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Photodetection of a weak light signal in various quantum states

by using an optical amplifier

A.V. Kozlovskii

Abstract. The photodetection of weak light signals
preliminary amplified in optical light amplifiers is analysed
quantum-mechanically. A linear amplifier and a four-wave-
mixing amplifier are considered. The parameters of the
signal-to-noise ratio are calculated and analysed for light
sources with various quantum-statistical properties. The
signal-to-noise ratio for the detector photocurrent is studied
as a function of the quantum-statistical properties of the
signal and idler waves involved in amplification by using the
four-wave-mixing scheme. The four-wave-mixing scheme with
the idler wave in the coherent or Fock (squeezed, sub-Poisson)
state has a higher signal-to-noise ratio compared to the linear
preamplification regime.
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1. Introduction

One of the methods for enhancing the sensitivity of
photodetectors in the photon counting regime is based
on the preamplification of an optical signal incident on the
detector. In this case, the amplification of weak currents
introducing the additional noise and thereby the additional
error in the results of measurements can be avoided, which
is very important for detecting weak and ultraweak optical
signals. Laser amplification of radiation can be also used in
optical communication systems for compensating for losses
during the propagation of radiation in a fibre.

A laser amplifier introduces the additional noise due to
spontaneous radiation in the active medium, which reduces
its output signal-to-noise ratio. In this paper, we analysed
quantum-mechanically the possibility of using a linear
amplifier for preamplification of a weak light signal measu-
red by a photodetector.

Another method for amplification of weak signals
considered in this paper is based on nonlinear four-wave
mixing of radiation in a cubically nonlinear medium. The
use of the idler wave with certain quantum-statistical
properties reduces the degree of signal degradation to the
level acceptable for the subsequent measurement.
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2. Quantum theory of photon counting

Let us analyse the single-mode photon counting regime that
is realised when a measurement time of the number of
photons is small compared to the coherence time of
radiation at the input of an amplifier (i.e., the quantity
inverse to the width of the radiation spectrum): 7 < T.gp.
We also assume that the photodetector area S in the single-
mode photon counting regime is smaller than the area of
spatial coherence of radiation: S < S..,- These conditions
correspond to the approximation of a plane quasi-mono-
chromatic wave at the amplifier input.

Consider the scheme of photodetection with a linear
laser preamplifier in the single-mode approximation. The
photon counting procedure involves a series of consequent
measurements of the photocurrent resulting in the deter-
mination of the distribution of photoelectrons, which is
directly related to the probability distribution of the number
of field photons. Note that the distribution of photo-
electrons obtained in this scheme does not coincide in
the general case with the distribution of field photons at
the photodetector input.

The distribution p(m, T') of photoelectrons for a polya-
tomic broadband photodetector for the measurement time 7’
can be obtained within the framework of the temporal
perturbation theory (see, for example, [1, 2]). If the average
number of photons during the time 7 is constant, i.e., (m) =
elata)T, then [1, 2]

(3T|oc|2)m

pim,T) = JP(O()T exp (— 6T|oc|2)d2(x, (D)

where (j«*) = (a*a) is the number of photons in the
quantisation volume Vy, = SL; L = ¢T; and c is the speed
of light. The parameter ¢ characterises the sensitivity of the
broadband photodetector and is independent in the general
case of the properties of the photodetector material and the
frequency of the field being measured [1]. The Glauber—
Sudarshan quasi-probability density function P(«) is defined
in the phase space {og,oq} (Where o =og+ i) and is
directly related to the density operator of the electromag-
netic field (statistical operator). Note that (|«|*) is calcula-
ted by using the P function, and (a*a) — with the help of
the density operator. The quantum efficiency # of the pho-
todetector satisfies the relation 0 < # < 1 and is determined
by the expression n = ¢T assuming that the measurement
time is shorter than the coherence time of the field.

It can be shown that the average number of photo-
electrons is related to the average number of output photons
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of the laser amplifier by the expression (m) = n(n,), and
photoelectron fluctuations are expressed in terms of photon
fluctuations as

(Am*y=(m)(1 —n)+n*(Any=n(n — 1){n,)+n*(An]). (2)

In this case, the signal-to-noise ratio of the photodetector is
described by the expression

- {na) ()
(1 =mn ")+ (And)’

3. Amplified-radiation photon counting

3.1 Linear amplification in the single-mode regime

We will calculate R by using the theory of laser
amplification in the linear regime [2—35] to find the average
quantities entering (3). For this purpose, we will employ the
active-medium model of two-level atoms in the linear
approximation with the transition frequencies close to the
field frequency. By using the equation of motion for the
annihilation operator of the quasi-monochromatic field in a
laser amplifier [5], we find

(na) = |G (o) + m, @)

where G is the gain; (n,) is the average number of photons
at the amplifier input;

N
n="p (16 - 1) (5)

is the average number of spontaneous photons in the
amplifier; D = N; — N|; Ny and N| are the populations of
the upper and lower levels of atoms in the active medium.

Fluctuations in the number of field photons at the
amplifier output are expressed in terms of the average
quantities at the amplifier input:

(An?) = [<An§>+u(1 —16]7?) - u]|G|“+u, 6)
where

=M (g + 3L ): ™

v="100 ®)

The gain of the laser amplifier is

G =exp K? — iw) Tamp} , 9)

where D > 0 is the population inversion maintained by
pumping; Ty = Lamp/Cm 18 the amplification time; Ly, is
the amplifier length; ¢, is the speed of light in the amplifier
medium; o is the transition frequency in the atom;

2g2 2new \'?
=— =d ;

W (10)

I' is the spontaneous transition rate in the atom; and d is
the dipole transition moment.

By substituting (4)—(8) into (3), we obtain the signal-to-
noise ratio

R = (|G (o) + u)z{ % (1G> (ng) + ) + {[(Ang)

—1
+ND (1= |G 72) (n0)]|GI* + p(p + 1)}} . (D

where N = N;+ N,. The quasi-probability distribution
P, (o, 1) of the field at the amplifier output is related to
the quasi-probability distribution P;,(a') of the field at the
amplifier input by the expression

Py (o, 1) —Lszoc/P (o) exp (—M) (12)
out\*» T n 1 .

Below, we consider the following states of the input
(measured) field: vacuum |0), the coherent state |x), chaotic
light |Th), and a mixture of the coherent field with chaotic
| + Th) (signal + noise). To calculate the quasi-probability
function, we find from (12) the average numbers of photons
and their dispersions for the initial states |0), |), |Th), and
| + Th) of the field being measured:

0’
_ |O€0|2,
U R a3
loo[* + ()1
0,
|O€0| )
(Am5) = 9 ()2, + (n)m. 14

|“0|2(2<”>Th + 1) + (), (), + 1),

The average numbers of photons and their dispersions at
the amplifier output can be now calculated from expression
(12) and

(An}) = |GI*(Ang) + |G (1 — |G* + 24) (mo). (15)

In the case of a perfect amplification without introducing
any noise into the amplified signal, the quasi-probability
distribution p;q(n) (where n is the number of photons) is the
initial  distribution  py(ny)  with  the  substitution
(ng) — |G*(ny). Note that in the case of an ideal photo-
detector (1 = 1), the photoelectron distribution coincides
with that of photons incident on the photodetector.

The calculations show that, when the number of incident
photons is great (~ 100), the photoelectron distribution can
be measured sufficiently accurately (Fig. 1), whereas in the
case of weak signals with the number of photons ~1,
photodetection with the use of a linear amplifier involves
fundamental difficulties. One can see from Fig. 2 that the
photoelectron distribution for a signal in the coherent state
or the signal + noise state for (ny) =2 drastically differs
from that upon the ideal amplification of the same signal. In
the case of very low signal-to-noise ratio, the photoelectron
distribution in the amplified coherent signal almost coin-
cides with the corresponding distribution for vacuum at the
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amplifier input. In this case, the probability of detecting the
number of photons equal to zero (the absence of photo-
current) in one measurement does not virtually differ from
the probability of detecting 1000 photons. It is obvious that
it is impossible to establish the presence or absence of a
signal under such conditions, taking into account the
presence of the inevitable experimental error. The separation
of a signal against the background is possible only in the
case of a very high accuracy of photocurrent measurement
and a great number of repeated measurements required to
obtain an accurate statistical distribution. As follows from
calculations, an increase in the inversion population of the
active medium of a laser amplifier noticeably improves the
measurement accuracy at large (ng).

If a signal is in the chaotic or thermal state, the situation
is different. It follows from Fig. 3 that even upon a strong
amplification of a weak signal with the chaotic quantum

p(m), pia(n)
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0 200 400 600 800 1000 m,n

Figure 1. Distributions p(m) of photoelectrons upon linear amplification
of the input signal in the coherent state (S) and the signal + noise (S +
N) state for the average number of photons at the amplifier input (ny) =
100 and 200, (n)y, = 0.388, |G|> =4, n = 0.9 and in the case of vacuum
at the input. For comparison, the distributions of photons p;q(n) in the
case of ideal amplification are presented for the same parameters. The
population inversion in the active medium of the laser amplifier is
D/N =20%.
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Figure 2. Same as in Fig. 1, for the input state of the signal + noise (S +
N) field for |G| =16, (n)y, = 0.388, (ny) = 2.388, (Ani) = 4.092, R =
1.16, and the coherent input state of the field (S) for (ng) =2 and R =
1.19, and for the vacuum input field.

statistics, the photoelectron distribution weakly differs from
that upon perfect amplification of this signal. However, as in
the case of a coherent signal, to perform a reliable measure-
ment, an extremely high accuracy of photon counting is
required to distinguish the signal and vacuum photocur-
rents. As shown in Fig. 4, for (ny) ~ 100, the photocurrent
distribution and, hence, the result of photodetection for a
chaotic signal differ only slightly from the corresponding
dependence upon ideal amplification. In this case, photo-
detection is characterised by a low signal-to-noise ratio ‘R.
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Figure 3. Same as in Fig. 1, for the input signal in the chaotic field state
for (ny) = 2 and 3, |G |* = 100, and for the vacuum input field.
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Figure 4. Comparison of the photoelectron distributions p(m) for the
chaotic state of the input signal (solid curves) with photon distributions
pia(n) in the case of ideal amplification (dashed curves) for (ny) = 100
and 200 and |G |* = 4.

One can see from Fig. 5 that for a chaotic signal R
drastically increases at very low gains and is equal to unity
for large |G|. In the case of a coherent signal, the signal-to-
noise ratio monotonically increases with increasing the
average number of photons at a large gain.

3.2 Four-wave mixing
Consider now the scheme for weak-signal amplification by

the four-wave-mixing method in a nonlinear medium of
volume V,n,, having the cubic nonlinearity [}((3)]. The two
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Figure 5. Dependences of the signal-to-noise ratio R on the linear gain
modulus |G | for the chaotic signal for different (ny) and # = 0.9.

intense counterpropagating pump waves with the ampli-
tudes E, and Er,n are mixed in a nonlinear medium with the
counterpropagating signal and idler waves. It is assumed
that the frequencies of the four quasi-monochromatic plane
waves are identical, while the pump-wave intensities greatly
exceed those of the signal and idler waves, so that we will
consider the pump modes in the classical approximation by
neglecting their depletion. Note that this approximation
remains valid even in the case of strong amplification under
the condition that the pump-wave intensities considerably
exceed the intensities of the amplified waves. The operators
a and d are the annihilation operators for the signal and
idler modes of the electromagnetic field, while the operators
¢ and b are the annihilation operators for the electro-
magnetic fields of the reflected and transmitted waves. The
numbers of photons in the fields amplified upon degenerate
four-wave mixing can be measured by direct photodetec-
tion.

The Heisenberg equations of motion for the annihilation
operators a(z) and d(z) corresponding to the initial signal
field E(z = 0) and the initial idler field E;(z = L) allow one
to find the following relations for the input fields [2, 5]:

b=a(z=L)=asec(KL) — {d" tan(KL), (16)
c=d(z=L)=dsec(KL) — {a" tan(KL), (17)
where
a=a(z=0); d=d(z=L); (18)
1 ELE;
(=iexpli(¢p, +dp); K= M; 19)

Cm

¢, and d)é are the pump phases, and y is the nonlinearity
constant.

By using expressions (16) and (17), we find the average
value and dispersion of the number of photons in the
transmitted and reflected waves for different quantum states
of the input fields. As the idler wave involved in four-wave
mixing, we consider the fields in the purely coherent, Fock,
and chaotic states. The state of the signal being measured is
assumed coherent or chaotic.

In the general case, when the idler wave and signal field
are in an arbitrary quantum state, we find the average value

and dispersion of the number of photons in the amplified
mode b in the form

(my) = (b7 ) = sec® (KL)(n,) + tan® (KL) ((ng) + 1)

—2sec(KL) tan(KL)Re({*(d ){a)), (20)

(Anf) = (nf)) = (m)” = sec*(KL)(Ang)
+tan*(KL){Anj) — [4Re((*(d)(a" aa))
~2(2{n,) — 1)Re((*(d)(a))] sec® (KL) tan(KL)
—[4Re({"(a)(d " dd)) — 2(2(ng) — 1)

x Re({*(d)(a))] sec(KL) tan*(KL)
+[(na)(ng) + (1) + 1) ({ng) + 1)

+2Re((*{d*){a?)) — 4R (C(d)(a))]. 1)
The average value and dispersion ((n.) and (An2)) of the
number of photons for the second amplified wave can be
obtained from the right-hand sides of (20) and (21) by the
replacement a < d.

If one of the fields (or both) is in the incoherent state
(chaotic, vacuum, Fock, etc.), the equality (x™"x") =0
takes place (where x = a, d; n # m are positive integers) and
expressions (20) and (21) are considerably simplified.

In the case of the coherent state |«,0), the trans-
formations

2Re((*(d*)(a®)) — 4Re* (L7 (d)(a))
= 2(n,) (n,)(cos 2& — 2 cos® )],
2Re((*(d)a)) = ((n)(ng))/* cos @ etc.

can be performed at the both inputs of a four-wave mixer in
(21), where @ = Arg({*(d){a)).

If the idler mode is in the vacuum state |0), the
expressions for the average number of photons and their
fluctuations for the transmitted (b) and reflected (c) fields for
an arbitrary state of the signal field coincide formally with
the corresponding expressions (4) and (6) for a linear
amplifier in which the substitutions u — u’ = tan®(KL)
and |G| — |G'| = sec(KL) were performed. In this case,
one can easily verify that, for the same gain |G| = |G’|, the
average number pu of spontaneous photons for a linear
amplifier coincides with the corresponding average number
u' for four-wave mixing upon the complete inversion of the
active medium of the linear amplifier. As mentioned above,
the signal-to-noise ratio upon photon counting and linear
preamplification increases with increasing population inver-
sion. This means that the use of a four-wave amplifier
noticeably improves the accuracy of photocounts because
the linear amplification regime is realised, as a rule, near the
lasing threshold in the case of a weak population inversion
in the medium.
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Analysis of the signal-to-noise ratio R (3) by using
expressions (20) and (21) shows that R =1 for the high
gains (|G'|* > 1) and thermal states of both input fields. If
the signal wave is in the thermal state and the idler wave is in
the coherent state, then for (n;) > (n,), (ng) > 1, and n = 1,
we obtain

(na)

TR

> 1. (22)

It follows from (22) that the use of the strong coherent
idler wave in the case of small average numbers of photons
in the signal field provides a high signal-to-noise ratio of the
photocurrent. Figure 6 presents the dependences of R on the
gain modulus |G'| and the average numbers of photons for
the thermal signal and coherent idle waves. One can see that,
unlike the case of linear amplification considered above, for
high gains the maximum value of R is achieved when the
average number of photons in the signal field is minimal.
This takes place both in the case of small and large average
numbers of photons in the idler mode. One can also see
from Fig. 6 that for (n,) < (n;) (the number of photons in
the signal wave is smaller than that in the coherent idler
wave) and |G'|2 > 1, the ratio R decreases with increasing
the number of signal photons, whereas for (n,) > (n;), the
ratio ‘R increases with (n,). When the gain is weak, the ratio
R drastically decreases compare to its initial value (|G'| = 1)
and then increases for |G'| > 1.

R
100 E
10 £
1E
: (n) = 1,11,21, ..., 101
" ) =1
0.1 g
C 1 1 1 1 1 1 1 1
1 2 3 4 5 6 701G
Figure 6. Dependences of the signal-to-noise ratio R on the gain

modulus |G'| upon four-wave mixing of the thermal signal and coherent
idler waves for different (n,), (n;) = 10, and n = 0.9.

If the signal wave is in the coherent state and the idler
wave is in the thermal state, a high signal-to-noise ratio
cannot be achieved at small numbers of photons. In this
case, we obtain

(]

—~

Ma)

R=1+—"5
ng)

~ 1 23)

—~~

for (ng) > (n,), (ng) > 1, and n ~ 1, and

(14)

= g 1 1)

> 1 (24)

for (n,) » (n,) and (n,) > 1. This means that a high signal-
to-noise ratio can be achieved only for a strong signal wave
in the coherent state. Note also that, if (n;) ~ (n,), then
again R ~ 1.

Consider now the situation when the idler wave is in the
Fock state with a certain number of photons. Then, we
obtain from (20) and (21) that for (n,) > (n,) and |G’ > 1,
the condition

is fulfilled, whereas for (n;) > (n,), we have R~ 1. If the
signal is in the thermal (chaotic) state, then ‘R ~ 1 in the
first case, and

m (nq)
R= 2(n,) +1

in the second case.

Figure 7 shows the dependences of | on |G'| for
different (n,). A comparison of Figs 7 and 6 shows that
for (n,) =1 the ratio R is higher for the idler wave in the
Fock state and the coherent signal for |G'|* > 1. At the
same time, for (n,) > (ng), the signal-to-noise ratio is
considerably higher when the coherent idler wave and
thermal signal are used.

RN

2 (n,) =1,11,21, ..., 101

Figure 7. Same as in Fig. 6, for the coherent signal and idler wave in the
Fock state.

Figure 8 shows the dependences of R on (n,) for
different (n,) and |G'|* > 1 when the signal is in the chaotic
state and the idler wave is in the coherent state. One can see
that the value of R is very large when the idler wave with
(ng) > 1 is used, but R drastically decreases with increasing
(n,). Figure 9 presents the dependences of R on (n,) for
different (n,;) for the Fock state of the idler wave and the
coherent state of the signal. One can see that for small (n,),
the addition of the idler wave leads to the increase in ‘R,
while for large (n,) — to the decrease in R.

If the signal and idler waves are in the coherent states |o)
and |9), respectively, the average number of photons is

(my) = 1G"P{na) + (IG'1 = 1) {na) + u'

72COS¢{|G/|2(|G/‘2 - 1)<na><nd>j| 1/2’ (25)
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Figure 8. Dependences of the signal-to-noise ratio R on the average
number (n,) of photons in the signal mode upon four-wave mixing of the
thermal signal and coherent idler waves for different (n,), |G'|> > 1, and
n=20.9.
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1 3 10 (n,)

Figure 9. Same as in Fig. 8, for the coherent signal and Fock idler waves
for different (n).

where

b

D=+ by by~ by~ 3

¢, and ¢, are the phases of signal and idler modes. The

fluctuations of the number of photons in the propagating
mode are described by the expression

(An?) =1G"N(An2) + (1G'1* = 1)*(An3)
(1 + 1) () + () + 1)

226" - )[|6F(6F - 1)) n)] " cos . @6)

The expressions for (1) u (An’) can be obtained by the
replacement @ < d in (25) and (26).

It follows from (26) that the value of R decreases with
increasing (n,) for (n;) < (n,) and monotonically increases
for (n;) > (n,) if ® =2¢n (where ¢ is any integer). As a
result, the signal-to-noise ratio takes large values for a small
number of photons in the field being measured. At the same
time, if the phase-matching condition of the type
® = (2¢g+ Dr is fulfilled, the dependence of ‘R on the

Figure 10. Same as in Fig. 8, for the coherent signal and idler waves
upon phase matching of the type @ = (2¢ + 1)n and different (n;).

average number (n,) of photons has another character.
As shown in Fig. 10, the ratio ‘R monotonically increases
with (n,).

It also follows from (26) that, if the intensities of the
signal and idler waves are equal, the average number of
photons in the propagating wave is equal to the square of
the gain: (n;,) ~ |G’|2. In this case, the fluctuations of the
number of photons are

(And) = 21G"[* () — |G'|*. 27)
It follows from (25) and (27) that these fluctuations always
considerably exceed the shot noise level (super-Poisson
statistics of the amplified field). At the same time, due to the
effect described above [expressions (26) and (27)], the
dependence of the signal-to-noise ratio on the average
numbers of photons for @ = 2¢n acquires a complicated
nonmonotonic character. The fluctuations in the number of
photons approach thermal fluctuations when the average
numbers of photons in the signal and idler waves are equal.

The measurement of the number of photons in the
amplified wave gives complete information on their number
in the input signal. Knowing the average number of photons
in the idler wave at the second input of the amplifier, we find
the average number of photons of the input field being
measured directly from expression (20). The high signal-to-
noise ratio of the photodetector is achieved by a proper
choice of the quantum properties of the idler wave. A
beamsplitter can be also used for this purpose. In this case,
the initial signal is divided into two parts, each of them
being directed to one of the inputs of a four-wave amplifier.
The determination of the number of photons in the initial
signal from the results of measurements of the amplified
fields with the help of (20) under such conditions is
simplified and does not require a preliminary measurement
of the number of photons in the input idler wave.

4. Conclusions

Our analysis of the statistics of direct photodetection
(photon counting) of the amplified signal has shown that a
linear laser amplifier cannot be used for detecting weak
signals containing a few photons and existing in the
coherent or chaotic quantum state. In this case, when
the signal gain is high, the result of a single measurement of
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the photocurrent proves to be indistinguishable within the
experimental error from the result of measurement of the
amplified vacuum or background thermal field. As the
average number of photons in the measured volume is
increased, photon counting becomes possible at the
measurement accuracy achieved in practice for (ny) ~ 100.

The study of the photodetection of a signal amplified in
the four-wave-mixing scheme has shown that a weak signal
(a few photons) can be measured with a high accuracy. In
this case, the measurement accuracy, characterised by the
signal-to-noise ratio of the detector photocurrent, depends
qualitatively on the intensity and quantum-statistical pro-
perties of the idler wave. The mixing of the coherent or
chaotic signal in the four-wave amplification scheme with
the idler wave in the coherent or Fock state can lead to an
increase in the signal-to-noise ratio of the photocurrent. The
use of the Fock field as the idler wave allows one to increase
the signal-to-noise ratio compared to the use of the idler
wave in the coherent state, especially when the number of
photons in the signal is small. If the field being measured is
in the chaotic (thermal) quantum state, the coherent idler
wave should be used in order to increase the signal-to-noise
ratio.

In the case of coherent signal and idler waves, the phase
matching of all the four coherent waves involved in the
nonlinear process (including pump waves) is very important.
In particular, if the sum of phases of the four interacting
waves is @ =~ (2g+ 1)n (where ¢ is an integer) and the
intensities of the signal and idler waves are equal, the signal-
to-noise ratio of the amplified field proves to be extremely
low (~1). At the same time, a high signal-to-noise ratio can
be achieved when @ = 2¢m [5]. In the case of phase matching
of the type @ ~ (2¢ + 1)n and equal intensities of the signal
and idle waves, the output radiation intensity is independent
of the intensity of a signal at the amplifier input and is
determined only by the medium gain. Under such con-
ditions, instead of amplification, the signal can be scattered
with energy transfer from the signal and idler waves to
pump waves.

Note that the noise characteristics of the field required
for measuring weak signals can be obtained by means of a
nonlinear laser amplifier. It is shown [6] that by selecting the
optimal amplification length (or time), fluctuations intro-
duced by spontaneous radiation during nonlinear amplifica-
tion with saturation can be considerably reduced compared
to the case of linear amplification. Note also that a four-
wave amplifier has the advantage that upon strong amplifi-
cation both output waves are identical. This allows the pho-
todetection of one of the waves in optical communication
systems without the distortion of another wave that carries
information.

Various schemes for parametric amplification of weak
optical signals without reducing the initial signal-to-noise
ratio were considered in recent papers [7, 8].
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