
Abstract. A method is proposed for describing absorption of
an electron-heating femtosecond laser pulse that interacts
with a metal under conditions of high-frequency skin effect. It
is shown that the effective frequencies of electron ë electron
collisions accompanied by umklapp processes can be deter-
mined by measuring the absorption or reêection coefécients
of a femtosecond pulse.

Keywords: absorption coefécient, electron ë electron collisions,
umklapp processes.

The optical and kinetic properties of metals in a state close
to thermodynamic equilibrium have been studied in detail
(see, for example, [1 ë 3]). For most of the normal metals in
a broad temperature range, these properties are determined
to a considerable extent by electron ë phonon collisions
characterised by effective collision frequencies vep exceeding
the electron ë electron collision frequencies vee. A different
situation takes place when the metal interacts with a high-
power femtosecond laser pulse [4 ë 6]. Electrons absorbing a
laser pulse are rapidly heated to a temperature much higher
than the temperature of the lattice which remains com-
paratively cold during the action of the pulse; in other
words, the characteristic time of energy transfer from
electrons to the lattice is longer than, or of the order of,
several picoseconds. Because of heating of electrons, the
effective electron ë electron collision frequency vee increases
proportionally to T 2 [7, 8], while the electron ë phonon
collision frequency vep, which depends on the lattice tem-
perature Tlat, remains almost unchanged. At the electron
temperatures exceeding 2000 ë 3000 K, conditions are real-
ised under which vee 4 vep. The absorption of the laser pulse
energy and heat removal from the skin layer are mainly
determined by the electron ë electron collisions, including
those accompanied by the umklapp processes.

The high electron ë electron collision rates allow us to
use the concept of electron temperature for describing
optical and kinetic phenomena in a metal, starting from
times of the order of a few femtoseconds. A quantitative

description of these processes involves a consideration of the
real spatial structure of the éeld in the metal and the
electron temperature nonuniformity. In this paper, we use
such an approach for describing the interaction of an
electron-heating femtosecond pulse with a metal under
conditions of high-frequency skin effect. This description
is based on the equation for temperature of electrons taking
into account their heating in the skin layer due to electron ë
phonon and electron ë electron collisions accompanied by
umklapp processes, and cooling due to removal of heat from
the skin layer. The thermal êux density also depends on the
frequency of collisions of electrons with phonons and with
one another, but these frequencies differ from those
determining the éeld absorption.

Following [8], we assume that there are two electronì
electron collision frequencies distinguished by independent
parameters a and b. These frequencies are va � a(kBT )2�
(�heF)

ÿ1, which determines by the absorption coefécient, and
vl � b(kBT )2=�heF, which is associated with the thermal êux.
Here, kB is the Boltzmann constant, �h is the Plank's
constant, and eF is the Fermi energy. The absorption
coefécient is determined from the integral relation taking
into account the inhomogeneity of the éeld and the electron
temperature, which distinguishes our approach from the
popular Drude model. We shall obtain below the numerical
solution of the temperature equation and derive simple
asymptotic expressions describing the time evolution of the
electron temperature and the absorption coefécient. It will
be shown how the parameters a and b can be determined by
measuring the absorption coefécient at various stages of the
action of a femtosecond pulse.

By using such an approach for describing the optical
properties of a metal with hot electrons, we have analysed
the experimental data [9] (see also [10]) on the time evolution
of the coefécient of reêection of a femtosecond test pulse
from a gold target whose electrons are heated by the main
femtosecond pulse. A comparison of the experimental data
obtained in [9] and the numerical results leads to values of
the parameters a and b for gold, i.e., to the effective
electron ë electron collision frequencies. The simplicity of
the approach used for describing the optical properties of a
metal under conditions of high-frequency skin effect and the
simplicity of the experimental technique used in [9] make it
possible to determine the frequencies of electron ë electron
collisions (including those accompanied by the umklapp
processes) without cumbersome calculations assuming the
consideration of the real band structure of the metal.

Consider the interaction of a laser pulse with a metal
occupying the half-space z > 0. We assume that the pulse is
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incident normally on the metal boundary and its electric
éeld is

E�z; t� � E0 exp

�
ÿ 1

2t 2p

�
tÿ z

c

�2 �
sin

�
o
�
tÿ z

c

��
, (1)

where E0 is a vector with components (E0, 0, 0); tp is the
pulse duration; o is the frequency; and c is the velocity of
light.

During interaction of laser radiation with a metal in the
visible frequency range, the conditions of high-frequency
skin effect are easily realised when the characteristic
radiation frequency o exceeds the effective frequency v 0a
of electron ë phonon and electron ë electron collisions, and
the distance vF=o propagated by electrons during the éeld
variation period is smaller than the skin depth d � c=opl:

o4 v 0a,
vF
o

5
c

opl

, (2)

where vF is the Fermi velocity; opl � (4pNe 2=m)1=2 is the
plasma frequency; and e, m, and N are the electron charge,
mass and number density, respectively. By neglecting the
effect of rare collisions and taking into account (1), we
obtain the approximate expression for the éeld in the skin
layer under condition (2):

E�z; t� � E�z� exp
�
ÿ t 2

2t 2p

�
cosot, (3)

where the éeld vector E(z) has the components [E(z), 0, 0],
and

E�z� � 2
o
opl

E0 exp

�
ÿ z

d

�
. (4)

Expressions (3) and (4) are written in the approximation
otp 4 1 and neglect small difference of the éeld phase shift
from p=2 in the metal.

Fields of type (3) and (4) are absorbed in the skin layer
due to electron ë phonon and electron ë electron collisions.
The éeld dissipation caused by the Landau damping is
usually insigniécant and will be neglected. By neglecting the
variation in the effective collision frequency v 0a over a period
2p=o, we énd that the mean power absorbed over a period
at the point z is

1

8p
o 2

pl

o 2
v 0a�z; t�E 2�z� exp

�
ÿ t 2

t 2p

�

� 4

c
I�t�v 0a�z; t� exp

�
ÿ 2z

d

�
, (5)

where I(t) � (c=8p)E 2
0 exp (ÿ t 2=t 2p ) is the radiation êux

density that varies slowly during the time 2p=o. By
integrating expression (5) with respect to the coordinate
z, we énd the absorbed power and, dividing it by I(t),
obtain the absorption coefécient

A�t� � 4

c

�1
0

dzv 0a�z; t� exp
�
ÿ 2z

d

�
, (6)

which varies with time upon a variation of the effective
electron collision frequency. The contribution to v 0a comes

from electron ë phonon (vep;opt) and electron ë electron (va)
collisions, i.e., v 0a � vep;opt � va. Contribution to the absorp-
tion comes from electron ë electron collisions accompanied
by the umklapp processes. At the electron temperatures
kBT5 eF, the frequency va can be written in the form [8]

va � a
eF
�h

�
kBT

eF

�2
. (7)

This relation neglects the dependence of va on frequency o
[11]. Such an approximation is justiéed because at low
temperatures, when �ho4 2pkBT, the frequency va�1�
(�ho=2pkBT )2� modiéed in the optical frequency range in
accordance with [11] does not exceed vep;opt � kBTlat=�h if
the lattice temperature Tlat is higher than, or of the order
of, the Debye temperature. The theoretical calculation of
the coefécient a is complicated due to the necessity of
taking into account the real band structure of the metal
(see, for example, [3, 7, 12, 13]). However, another
approach is also possible when a is obtained from the
measurement of the absorption coefécient of the femto-
second laser pulse that heats the electrons. Such a
possibility arises when electrons are heated over a period
smaller than the characteristic time of energy transfer from
the electrons to the lattice, which is of the order of a few
picoseconds for typical metals. If electrons are heated to a
temperature higher than Ta at which va(Ta) ' vep;opt, or to a
temperature Ta ' (eF=kB)(�hvep;opt=aeF)

1=2 4Tlat, their effec-
tive collision frequency v 0a will be mainly determined by the
electron ë electron collisions. At such high temperatures, the
absorption coefécient A is caused by the electron ë electron
collisions accompanied by the umklapp processes, and its
magnitude depends on the unknown coefécient a, thus
making it possible to determine the value of the latter. In
order to demonstrate such a possibility, let us consider the
heating of electrons in the skin layer.

The temperature evolution of electrons in a metal is
described by the equation

C
qT
qt
� 4

c
I�t�v 0a exp

�
ÿ 2z

d

�
� q
qz

�
l
qT
qz

�
, (8)

where C � p 2Nk 2
BT=2eF is the speciéc heat and

l � Cv 2
F=3v

0
l is the thermal conductivity of electrons

depending on the collision frequency v 0l � vep;l � vl. The
frequencies vep;l and vl differ numerically from the
electron ë phonon (vep;opt) and electron ë electron (va) colli-
sion frequencies that determine the absorption coefécient.
Like va, the frequency vl is given by

vl � b
eF
�h

�
kBT

eF

�2
, (9)

where the numerical coefécient b 6� a.
The érst term on the right-hand side of Eqn (8) describes

the heating of electrons due to laser radiation energy
absorption in the skin layer, while the second term accounts
for heat transport to the bulk of the metal. This equation is
written under the assumption that the mean free path vF=v

0
l

is smaller than the characteristic scale of temperature
inhomogeneity. Note that the use of the concept of temper-
ature, and hence Eqn (8), for describing electron heating is
justiéed if the characteristic time of temperature variation is
large in comparison with the reciprocal frequency of
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electron ë electron collisions. It should be emphasised that
the electron ë electron collision frequency is manifested in
the optical properties of metals only if it exceeds the
electron ë phonon collision frequency which, for example,
is higher than, or of the order of, 1014 sÿ1 for gold. This
means that for pulses of duration longer than 10 fs, the
contribution of non-thermalised electrons to the absorption
coefécient is strongly suppressed.

It was mentioned above that the effect of electron ë
electron collisions on the absorption coefécient is man-
ifested only when the electrons in the skin layer manage to
get heated to a temperature exceeding Ta during the action
of the laser pulse. Such a possibility can be realised for a
high radiation êux density I for which the electron heating
exceeds their cooling due to the removal of heat from the
skin layer. Taking this into account, we will henceforth
assume that

kBT

eF
>

8I

cNeF
>

p 2

3v 0av 0l

�
vFopl

c

�2�
kBT

eF

�2
, T > T �, (10)

where I � I(t � 0), and the electron temperature exceeds
T � � min (Ta,Tb) [Tb is the temperature at which vb(Tb) '
vep;l]. The left inequality in (10) provides the smallness of
mv 2

E � e 2E 2(z)=mo 2, the electron oscillation energy in the
éeld E, in comparison with the thermal energy kBT of the
electrons. Note that as the electrons are heated, the region
of compatibility of the left and right inequalities in (10)
becomes larger owing to an increase in the value of the ratio
kBT=eF.

The right inequality in (10) allows us to neglect heat
transport in Eqn (8). In this case, we arrive at the following
approximate relation from (8):

va�T � � vep;opt
va�T0� � vep;opt

� exp

�
8aItp
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t
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��
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where T0 � T (t � ÿ1) is the electron temperature before
the action of the laser pulse, and erf (x) � (2=

���
p
p

)
� x
0 dt�

exp (ÿ t 2) is the error function. Relation (11) holds for
kBT < eF, which imposes additional constraints on the laser
pulse duration. Taking (11) into account, we obtain the
absorption coefécient from (6):
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where

A�t � ÿ1� � 2

opl

�va�T0� � vep;opt� (13)

is the initial absorption coefécient. Expression (12)
describes the absorption coefécient under conditions of
high-frequency skin effect, when o > v 0a [see formula (2)].
The last equality imposes restrictions on the absorption
coefécient which must not exceed 2o=opl in the range of
applicability of this approach. The highest value of A(t) is
attained for t5 tp:

A�t5 tp� ' A�t � ÿ1� 1
a
�e a ÿ 1� < 2o

opl

, (14)

where a � 16aItp=(p
���
p
p

�hcN). According to (14), a notice-
able increase in the absorption coefécient due to electron
heating occurs for a > 1. For e a 4 1, the ratio A(t5 tp)�
Aÿ1(t � ÿ1) deénes the parameter a in accordance with
the formula

a ' ln

�
A�t5 tp�
A�t � ÿ1� ln

�
A�t5 tp�
A�t � ÿ1�

��
. (15)

Since the laser pulse parameters I and tp, as well as the
electron number density N are known, coefécient a can be
determined easily by measuring experimentally the ratio of
the absorption coefécients before and immediately after the
action of the pulse.

Over the time of effective action of the laser pulse, i.e., in
the interval ÿtp < t < tp, heat is removed from the skin
layer. However, in view of the right inequality in (10), such a
heat removal does not signiécantly affect the electron
temperature in the skin layer and hence the absorption
coefécient. During the action of the laser pulse, the amount
of heat released per unit area of the metal surface, i.e.,

Q �
�1
ÿ1

dtI�t�A�t�

� ItpA�t � ÿ1�
���
p
p
a

� a

0

dx

x
�e x ÿ 1�, (16)

is mainly concentrated in the skin layer. For t > tp, the êux
density in the pulse decreases exponentially and the
evolution of the electron temperature is determined to a
large extent by the removal of heat from the skin layer to
the bulk of the metal. The variation in the electron
temperature is described by Eqn (8) in which the heat
release in the skin layer can be approximately neglected for
t > tp. The skin depth d is relatively small, and after the
passage of a certain amount of time (�3v 0ld

2=v 2
F) the size of

the heated region is found to exceed d. For such time
intervals, it is natural to seek the self-similar solution of
approximate equation (8) which does not contain the érst
term in the right-hand side. The self-similar solution
corresponding to the absence of the heat êux on the
metal surface has the form

v 0l � vl � vep;l ' vb �
1

t

�
D� 3

2

�
z

vFt

�2 �ÿ1
, (17)

where the parameter D is determined from the relation

1

2

�1
0

dzCT � Q. (18)

It follows from Eqns (17) and (18) that

D � p 6

384

�
�hvFN
Q

�2

, (19)

where Q is described by expression (16). A dependence of
type (17) takes place for T > Tb and describes the evolution
of the electron temperature in the heated region of the
metal. The size zh of the heated region of the metal
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increases proportionally to the time at a typical rate
����
D
p

vF:
zh �

����
D
p

vFt [14]. The electron temperature at the metal
surface decreases inversely proportional to

��
t
p

:

kBT�z � 0; t�
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�hvFNp 3

�
384�h

bteF

�1=2

. (20)

Under conditions of the applicability of the self-similar
solution (17), the typical scale of the temperature inhomo-
geneity is much larger than the skin-depth d. Therefore, the
electron temperature in the skin layer decreases weakly and
its magnitude is described approximately by expression
(20). A weak variation of T inside a skin layer of thickness
d allows us to present the absorption coefécient (6) in the
form

A�t > tp� '
2v 0a�z � 0; t�

opl

� 2

opl
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�h
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�
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�hvFN

�2
768

p 6oplt
. (21)

According to (21), the absorption coefécient is mainly
determined by the electron ë electron collisions with
umklapp processes in the time interval tp < t < th, where

th �
a

b

�
Q

�hvFN

�2
384

p 6vep;opt
, (22)

and decreases inversely proportional to time. One can see
from the last term in (21) that the rate of decrease of A(t)
depends on the ratio a=b. It follows from this that the
experimentally observed dependence A(t > tp) / tÿ1 can be
used to determine the numerical value of the ratio a=b, since
the remaining parameters appearing in (21) can be
determined independently.

It follows from what has been stated above that the
absorption coefécient increases sharply for t4 tp [see
formula (12)] and after attaining its peak at t5 tp, decreases
inversely proportional to 1=t in the interval tp < t < th,
attaining its original value A(t � ÿ1) for t > th, where th is
assumed to be small in comparison with tlat, the time of
energy transfer from the electrons to the lattice. For
th > tlat, a dependence of the type A(t) / 1=t is observed
up to t < tlat. Experimental investigation of such a behav-
iour of the absorption coefécient leads to numerical values
of the factors a and b which determine the effective collision
frequencies appearing both in the absorption coefécient and
the heat êux.

For t5 tlat, the right-hand side of Eqn (8) should be
supplemented with a term [15, 16]

G�Tÿ Tlat�, (23)

taking into account the energy transfer from electrons to
the lattice, the parameter G characterising the connection of
electrons with the lattice. For example, G � 3:5� 1010

W cmÿ3 Kÿ1 for gold [17]. A term of type (23) is usually
signiécant for time periods of the order of a few
picoseconds or more. If this term is taken into consid-
eration in formula (8), it becomes possible to describe the

evolution of the electron temperature and the absorption
coefécient for time periods t5 tlat. Thus the analysis of the
evolution of the absorption coefécient for t5 tlat makes it
possible to determine experimentally the value of the
parameter G.

At present, some experiments have been reported [9, 10]
in which the reêection coefécient has been measured for a
femtosecond test pulse interacting with a metal after the
passage of time Dt following the action of the main
femtosecond pulse that heats the electrons. The above
approach for describing the evolution of the absorption
coefécient can be used for comparison with the experimental
data presented in [9]. The authors of [9] have presented
relative variations of the reêection coefécient of time-
averaged action of a test pulse

DR�Dt�
jDR�Dt�jmax

� R�Dt� ÿ R�ÿ1�
jR�Dt� ÿ R�ÿ1�jmax

� A�ÿ1� ÿ A�Dt�
jA�ÿ1� ÿ A�Dt�jmax

, (24)

where the relation R � 1ÿ A between the reêection
coefécient R and absorption coefécient A has been used,
and the notation

A�Dt� �
� �1
ÿ1

dtItest�tÿ Dt�A�t�
�� �1

ÿ1
dtItest�t�

�ÿ1
(25)

has been introduced, where Itest(t) is the energy êux density
in a test pulse. The subscript max in Eqn (24) indicates the
highest magnitude of the corresponding quantity. Squares
in Fig. 1 indicate the values of the function DR(Dt)�
jDR(Dt)jÿ1max (24) obtained experimentally in [9]. These
values were obtained by studying the reêection of a
weak 110 fs titaniumë sapphire laser test pulse from a
plane gold target heated by the main pulse of duration
110 fs with an energy êux density I � 1:3� 1012 W cmÿ2.
Note that the role of band transitions in the absorption of
such a laser radiation by a gold target need not be taken
into consideration since the band transition edge in this case
lies in the region D � 2:5 eV [18], which is higher than the
radiation energy quantum �ho � 1:5 eV. For such durations
and êux densities of the titanium ë sapphire laser pulse, the
energy transport to the phonon subsystem is insigniécant.

DR�Dt�=DRmax

ÿ0:25 0 0.25 0.50 0.75 Dt
�
ps

ÿ1:0

ÿ0:8

ÿ0:6

ÿ0:4

ÿ0:2

0

Figure 1. Relative variation of the coefécient of reêection (24) of a test
pulse from a gold target. Squares correspond to the results obtained in
[9]; the solid curve corresponds to calculations.
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The solid curve in Fig. 1 was obtained by solving
numerically Eqn (8) and calculating the absorption coefé-
cient (6) and relative variation in the reêection coefécient
(24). Calculations were made for a gold target with eF �
5.5 eV, N � 5:9� 1022 cmÿ3, and opl � 1:4� 1016 sÿ1, and
for the main pulse parameters borrowed from [9]. The shape
of the theoretical curve depends on the effective electron
collision frequencies v 0a and v 0l. At Tlat � 300 K, the
parameters for gold are vep;opt � 0:93� 1014 sÿ1 [19] and
vep;l � 3:6� 1013 sÿ1 [20]. The contributions va and vl to v 0a
and v 0l from electron ë electron collisions depend on the
coefécients a and b and on the electron temperature. For
moderate values of a and b and a rapid electron heating,
these contributions become dominant. In this case, v 0a and v 0l
are close to va and vl and vary in proportion to a and b
respectively. By varying the values of a and b, the theoretical
curve DR(Dt)jDR(Dt)jÿ1max and the experimental data [9] can
be matched with each other. A rather good matching of the
experimental and theoretical data in Fig. 1 was obtained for
a ' 1 and b ' 2.

An analysis of the experimental data obtained in [9]
shows that this approach can be used for determining the
effective collision frequencies of nonequilibrium electrons by
measuring the reêection coefécient. However, it should be
emphasised that the precision of evaluating a and b from the
experimental data obtained in [9] is comparatively low and
sensitive to the pulse shape. The precision can be enhanced
by lowering the test pulse duration and the error in
measuring the reêection coefécient. Modern experiments
make it possible to lower the pulse duration to a few
femtoseconds (see, for example [21]), and to increase the
accuracy of optical measurements.
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