field (4). Assuming the
wave completely polarised, we consider the most general
case of elliptic polarisation. The field of such a wave has two
selected directions: the wave propagation direction, which is
specified by the unit wave vector n = (1/2n)k, and the
direction of the principal axis of the polarisation ellipse,
which is specified by the vector u perpendicular to n. It is
convenient to introduce the orthogonal basis of the unit
vectors e. =n, e, =u, and e, =nxu. Then, the unit
polarisation vector in (4) can be written in the form

_ e, +1ye, 7 (24)
(145772
where 7 is the ellipticity parameter (—1 <y < 1) determin-
1ng the degrees of linear polarisation /= (1 —y?)/(1+
7?) (0<I<1) and 01rcular polarisation & =2y/(1+7?)
( 1 <¢&<1),and /? + &% = 1 according to the condition of
100 % polarisation of radiation. By expanding vector (24)
in the cyclic basis of vectors [69] e = (e),e’, where i = 0, £1,
e’ = e., e et = Fle, F iey)/\/i, we obtain the expressions
_IFy (25)
201+
for cyclic components. The parameter y of the polarisation
tensor in (18) in the coordinate system specified in this way
can take values 0 and +2, i.e., only five components from
the nine tensor components {e®e*}jz can be nonzero.
They can be written in the form

* / [
{e@e}, = =T 18,0 +582(8,2 +8,-2)

jO +—0= 8]2(612 + 61—2)' (26)

- (3% + a0 g oot
Therefore, matrix (18) is completely determined by the
set of invariant atomic parameters (21):

1 b(o) b(l) h(z
Wi = — Oy 5/ —‘rfJJC /JC )
J'M'"IM B MM< \/— J'J \/E JM10™— \/6 JM 20

b<2 (CJMz 2+ CJMzz) 27
Each of these parameters can be expressed in approxima-
tion (23) in terms of three independent characteristics of the
multiplet — the components of the (Polarlsablhty tensor
[66, 67, 70—72]. Thus, the quantlty bu, contrlbutmg only
to the diagonal matrix element (J' =J, M' = M) (27) can
be written in the form

JJ = \/—anLJ( ) (28)

where

(=1)"[R;, () + Ry, (—»)] (29)

W) =S,

is the scalar polarisability, which is the same for all the
sublevels of the multiplet in approximation (23), i.e., is
independent of the total momentum J:

1

Uy (@) = oy (@) = m

X[Loy_y(0) + (L + Doy ()]

[hereafter we use the notation aL (U)) = UL, (a)) = oL (),
aL (w) = oy, (w)]. By using (23), the quantities b}/, con-
trlbutmg to matrix elements (27) with J' = J,Ji 1,
M’ = M, can be also expressed in terms of the diagonal
component b Jlj):

- (LR,

which in turn is expressed in terms of the antisymmetric
(vector or axial) polarisability:

1) _ J+1 1/2
JJ nLSJ 2] )

1 (32)
2J+ 1),

(30)

(3D

a
sy =

X Z (-"x Ry, (®) = Ry, (—w)],
=7, 71
where X =J(J+1)+2—J;(J; +1) and the conventional
notation (x), = x(x + 1)...(x +n — 1) for the Pochhammer
symbol [73] is used. In this case, the dependence on the total
momentum can be also written explicitly:
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2L+ 1,01 (ST . , 3N'2 L
Anrsy A (—1)J+L+S+1 [ﬁ} { 1J L }O‘;L X SM’MCJJM}E[O —1 B (CJJMAg—Z + CJJMAgz) . (39

Y a
- manln (33)
where Y=J(J+ 1)+ L(L+1)—S(S+1);
L
Uy = m[ozq () — o1 (w)] (34)

is the characteristic which is the same for all the sublevels
and coincides with the axial polarisability of the state with
the maximum total momentum J = L+ S.

The quantities b(Jz,)J make a contribution to matrix
elements (27) with J' =J,J+1,J4+2 and M =M,
M + 2. They can be expressed in terms of the symmetric
(or tensor) polarisability

AR

3(27 +2),1?
b} = s {ﬁ} , (39)
2
where
OCt _ _ 1 (_1)./]7.1
nLSJ 3(2J+1)3,]:‘,,,il
X[BX(X = 1) = 8J(J + D] [R;, (@) + Ry, (~o)].  (36)

Similarly to (33), we can write

2L+ 1,27 - 1)1 (s L
OC,;LSJ%(*UHHS( )5 ( )%] {S J}t

QL—1),(2J+2),] 2L %"

V(Y- 1) —4LL+ 1)+ 1)
=2 QL - 1),(2J +2), %nLs (37)

where

t L +

2L—-1
nl = —m o-1(o)

* oL 1300

(@) (38)

is the characteristic that is common for all the sublevels of
the multiplet and coincides with the tensor polarisability of
the sublevel with the total momentum J = L+ S.

Therefore, by using polarisabilities (30), (34), and (38),
we can represent the general expression for matrix element
(27) in the form

1 ¢
Wy gm = — 5{“;L81’J +2>(=1)

L+S+J+1 CJ’M
) JM 10

(2L+1)2(2‘I+1) 1/2 SLJ a 6
% 2L {1 J'L }“”L MM

_|_

(=D"TEL+ 1), + 1) l/z{su Loty
4 2L-1), 2J' LS

If the energy of interaction of an atom with an external field
is much lower than the spin—orbit splitting, the influence of
nondiagonal (in J) matrix elements can be neglected. In a
circularly polarised field (¢ =41, [/=0), matrix (39)
becomes also diagonal in M, i.e., the projection of the
total momentum on the wave propagation direction is the
integral of motion. In this case, the diagonal matrix element

1 M

3IM? —J(J+1
Wypmim = ) U + Z—J@:LSJ - # .

2027 — 1) %y | (40)
completely determines the shift and splitting (in the
momentum projections) of the quasi-energy of the isolated
|nLSJ) state. If [ # 0, the magnetic quantum number is no
longer the integral of motion, while the nondiagonal (in M)
matrix element

B[(J+M+1),(JFM— 1)2]1/20&
427 - 1), nLss

(41)

Wipm2Jm = —

determines the relative contribution of the states with
momentum projections M’ = M +2 to the state with the
projection M. The quasi-energy value is found by
diagonalising the matrix with elements (40) and (41).

Consider as an example the nP, state in an elliptically
polarised field. In this case, matrix elements (40) and (41)
take the form

1

1 1
Wity1x1 = ) (OC;P iﬁ@ﬁp, - EOC;EPI)

_ 1 ¢
Wioto = ~5 oup + %p, |,

37,
Wi—p11 = Wip1-1 = *fonpl-
Secular equation (7) with these matrix elements gives the
three solutions

4 2 2

a 2 1/2
LG - 0E )
npP,

2

TO(O‘;P + yp, )

E; up 3
Ae, = ——O{oc,fp _ Py :t—oc,fpl
(42)

AS():—

For linearly polarised radiation (/ = 1, ¢ = 0), the depend-
ence of these solutions on the axial polarisability op,
disappears and Ae, = Ag,, which corresponds to the
degeneracy over the sign of the momentum projection on
the direction of the polarisation vector e = ¢" = e,. In the
case of circular polarisation (£ = +1, /= 0), nondiagonal
matrix elements (41) vanish and then three values of the
quasi-energy shift are determined by three diagonal
elements wysqy (M =0,£1).

Therefore, the calculation of the quasi-energy of an atom
in a field in the approximation quadratic in the radiation
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field strength is reduced to the calculation of three inde-
pendent quantities — components of the polarisability tensor
of the multiplet under study. Finally, these quantities are
determined by the second-order radial dipole matrix ele-
ments, which can be written in terms of the spectral sum of
the oscillator strengths of radiative transitions described by
the expression [35]

) 1
S(B1T1; BI) = T_Hﬂ/;lz(E/ﬁJl — Egy)

2(Ep s, — Ep)

x| (B AMUDIBIM)I = =3I B A IDIBT ).
Then
o) = 3 P @)
T 2 g - )
R “
() = _/g 3X(X—(211);28)J2(J+ 1)
L SBB) )

[(E/(s?.)/l - E/g%z - w2]

Note that the tensor polarisability in a constant field
determines the main (resonance) part of the fourth-order
correction to the sublevel energy [66, 74, 75].

If the separation of the interaction sublevels consid-
erably exceeds a change in the quasi-energy of the atom and
the magnetic quantum number remains the integral of
motion, it is sufficient to use the perturbation theory for
nondegenerate states for calculating the field corrections. In
this case, the change in the energy AE of the isolated state
|fJM ) of an atom caused by the light-wave field (4) in the
quadratic approximation (over the field strength) also can
be analysed with the help of the dynamic polarisability
a(e,w), and in the fourth-order approximation — by using
the dynamic hyperpolarisability y(e, w):

AE=E—EY =AE® + AEW 1 | (46)

AE®) = — Lyl )] = —(pIMIVGY |BIM)), (4)

1
AEW = “w Vpsne(es w)Ey

= —((BIM|VGVGVGV |FIM)) + ((BIM|VGV|SIM ))

X ((BIM|VGV|BIM)). (48)

The dynamic susceptibilities of the second and fourth
orders gy and ypp, in (47) and (48) also determine the
external-field-induced dipole moment of the atom at the
frequency o with an accuracy of the third-order terms [65]:

Dj(w, 1) = Re[DI(-"’) exp(—iwt) + D_/(-3“’> exp(—3iwt) + ..],

49
Dj - ajkekEO + Ryjklmek elemEO .

According to definitions (47) and (48), the transition
frequency in an atom in an alternating external field is
described by the expression [60]
2 4
wp = o) — %Aa(e‘, o) — lg—ZAy(e, W) — ..., (50)
in which w&o) corresponds to the unperturbed transition
frequency in the absence of the field, and Aa(e,w) and
Ay(e,w) are the differences of dynamic polarisabilities and
hyperpolarisabilities of the initial (|i)) and final (|f)) states.
For atoms with the nonzero nuclear moment I, for
example, fermion isotopes of alkaline-earth atoms, the
quadratic Stark effect is described by similar expressions
(for simplicity, we consider the case of a linearly polarised
field acting on the atomic level |fJFM)):
Ej .

2
1 a3 (w) + a;(w) 3MF_—F(F+1)

®__
AE FQF 1)

(51

Here, F is the total momentum of the atom taking the
hyperfine structure into account. By assuming that the
hyperfine interaction does not affect substantially the
electronic part of the wave function (the IJ-coupling
approximation [70]), we obtain that the scalar and tensor
components of the polarisability of the |fJFMp) level are
related to o) g/ (w) and ol g (w) in (51) by simple
expressions

(@) = (),

ab(w) = (~1)*F

FQ2F —1)(2F + 1)(27 +3) 27+ D (J+ 1)]'/?
X[ QF 1 3)(F+ 1)J(2J—1)

X { 5 }i é } O‘:;LSJ((U)

C3Yp(Yp— 1) —4J(J+ DFF+1)
= (2F+2)2(2J— 1)2 OcnLSJ(U))a

where

Yp=FF+1)+JJ+1)—I(I+1). (52)

However, the theoretical calculations of the shift and
Zeeman splitting of the transition between the hyperfine-
structure levels of the states with zero orbital and (or) total
momenta (in particular, the ground states of atoms) in
constant and alternating electromagnetic fields are compli-
cated by the necessity of calculating the matrix elements of
the third-order perturbation theory, which contain two
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Green functions and the operator of hyperfine interaction
between the electron shell and atomic nucleus [76—79].
Expressions similar to (51) and (52) can be also written
for the irreducible components of the dynamic hyperpolar-
isability (fourth-rank tensor); however, they are too
cumbersome [66, 67, 74] to be presented here.

4. Choice of the basis wave functions
in light-shift calculations for alkaline-earth
atoms

At present the most precise calculations of the spectral
characteristics of alkaline-earth atoms were performed
within the framework of the many-particle perturbation
theory, in which the effects of configuration interaction
were taken consistently into account [37, 38, 40, 49, 57]. In
this approach, the energies Ej; and eigenfunctions |¥p))
were determined by solving the wave equation

He(Eg) |V piae) = Eps|P pona) (53)

in which the effective Hamiltonian was written in the form

Heff(En) =Hp +2. (54
Here, H;. is the two-electron Hamiltonian in the frozen
atomic core approximation and X are corrections to Hi,
taking into account the interaction of valence electrons with
electrons of the atomic core. In the frozen core approx-
imation, the wave vector |Wp;,) is written in the form of
expansion in the two-particle basis functions |[P,)=

[P yae (i)

Wane) =D C,ld,), (55)
q

where the total angular momentum J, the projections M
and parities are fixed. The weight coefficients C, normalised
by the condition

Z ‘quz =1
q

are determined from the variation principle by using the
relativistic Hamiltonian

(56)

<'P,8JM|ch|lP/3JM> = ZEquZ + Z qucqcp (57)
q

q,p

averaged by expression (55), which includes the Coulomb
and Breit electron—electron interaction operators. In (57),
E,=FE; +E; is the sum of one-particle Dirac—Fock
energies and V,, is the first-order matrix element for
two-particle interactions between configurations ¢ = (ij)
and p = (kl). The energy E and the wave function
>y C4l®,) are determined by the solutions of the system
of equations [37]

> (ES,, +V,,)C, = EC,. (58)

p

One-particle basis orbitals used to construct the two-
particle basis functions |®,) in (55) include the partial s, p, d,

f, and g waves with the spline approximation of each of
them. The estimates of the divergence rate of the method
(for the specified accuracy) are described in [80, 81]. The
most complex component of the configuration interaction
method is the consideration of the correction X in Hamil-
tonian (54), which describes the interaction of the core and
valence electrons and the polarisation of the atomic core by
valence electrons. This consideration is performed within the
framework of the many-particle lowest-order perturbation
theory [37].

The calculations of spectral characteristics of alkaline-
earth atoms by the method described above are, as a rule,
quite complicated and time-consuming even when modern
highly efficient computers are used. In addition, as follows
from calculations, the technical problems of this method
significantly increase when the higher-order effects (over an
external electromagnetic field) of the perturbation theory
should be estimated. This circumstance stimulates the
development of approximate, less rigorous semiempirical
calculation methods, which use the spectral characteristics
of atoms obtained either from experiments or within the
framework of other, more accurate theoretical methods. The
calculation formula used in these methods are rather simple
and clear, and contain a comparatively small number of free
semiempirical parameters, which weakly depend on the
energy, nucleus charge or quantum numbers of the atomic
levels under study.

In this paper, we calculated numerically the second- and
fourth-order dynamic susceptibilities by the model potential
method in which the role of basis wave functions was limited
mainly by the description of the optical properties of valence
electrons, while their interaction with the atomic core was
considered phenomenologically by introducing the effective
potential [82]. Various modifications of the model potential
method and its validity for calculating the spectra and
probabilities of radiative transitions in alkaline-earth atoms
are considered, for example, in papers [39, 83—89]. In this
paper, we used Fues’ potential [87] whose efficiency is
determined to a considerable degree by the possibility of
obtaining closed analytic expressions for the wave functions
and the Green function of valence electrons in the calcu-
lations of matrix elements in arbitrary orders of the
perturbation theory [66]. The Fues’ model potential is
described by the expression [87—89]

(59)

where Z is the residual ion charge and P; is the operator of
projection on the subspace of spherical functions with the
given orbital momentum L. The parameters B; of the
potential are determined from the conditions of coincidence
of the experimental value of the lower-level energy with a
given L with the corresponding eigenvalue of the Hamil-
tonian. Therefore, Fues’ model potential is described by a
continuous function for which the analytic solution of the
Schrodinger equation exists. This circumstance is quite
important because the Green functions in the theory of a
multielectron atom can be constructed only by approximate
methods whose choice depends first of all on the problem
type and the accuracy required for measuring the energy
spectrum (poles of the Green function) and wave functions
(residues in the poles).
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The Green function for the Fues model potential (59) is
constructed similarly to the Green function for a Coulomb
field by using the expansion in the Sturm functions. For
example, the expression for the radial part of the Green
function of the model potential has the form [66]

4z
gr(E;ry 1) =

el (ot )/ 23 L ) L )

(60
Tk 2+ 20 (k+ iy 1 =) (60)

k=0

Here, x; = 2Zr,/v (j = 1,2); v = Z/(—2E —i0)"/%; L{(x) is
the Laguerre polynomial; and I'(x) is the Euler gamma
function. The radial wave functions for the coupled states
of the atom are obtained from the residues of the radial
Green function (60) in poles determined by the expression
n.+Ar +1— v,;, =0, where n, =0,1,2,... is the radial
quantum number; A; is the effective orbital momentum;
and v,; is the effective principal quantum number in the
expression for the energy of the atomic |nL) state

Z2

Ey =57
5 -
2an

(61)

The parameter A; is determined from the condition of
coincidence of (61) with the experimental energy of the
lower state of a valence electron with a given L [89, 90].
Note here that the absolute convergence of series of
Laguerre polynomials (60) takes place only for negative
energy parameters providing the real value of v. However,
for frequencies above the threshold, at which the energies of
the Green function become positive, the convergence of
series (60) is violated, which requires the use of the
generalised Sturm expansion (for the Coulomb potential,
see, for example, [91-93]) to obtain the universal closed
expressions for combined matrix elements. The spectral
expansion of the general form

1 Ry (1) Ry (r2)

gL(Esz):zn: E,—E
(> ReL(rl)RaL(rZ)
L VUL 2) 2
+JO de = (62)

is useful only for analysis of the structure of radial matrix
elements, in particular, for the estimate of the high-
frequency asymptotics, the separation of the real and
imaginary parts in the transition amplitudes, etc. However,
the application of this representation for the numerical
calculation of matrix elements, especially in the high orders
of the perturbation theory, becomes quite problematic due
to the necessity of calculations of integrals over the
continuous-spectrum states and a weak convergence of
series in the discrete-spectrum states. In addition, triple and
multiple series over the discrete spectrum diverge [91], i.e.,
spectral expansion (62) cannot be used for calculating
fourth-order corrections.

We formulated [75, 94, 95] a modified variant of the
Fues model potential theory, which allowed us to calculate
more accurately the spectroscopic characteristics of atoms in
the ground and highly excited states of a valence electron.

Thus, the wave function for alkali atoms coincides with the
wave function of the quantum defect theory [96] if the radial
quantum number for the ground state is set equal to unity
and the effective orbital momentum /4 is set equal to v, — 2
(vg is the effective principal quantum number of the ground
state). For the values of A; and n, chosen in this way, the
wave function of the atom is multiplied by the additional
phase factor (—1)', where i =n—n, — 1. It was shown in
[75, 94], in particular, that the same approach should be also
applied to the metastable states of He. The additional state
with n, = 0 appearing in this case in the total set of states in
the subspace of radial functions with a given orbital
momentum L has a very low energy and does not virtually
affect the Green function and the results of numerical
calculations of static susceptibilities. The tensor polari-
sability and the difference of scalar polarisabilities of the
triplet sublevels of He obtained with such model parameters
are very sensitive to the quality of the wave functions used
and differ from the results of ab initio calculations less than
by 10 %.

The choice of a closed system of functions of Fues’
model potential considerably simplifies and unifies the
calculations of the perturbation theory series on the basis
of exact analytic expressions for the corresponding charac-
teristics.

5. Analysis of the results of calculation
of the second- and fourth-order dynamic
susceptibilities

As shown in section 3, the calculations of angular integrals
in expressions for matrix elements determining second- and
higher-order corrections to the quasi-energy of an atom in
the field are performed by standard methods of the
quantum theory of the angular momentum of the atom
[69] and do not cause any problems (see, for example,
[66—68]) and references therein). On the contrary, the
calculations of radial matrix elements involve difficulties in
the calculation of spectral sums over the complete set of
intermediates states including continuum and representing
the Green function.

Therefore, a proper choice of the Green function
representation that would provide the representation of a
final result in the form most convenient for further
applications is very important for practical calculations
of the polarisability of atomic levels. We calculated radial
matrix elements by deriving the Green function for a model
potential similarly to the Green function for the Coulomb
field (see section 4); for the radial part gf (r,r") appearing in
combinations of matrix elements (22), we used the expan-
sion in the Sturm functions (60), which includes only a
discrete spectrum. In this case, the expression for individual
terms in sums (22)

E(O),j:w N/
pr, (o) = (nLSJrg; " (r,r)r'|nLSJ ) (63)

can be written in the closed analytic form [71]

o) 3 2y \Ph gy \ Pt
w) =
Py 16Z24\v +v, v+,

% F(l + Va + )”n) [F(4+ j'n + )‘Ll)]z
n!CQ2, +2) 024, +2))




Polarisation and dispersion properties of light shifts

13

- (2)”L1 + 2)m
XD o

Fy(lp+ip + 4 —n,, —m;
(l—l—m—&-/lL]—v)[ 2( n+/LL|+ y Ty, =N

m=0

v 2 :
2, 42,20y, 422 2 )} . (64)

Y
V+V, v+,

Here, v = Z/[-2(E\s, + 0 +i0)]'; v, = Z/(-2E\)s )"/
A, = v, —n, — 1 is the orbital parameter [60, 66, 90] of the
|nLSJ) state; and F, is the Appel function [73]. Compared
to the spectral expansion of p; (+w) in the eigenfunctions
of intermediate states (62), series (64) has a faster
convergence, which is explained by the discreteness and
equidistance of the eigenvalue spectrum in the generalised
Sturm — Liouville problem [97].

The convergence rate of spectral series in the calculation
of polarisabilities of alkaline-earth atoms is illustrated in
Table 4 by the partial contributions of the spectrum of the
intermediate 3snp 'P; levels as functions of the principal
quantum number obtained by calculating the ground-state
polarisability of the Mg atom. The dynamic polarisability
was calculated at the ‘magic’ wavelength 4 = 467 nm. The
contributions of the intermediate states with n =3 — 10
were calculated by using the exact oscillator strengths
obtained by the multiconfiguration Hartree — Fock method
[98, 99]. The levels with n =11, ..., 00 and the contribution
of the continuous spectrum were calculated by the Fues
model potential method. Table 4 shows that the conside-
ration of only the first excited states of the intermediate
spectrum provides the accuracy of polarisability calculation
of the order of a few percent, whereas the contribution of
the continuous-spectrum states does not exceed 1 %. How-
ever, in some cases the contribution of the continuous
spectrum to the polarisability of atomic levels can be quite
large (depending on w and the structure of the ground and
excited states of the atom), achieving several tens of percent
[100].

Therefore, an important advantage of the Green func-
tion method is the possibility to take into account
simultaneously contributions from discrete states and con-
tinuous-spectrum states in calculations of the atomic
polarisability, whereas a direct summation methods involve
considerable problems in the estimates of contribution from
a continuous spectrum.

As mentioned in Introduction, to realise the light-shift-
cancellation regime in optical frequency standards on cold
atoms, the polarisation and dispersion properties of the
dynamic polarisabilities of levels should be accurately
calculated as functions of the power of a laser field forming
an optical lattice [24, 25, 29—30]. According to expression
(50), when the frequency w is scanned in the vicinity of the
intersection point w = w, of dynamic polarisabilities cor-
responding to the ‘magic’ wavelength A, the second-order
dynamic Stark effect is completely mutually compensated,
and therefore the perturbation of the 'S, —3PJ J=0,1,2)
clock transition by the laser field of the optical lattice is
caused only by the higher-order terms [fourth-order
dynamic susceptibilities (hyperpolarisabilities) and relativ-
istic corrections to the operator of electric dipole interaction
with the laser radiation field].

It is well known from the literature [101, 102] that the
dispersion properties of the dynamic polarisability in the
region between resonances depend not only on the fre-
quency and polarisation of the laser field but also on the
structure of the atomic levels under study. Thus, in the case
of a linearly polarised field, the dynamic polarisability of the
ground state of atoms has a single node in each region
between resonances.

The behaviour of polarisabilities of excited atoms can
drastically change; in particular, the polarisability may
either have no nodes or may have two nodes in each region
between resonances (changing its sign across each reso-
nance). These dispersion properties are explained by the
possibility of resonances of the levels under study both with
high-lying and low-lying atomic levels. The behaviour of
polarisabilities of high excited Rydberg atomic levels in a
monochromatic field is described in [72, 92, 101].

On the other hand, the laser radiation frequency w, at
which the light shift is mutually compensated should satisfy
the two basic conditions [25, 31]:

(1) the intersection point of dynamic polarisabilities
should be located as far as possible from the resonance
to minimise the resonance absorption and scattering of laser
radiation forming an optical lattice;

(ii) the decay probability of the excited °P; level (J = 0,
1, 2) due to two-photon ionisation at the frequency w
should be negligible compared to the probability of one-
photon decay to the ground state.

Table 4. Contributions of the intermediate 3snp 'P, levels to the dipole static and dynamic polarisabilities of the Mg atom in the ground state.

Energy difference in the absence of the

Static polarisability /au

Dynamic polarisability /au

n

field AE (3s*'Sy — 3snp 'Py) fem ™! 3snp 'P level

Spectral sum 3snp 'P; level Spectral sum

3 35051 67.801
4 49346 2.412
5 54706 0.455
6 57214 0.150
7 58580 0.068
8 59403 0.036
9 59936 0.022
10 60302 0.014
I1,...,00 0.020
Continuous 041

spectrum

67.80 108.17 108.1
70.21 2.97 111.1
70.66 0.53 111.6
70.81 0.17 111.8
70.88 0.07 111.9
70.92 0.04 111.9
70.94 0.02 112.0
70.96 0.01 112.0
70.98 0.02 112.1
71.39 0.4 112.4
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By using theoretical expressions from previous sections
and taking into account the above-mentioned conditions, we
calculated the dynamic polarisabilities of the 'S, ground and
the *P, excited levels for the fermion isotope of the Sr atom
in the vicinity of the ‘magic’ wavelength Ay =~ 800 nm
(Fig. 3). The laser radiation field was assumed linearly
polarised and its intensity was set equal to 10 kW cm~.
The dynamic polarisabilities were calculated by two inde-
pendent methods: the use of the Sturm-series expansion for
the Green function in the Fues model potential and by the
direct summation method taking into account the discrete-
spectrum levels with n < 10. In the latter case, we used the
exact matrix elements of the dipole moment calculated by
the multiconfiguration Hartree—Fock method [25, 103].
These calculations showed that the compared values coin-
cided within 2% —3 %, thus confirming the reliability of
calculations. We have shown [25] that hyperfine structure
effects and the dependence of the light shift on the laser-field
polarisation are insignificant due to the zero electronic
momenta of the ground and excited states and do not
affect the value of A, in the calculations of dynamic
polarisabilities of the Sr atom. The contribution of the
continuous-spectrum states is also small and does not exceed
1%. However, the value of Ay = 813 + 2 nm measured in
[31] exceeds somewhat the above estimates. The reason for
the discrepancy between the experimental data and theo-
retical calculations obtained by independent methods is not
clear and is being discussed at present.

0
T
=3 Py
= 80 |
=
Zz 1
! S
3 —160 |
—240 |
—320
—400 I I L
700 750 800 850 900
Wavelength/nm

Figure 3. Light shift for the 'Sy and P, levels in the Sr atom in the
vicinity of the ‘magic’ wavelength 4y of a linearly polarised field.

Because no experimental data on the high-order shifts of
atomic levels in a light field are available in the literature, we
performed theoretical estimates of these shifts for the
forbidden P, —'S, transition in the Sr atom. Despite a
comparatively low power of lasers used in experiments (of
the order of a few tens of kilowatts per square centimetre),
these estimates are principally important because after the
mutual compensation of the second-order field corrections,
the fourth-order light shift described by the dynamic hyper-
polarisabilities of levels is one of the main sources of
systematic uncertainties in measurements of the clock
transition frequency in the optical frequency standards of
this type. Therefore, interest in the correction term

—(Ey} /64)Ay(e, ) in expression (50), determining the devia-
tion of the dependence of the light frequency shift from
quadratic, is caused by the requirement to analyse the
metrological characteristics of optical frequency standards
with the relative error 107'¢ — 1078,

Unlike a static field, for the laser-wave field it is rather
difficult to formulate the unified criteria for estimating the
contribution of the high orders of the perturbation theory
because the calculated dynamic hyperpolarisabilities more
strongly depend on the filed frequency than the second-
order light shifts. Moreover, along with one-photon reso-
nances discussed above, two-photon resonances of Ay(e, w)
also appear on the intermediate levels of the same parity as
the parity of the level under study. In the general case, the
number of different resonances and their dispersion proper-
ties substantially depend on the type of laser-field
polarisation [67].

Although the general expressions for dynamic hyper-
polarisabilities are rather cumbersome [67, 68, 75], never-
theless they can be written for specific states as a combi-
nation of the irreducible components of the fourth-rank
tensor. In particular, for a linearly polarised field, the
dynamic hyperpolarisability is determined by three invariant
parameters, and for a circularly polarised field — by five
parameters, all of them being represented by the fourth- and
second-order reduced matrix elements of the dipole moment
operator [67]:

RJ1J3J3 (601 , W3, W3)

= (BJ | DG, DG, DG T D BT, (65)
E, E
Ry, (@) = (BTIDG," "G, D), (66)
E
Ry, () = (BJ|DG,” " D||BJ). (67)
The frequencies w;_3 in (65) satisfy the conditions
w1, w3 =Fw, w,=0,1+2m. (68)

Integration over radial variables in (65)—(67) by using
the Sturm expansion for the Green function is also
performed by analytic methods, and the final result is
written as a combination of rapidly converging series
containing the hypergeometric Gaussian functions ,F;
[73]. Our calculations of the hyperpolarisabilities for a
linearly polarised field at the ‘magic’ laser wavelength
Ao =~ 800 nm gave the values [25]

7('Sp) = 6.3 x 10° au, (69)

7(°Py) = 2.7 x 10% au (70)
The fourth-order corrections to the light shift of levels in

the frequency units for the field intensity 10 kW cm™2 are
[25]

AEW('Sy) ~ —5.3 x 107° Hz, (71)
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AEW(Py) ~ —2.3 x 10 Hz. (72)

Therefore, after the mutual compensation of the second-
order field corrections, the relative contribution of the
dynamic Stark effect to the frequency of the 'S, — *P, clock
transition does not exceed 1077,

We also estimated the effects of magnetic dipole (V)
and electric quadrupole (V) interactions of the Sr atom
with an external monochromatic field. These estimates
showed that the relation between the magnetic dipole,
electric quadrupole, and electric dipole polarisabilities can
be represented in the form [25]

o1 (@) = o (wg) & 107 o () (73)
and, hence, the relative contribution of high-multipolarity
corrections to the *Py —'S, transition frequency also does
not exceed 1077,

By using the method discussed in sections 3 and 4, we
performed systematic calculations of the dynamic polari-
sabilities of some other systems of interest for modern
frequency standards on cold atoms. The Stark shift of the
clock levels was estimated assuming in all cases (except the
Mg atom) that the laser field intensity was 10 kW cm ™2,

As pointed out above (Tables 2 and 3), the Yb atom has
two stable odd isotopes, !"'Yb and '*Yb for which the
probability of the 'S, — 3P, transition induced by the
hyperfine structure effect and singlet—triplet mixing of
the *P, and 'P; levels is nonzero (Table 3). The lifetime
of these atoms is tens of seconds, which makes them
promising working media for optical frequency standards
at 578 nm [104]. Table 5 presents the dynamic polarisabil-
ities calculated for the 'S, and *P, levels of the Yb atom as
functions of the wavelength of a linearly polarised laser
field. The calculations by the Fues model potential method
were performed in two ways: by using the Green function
formalism for intermediate states («°) and by the method of
direct summation (2%) over the spectrum of intermediate
states within the specified accuracy of the theoretical
calculation ~ 107*. The data presented in Table 5 show
that the results obtained by these methods are in good
agreement (within a few percent) over the entire wavelength
range considered, and the ‘magic’ wavelength A, at the
'S, — P, transition is ~ 724 nm.

The static polarisabilities of the Yb atom in the ground
state 09('Sy) = 121.2 au and a%('Sy) = 120.6 au do not
differ from the calculated precision Hartree—Fock value
aMF(1S,) = 118 =+ 45 au within the accepted accuracy [105].
However, for the excited 3 P, level, the difference amounts to
40%: oSCPy) =351.5 au, a*(°Py) =350.5au, and
«MF(3Py) = 252 4 25 au [105].

We also estimated the contribution of electrons of the
atomic core to the dynamic Stark effect in the Yb atom
[85, 86]. Within the framework of the Fues model potential
in the multichannel approximation (which is in fact the
multichannel analogue of the quantum defect method in
complex atoms [106]), we calculated the light shift of the
(4f'*)6s6p(°Py) level of Yb at 4 = 532 nm. The calculated
shift AEP(°P,) ~ —125kHz is of interest in itself for
experimental studies performed at the University of Kyoto,
Japan [107]. The use of the model potential method in the
multichannel approach for estimating the ‘magic’ wave-
length at the 'Sy — *P, transition gives J, &~ 750 nm, which
virtually coincides with the value /4 &~ 752 nm calculated in

Table 5. DAynamic polarisabilities for the ground [(4f'#)6s?'S,] and
excited [(4f')6s6p Py] levels of the Yb atom calculated by the model
potential Green function method (x~) and the method of direct
summation (ads) over the intermediate states of the discrete spectrum
[the first term in the right-hand side in (62)].

I\Z:t:/nm 29('Sg)/au a®('S)/au  29(Py)/au 2*(’Py)/au
650 192.5 191.9 22683.1 22682.3
660 189.2 188.5 1829.2 1828.1
670 186.1 185.4 914.6 913.6
680 183.2 182.5 588.7 587.6
690 180.5 179.9 419.7 418.6
700 178.0 177.4 315.0 314.0
710 175.7 175.1 2429 241.8
720 173.5 172.9 189.5 188.5
721 173.3 172.7 184.9 183.8
722 173.1 172.5 180.4 179.3
723 172.9 172.3 176.0 174.9
724" 172.7 172.1 171.7 170.6
725 172.5 171.9 167.5 166.5
726 172.3 171.7 163.4 162.4
727 172.1 171.5 159.3 158.3
728 171.9 171.3 155.4 154.4
729 171.7 171.1 151.6 150.6
730 171.5 170.9 147.8 146.8
740 169.6 169.0 113.9 112.9
750 167.8 167.2 85.4 84.3
760 166.1 165.5 60.7 59.7
770 164.5 163.9 38.9 37.9
780 163.0 162.4 19.3 18.3
790 161.6 161.0 1.3 0.3
800 160.3 159.7 —154 —16.4

“Note: ‘magic’ wavelength at the 'S, — 3PO transition in the Yb atom.

[57]. Note that, along with a small change in the ‘magic’
wavelength (750 nm instead of 724 nm), the consideration
of the contribution of the electrons of the 4f'* shell leads to
an increase in the polarisability and, hence, the depth of the
Stark potential of the optical lattice by more than twice
(=200 kHz instead of —80 kHz) [56, 85, 86].

Figure 4 presents the dispersion and polarisation
dependences of the light frequency shift for forbidden
optical transitions in the Mg atom. Unlike the previous
calculations, the laser field intensity was assumed equal to
3.5 MW c¢cm 2, in accordance with the requirements of
experiments being performed and planned at the Technical
University of Hanover, Germany [26].

Figure 4a shows the light shift for the 'S, — P, tran-
sition in the wavelength range from 350 to 700 nm. As
follows from section 3, the contributions of the S term of
the intermediate spectrum to the scalar and tensor compo-
nents of the dynamic polarisability of the *P; (M = 0) level
are mutually compensated and the resonance features of the
light shift are determined by the contribution of the *D
levels of the intermediate spectrum. The intersection point
of dynamic polarisabilities is located between two ‘D
resonances, and the corresponding ‘magic’ wavelength at
this transition is Ay ~ 312 nm (Fig. 4b). For the 'S, — °P,
transition with M # 0, on the contrary, the situation is
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Figure 4. Dynamic Stark effect for the 'Sy and 3P, (a), 'Sy and >P;(M = 0) (b) and 'S, and *P{(M = 1) (c) levels in the Mg atom for a linearly
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range between the 517.2-nm 38 resonance and 383.3-nm D resonance for the ground state (/) and the 3P1(M = 1) level for linear ( 2), right-hand (3),

and left-hand (4) circular polarisations (d).

substantially different, and the intersection point of dynamic
polarisabilities is located in the region between resonances
formed by the °S and *D terms of the spectrum of
intermediate states (Fig. 4c). Figure 4d shows the dispersion
dependences for the *P; (M = 1) level of the Mg atom for
the linear, right- and left-hand circular polarisations of the
laser field. By using expression (40), we can easily show that
the dynamic polarisability calculated for the P, (M = —1)
level is completely identical to the polarisability of the P,
(M = 1) level calculated for the case of right-hand circular
polarisation (Fig. 4d). The analysis of polarisation depend-
ences of the dynamic polarisability (Fig. 4d) shows that the
laser-field polarisation noticeably affects both the dispersion
properties of the light shifts of atomic levels and the position
of their intersection points.

We also calculated the light shifts for He, Be, Ca, and
Hg atoms. The results of these calculations are presented in
Figs 5-8.

6. Conclusions

This study was initiated by the problems of the develop-
ment of highly stable optical frequency standards of a new
generation based on the intercombination and hyperfine-
interaction-induced clock 'S, —*P, (J =0, 1) transitions in
cold alkaline-earth atoms. For optical standards of this
type, the ‘light-shift-cancellation” regime (first proposed and
realised at the University of Tokyo, Japan) was studied
theoretically for the Sr atom [24, 25, 29—31]. In this regime,
the quadratic Stark shifts of the ground and excited levels
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Figure 5. Light shifts for the 'Sy and P, levels in the He atom in the
vicinity of the ‘magic’ wavelengths A, = 1739 (a) and 465 nm (b).
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trapped in the optical lattice are completely mutually
compensated.

We have calculated in detail the light frequency shifts in
He, Be, Mg, Ca, Sr, Yb, and Hg atoms as functions of the
frequency, intensity, and polarisation of the laser field

producing the optical lattice. Calculations were performed
by using the perturbation theory for the quasi-energy levels
of atoms in an external monochromatic field taking into
account the terms of the second and fourth orders in the
laser radiation amplitude. The main characteristics deter-
mining variations of the atomic spectrum in the laser field
are the dynamic polarisabilities and hyperpolarisabilities of
levels represented as a sum of irreducible tensor components
of these quantities.

By analysing the dispersion and polarisation properties
of dynamic polarisabilities of atoms, we determined the
‘magic’ laser wavelengths at which the quadratic Stark shifts
in the initial and final states are mutually compensated. We
also have demonstrated the efficiency of the Green function
method for Fues’ model potential for calculating dynamic
polarisabilities and accurate estimates of the high-order
effects (dynamic hyperpolarisabilities, magnetic dipole,
and electric quadrupole corrections to the dipole polar-
isability), which are one of the main sources of systematic
errors in optical frequency standards of this type.

The calculations performed for the fermion isotope of Sr
have shown that the relative contribution of high-order
effects at the 5s*'Sy(F=9/2) — 5s5p°P, (F = 9/2) transi-
tion does not exceed ~ 107" for a linearly polarised laser
field of intensity 10 kW cm™2 (4, &~ 800 nm). This circum-
stance makes it possible in principle to obtain the unique
metrological characteristics of optical frequency standards
on cold neutral atoms (the line Q factor as high as 10'2—
10", and the accuracy and stability amounting to
10710 — 10719,
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    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [1800 1800]
  /PageSize [595.276 841.890]
>> setpagedevice


