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Peculiarities of the light propagation

in semi-infinite fibre arrays

P.I. Khadzhi, K.D. Lyakhomskaya, A.K. Orlov

Abstract. The spatial intensity distribution of radiation
propagating in semi-infinite directional coupler arrays with
different dependences of coupling constants on the fibre
number is studied.
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1. Introduction

Linear and nonlinear optical effects in directional couplers
representing fibre arrays attract great interest because they
can be used in fibreoptic communication lines and all-
optical data processing systems. In addition, fibre arrays, in
which each of the fibres is coupled with its nearest
neighbours, are examples of discrete optical systems
whose functional features have not been studied completely
so far. Fibre arrays proved to be very useful in the
development of semiconductor lasers [1—3]. The properties
of light propagation in fibre arrays were studied theoret-
ically in a number of papers [4—9]. It was shown in [10—12]
that the inhomogeneous system of tunnel-coupled fibres is
characterised by the total internal reflection of light. A light
beam in such a system propagates along a wave-like spiral
trajectory. The problem of light propagation in a system of
tunnel-coupled fibres in which propagation constants chan-
ge linearly was considered in [13—16]. Upon excitation of
one fibre in such structures, the oscillations of the beam
width are observed along the axis during light propagation.
Upon variations of the input intensity and phase, the effects
of switching, light localisation in several fibres, and control
of light propagation can be observed in nonlinear fibre
arrays [17—20]. It was shown in [21, 22] that soliton pulses
can propagate in nonlinear fibre arrays.

A further study of the functional possibilities of fibre
arrays is of current interest. In this connection we note that
the properties of light propagation in couplers are different
for infinite, semi-infinite, and finite arrays. Below, we
present the results of our theoretical study of light prop-
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agation in semi-infinite linear fibre arrays by the method of
coupled waves. This method is especially attractive because
it reduces the problem to a one-dimensional system of
coupled linear first-order differential equations. An impor-
tant circumstance is that in the absence of absorption losses,
the coupling between neighbouring fibres is symmetric, i.e.
the coupling constants between the ith and jth fibres are
equal: x; = K.

A complicated system of fibre arrays prevents the
obtaining of the general solution of the system of equations
describing light propagation for arbitrary relations between
the propagation constants of individual fibres and their
coupling constants. As for model systems, exact analytic
solutions can be obtained in some cases.

The infinite system of identical fibres was the first system
for which the exact analytic solution of the system of
equations for coupled waves was obtained [4, 23]. The
number of model, exactly solvable systems can be consid-
erably increased in the case of semi-infinite arrays by using
the theory of orthogonal classical polynomials. Such sol-
utions are of interest because complicated arrays can
contain rather large parts in which coupling constants
have a certain dependence on the fibre number in the array.

In this paper, we obtained the exact solutions of
difference —differential equations describing the spatial dis-
tribution of the field amplitude in each fibre of the semi-
infinite array of identical fibres. The arrays under study
differ only in the dependence of coupling constants between
adjacent fibres on the fibre number in the array. Although
the approach used in the paper is simplified, nevertheless it
predicted a number of qualitatively new effects having their
own scientific and practical significance.

The difference —differential equations considered below
are also used, in particular, for solving the Schrdédinger
equation for multilevel equidistant systems excited by
resonance radiation [24—28] and studying the time evolution
of electronic transitions between quantum dots [29, 30], and
other fields of physics. Therefore, the solution of such
equations for a broad class of systems is undoubtedly of
interest.

2. Method of the problem solution

Consider a semi-infinite system of identical fibres charac-
terised by the same propagation constant . We will
describe the stationary propagation of laser radiation in
each of the fibres by the system of difference—differential
equations [4-38, 23]



972

P.I. Khadzhi, K.D. Lyakhomskaya, A.K. Orlov

i dEH
dz

+ ﬁEn + anl.nEnfl + Kn,n+1En+] = 07

()
n=20,1,2,..,

where 7 is the fibre number; E, is the field amplitude of a
wave propagating in the nth fibre; x,_;, is the coupling
constant between the n— Ith and nth fibres; z is the
coordinate along the axis of each of the fibres measured
from the end of the corresponding fibre. We assume that all
the fibres are located in the same plane and the coupling
constants are k, |, =kk, (n=0,1,2), where xy=0,
k) =1, so that xy; =x. Particular systems will differ in
the dependence of the coupling constants k, on the fibre
number n. We will study below the dependence of the
propagation of laser radiation on the shape of the function
K,. By assuming in (1) that E, = f,, exp (iffz) and introducing
the variable x = kz, we obtain

df,

1_+Kn n— 1+Kn+lfn+l =0, n=0,1,2,... 2

The boundary condition for system (2) in the case when
only one jth fibre is pumped to the end can be written in the
form

Ja(x =0) =38y, (©)

where 8,; is the Kronecker delta. The normalised radiation
intensity 2, in the nth fibre is described by the expression

2,(x) = | /(). @)

The solution of the system of equations (2) for arbitrary
K, cannot be obtained. However, we can obtain the solution
of the problem for a broad class of functions x,. We will
seek the solution of equation (2) under condition (3) in the
form

b _
70 = [ o) 2 L)

exp(irxy)dy, (%)

where P,(x) is the classical orthogonal polynomial with the
standardisation Py(x) =1 and the norm d, defined in the
interval [a, b] with the weight a(x), i.e.

b
[ammu Py (x)dx = d25,,. ©)

a

By substituting (5) into (2), we arrive at the recurrence
relation

Pn+l (x)

Knt1 + Kn

Pnfl(x)
=rx , 7
dn+l ( )

dnf 1 dn

to which orthonormalised polynomial P,(x)/d, satisfy. By
selecting different polynomials P,(x), and thereby specify-
ing their weight o(x) and the interval [a, ], we obtain the
constant r and the functional dependence of the coupling
constant x, from the known expressions [31—34]

kl dO K :knfl dn ¥ (8)

:k70d717 ! kn dnfl ’

where k,, is the coefficient at the term x" of the polynomial.
Thus, we determine a particular system to which solution
(5) corresponds. By integrating (5), we obtain the explicit
solution f,(x) for the selected fibre system. Expression (5)
for x =0 satisfies boundary condition (3) due to the
orthonormality of classical polynomials with the weight

a(y):

dy = Snj . (9)

Consider now particular models of semi-infinite arrays
which will be referred to by the name of a classical
polynomial giving the solution of the problem.

3. Chebyshev array of the I kind

Chebyshev polynomials of the I kind 7,(x), n=10,1,2,...,
are orthogonal in the interval —1 < x < 1 with the weight

o(x) =1/V1 —x? and satisfy the recurrence relation
[31-36]

Tyt () + Ty y(x) — — Ty (x) =0, n=0,1,2,.... (10)
n+1 n—1 l+6n,0nx_ , h=0,1,2,....

Here, Ty(x) = 1. The norms of these polynomials are

dy=+/m, d,=+/%/2, n=1,2,3,..., and the coefficient
k, at X" is kg = 1, k, = 2"', n=1,2,3.... . Therefore,
ky dy
=% _\fh
ko d, v2
knfl dn _ 17 n:13
= dnflr_{l/\ﬁ7 n=23,... (In

By calculating integral (5) for the determined values of r
and x, and assuming that the fibre with the number
n=j=0is end-pumped (the boundary condition f,,—g =
d,0), we find the solution of the system of equations (2) in
the form

) = J(V2x),  n=0,
! "27,(V2x), n=1,2,3, ...,

where J,,(x) is the Bessel function of the nth order [32-37].
The normalised radiation intensity in each of the fibres is

_JJIW2x), =0,
Py(x) = {2J'12(\/§x)’ n=1,23,...

(12)

(13)

If the jth fibre is pumped (f;«—o = 3,), the solution for
the function f,(x) can be also easily found, and we obtain
the expressions

Py(x) = J§ (V2x),

<W"l('x) :2J!12(\/§x)7 ]:0,}1: 17273a"'7

Py(x) = 2J}(V2x), j#0,n=0, (14)

P(x) = J7(V2x) + 1,7 (V2x) + 2(-1) %
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X Iy (V22),(V2x), j#0,n>1

for the radiation intensity in an arbitrary fibre.

Figure 1 shows the spatial distributions of radiation
intensity in the fibre array as functions of the normalised
coordinate x = kz (hereafter, the radiation intensity in a
fibre pumped to the end for x = 0 is unity). One can see that
the radiation intensity in the pumped fibre (n =0) is an
oscillating and monotonically decreasing function of the
distance x (Fig. 1a). The radiation intensity in the pumped
fibre (n = 0) in nonzero at a large distance from the fibre
end. One can see from Fig. 1a that for x = 2.8 and 11.7, the
radiation intensity is 2, ~ 0.15 and 0.05, respectively. For
x > 1, the field intensity tends to zero proportionally to x .
The transfer of radiation to other fibres with n > 0 is also
observed. In this case, the higher is the fibre number #, i.e.
the farther the fibre is located from the end-pumped fibre,
the farther the first maximum of the field intensity in the nth
fibre appears from the fibre end. The radiation intensity
maxima for x > 1 decrease proportionally to x .

Figure 1. Spatial distributions of the radiation intensity £ in fibres in the
semi-infinite Chebyshev array of the I kind upon pumping the zero (a),
fifth (b), and tenth (c) fibres.

The radiation transfer between fibres due to interaction
between them can be interpreted as the diffusion of
radiation into the inner regions of the array in the direction
perpendicular to the fibre axis. That is why the spatial
distribution of the light intensity in the fibre array has
generally a wave-like shape, with the amplitude decreasing
with distance, the crests of several first waves being located
deeper and deeper along the x axis in the array with
increasing the fibre number n. The shape of this structure
is determined both by the effect of light propagation along
the fibre axis and the diffusion of light in the transverse
direction. Because the zero (n = 0) fibre is coupled only with
the first one, whereas all other fibres interact with two
nearest neighbours, the wave as if reflected from the array
interface (zero fibre) due to diffusion and, by propagating
along the x axis, diffuses in the transverse direction. Near
the end of the array, an unperturbed region appears which
expands with increasing 7.

Figures 1b, ¢ show the spatial distributions of radiation
intensity in the array upon end pumping the fifth and tenth
fibres, respectively. One can see that the joint action of light
propagation and diffusion produces a complicated interfer-
ence structure of the spatial distribution with the amplified
higher-order maxima. For example, upon end pumping the
fifth fibre, a rapid transfer of radiation to the zero fibre
occurs and its intensity at the maximum is nonzero even at
the distance x ~ 25— 30. In addition, upon pumping the
fifth fibre, the first two maxima in the 20th fibre are lower
than the next three maxima.

Upon end pumping the tenth fibre, the first emission
maximum in the zero fibre is observed at x ~ 8. Then, the
intensity of maxima in the zero fibre monotonically
decreases with increasing x, but noticeably differs from
zero even at the distance x = 30, these maxima being more
distinct than those observed upon pumping the fifth and
zero fibres. One can also see that at the array interface in the
vicinity of the zero fibre for x > 0, a rather complicated
spatial structure of the intensity maxima and minima is
formed, which is produced by a wave reflected from the
array interface due to diffusion. In addition, radiation in the
pumped (tenth) fibre first rapidly decreases with distance,
completely vanishes at x ~ 9, and then again appears, and
the intensity of maxima in this fibre at large x (~ 20 and
above) proves to be considerable. Note also that upon
pumping into the tenth fibre, the amplitude of the sixth
maximum in the 20th fibre is considerably greater than the
amplitudes of nearest maxima. In this case, an unperturbed
region is also observed on both sides of the end of the
pumped fibre, which expands with distance from the fibre.

4. Chebyshev array of the II kind

Chebyshev polynomials of the II kind U,(x), n =0,1,2, ...,
are orthogonal in the interval —1 < x < 1 with the weight
o(x) = V1 — x? and satisfy the recurrence relation U, (x)
+U,_1(x) = 2xU,(x) = 0. The norm of these polynomials is
d, = +/m/2, the coefficient k,, at x" is 2" [31—36]. According
to (8), we obtain r =2 and x, = 1. Thus, this array is
characterised by the coupling constant which is the same
for all fibres, i.e. independent of n. According to (5), we can
obtain the solution for f,, and then for the light intensity in
the nth fibre. By assuming that for x = 0 only the fibre with
n=0 1is pumped, i.e. the boundary conditions are
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Julx=0 = 8,0, the solution of the system of equations (2) has,
according to (5), the form

n+1

Sulx) =1" Joi1(2x).

(15)

This means that the field amplitude in the nth fibre is an
oscillating monotonically decreasing function of distance.
For x — oo, the field amplitude f,(x) tends to zero. The field
intensity 2,(x) at an arbitrary point is described by the
expression

n+1)>
2,00 =" 2w,

(16)
By assuming that pumping is performed to the end of the
Jth fibre (f,x— = 9, ;), we obtain

Pn(x) = Jn2+j+2(2x) + anfj(zx)

+2(71)l‘]n+j+2(2x)']nfj(2x)' (17)
From this, we find for n=;+#0
P,(x) = J§(2X) + 501, (2)

+2(=1)Jo(2X) aus1) (2x). (18)

Figure 2 presents the spatial distributions of the light
intensity in the Chebyshev array of the II kind upon end
pumping the zero, fifth, and tenth fibres, respectively.
Unlike the previous case, here radiation pumped to the
zero fibre is transferred very rapidly to neighbouring fibres,
so that the second maximum in the zero fibre for x ~2
contains only 3 % of the pumped intensity (Fig. 2a). This is
explained by the fact that for x > 1, the radiation intensity
decreases with increasing x much faster [2,(x) ~ x°] than
in the Chebyshev array of the I kind, where 2,(x) ~ x .
One can see from Fig. 2a that the stationary spatial
distribution of the light intensity exhibits several wave crests
with amplitudes rapidly decreasing with increasing coor-
dinate x. Radiation is rapidly transferred from the pumped
zero fibre to fibres with greater values of n, as if reflecting
from the array wall (i.e. from the zero fibre). The spatial
field structure is even more complicated upon pumping to
the end of the fifth (Fig. 2b) and tenth (Fig. 2c) fibres, which
is explained by the propagation and diffusion of radiation.
Upon pumping the fifth fibre, a small trough is observed for
large n after the first two crests of the waves in the spatial
intensity distribution. The extension of this trough increases
upon pumping the tenth fibre, and a distinct crest is formed
behind it, which is followed by a short trough and several
crests with monotonically decreasing amplitudes. Note also
that upon pumping the fifth fibre, the field distribution in
the zero fibre drastically differs from that observed upon
pumping the zero fibre itself. In this case, the joint action of
radiation propagation and diffusion to the left with
reflection from the system wall gives rise to a complicated
interference structure of the spatial field distribution with
maxima and minima located at large distances from the
front end.

0 0

Figure 2. Spatial distributions of the radiation intensity £ in fibres in the
semi-infinite Chebyshev array of the II kind upon end pumping the zero
(a), fifth (b), and tenth (c) fibres.

5. Hermitean array

Hermitean polynomials H,(x) are orthogonal in the interval
(—o00; +00) with the weight o(x) = exp (— x2). The norm
and leading coefficient of polynomials are d,=
V/m2"n!, k, =2", respectively [31-36]. We find from (8)
that r = v/2, and «,, = \/n , and, according to (5), construct
the solution under the condition that the system is pumped
to the zero fibre (f,x—o = 8,0):

f(x) = exp(—y?)H,(y) exp(iv2xy)dy.(19)

1 0
\ \/7?2”}’1! .[700

The integral can be easily calculated to obtain

n_n 2
Ja(x) = iCXP( - %)

T (20

Then, the light intensity in the nth fibre is described by the
expression
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2n

Pa(x) =~ exp(—). 1)

For the given n, the intensity maximum is located at the
point x = /n and the maximum intensity in the nth fibre of
the array is

] n" exp(—n)

Py max = 0

n!

When the system is pumped through the ith fibre, the

solution has the form

TR 2 .
Sl =i %x"f’exp(—i)L;’f'uZ), nzj ()

o A
fn(,\‘)zi'}*” %x’f”exp<—%)L{”(x2), I’lSj, (23)

m

where L,"(x) is the Laguerre polynomial [31—36]. By using
(4), (22), and (23), we can easily obtain the expression for
the radiation intensity 2,(x). Figure 3a presents the spatial
distribution of the radiation intensity £,(x) according to
(21) upon pumping the zero fibre. One can see that
radiation is rapidly transferred to fibres with greater
numbers n with increasing x. The radiation propagation
and diffusion processes produce the spatial intensity
distribution in the form of a solitary wave-like profile.
The maximum of this profile from the fibre end increases
with increasing the fibre number »n in the array.

Figure 3. Spatial distributions of the radiation intensity £ in fibres in the
semi-infinite Hermitean array upon end pumping the zero (a), fifth (b),
and tenth (c) fibres.

Figures 3b, c presents field distributions upon pumping
the fifth and tenth fibres. One can see that, upon pumping
the fibre with the number j > 0, the field structure in fibres
with numbers n from zero to j is rather complicated. The
field distribution in the fibre with n = 0 is one pronounced
maximum at the point x =+/j and Py, =’ exp(—j) /).
The amplitude of this maximum decreases with increasing j
as Pomax ~J ~1/2 As the fibre number n increases, the
number of maxima in the field distribution gradually
increases. This is caused by a complicated interference of
the waves propagating from the jth fibre towards the zero
fibre and the waves reflected from it. However, for n > j, the
number of maxima of the spatial field distribution is j+ 1,
and, as follows from Figs 3b, c, is independent of n (upon
pumping the fifth and tenth fibres, 6 and 11 maxima of the
field intensity are formed, respectively, which are shifted to
greater n).

6. Legendre array

Legendre polynomials P,(x), n =0,1,2,..., are orthogonal
in the interval —1 < x <1 with the weight o(x) =1 and
satisfy the recurrence relation (n+ 1)P, (x)+ nP,_(x)—
(2n+ 1)xP,(x) =0. The norm of these polynomials is
d,=+/2/(2n+1) and the leading coefficient is k, =
2"I'(n+1)/(y/nn!). Then, r = /3 and «, = 3n/Van® — 1.
As n increases, the coupling coefficient x, tends asymptoti-
cally to v/3/2. By assuming that only the zero fibre is
pumped (f,y—o = 8,), we obtain the light intensity in an
arbitrary fibre

O P D LYENN ) (24)

2V3x

Figure 4 shows the spatial intensity distribution, which is
quite similar to profiles presented in Fig. 2a. The radiation
intensity in the zero fibre rapidly decreases (proportionally
to x %) with increasing x, so that only the first two maxima
are pronounced. As x increases, radiation is rapidly trans-
ferred to fibres with large n.

Figure 4. Spatial distribution of the radiation intensity 2 in fibres in the
semi-infinite Legendre array upon end pumping the zero fibre.

7. Gegenbauer array

Ultraspherical Gegenbauer polynomials C;(x) (4 > —1/2,
n=0,1,2,...) are orthogonal in the interval —1 < x <1
with the weight o(x) = (1 —xz)i’l/z. The norm of these
polynomials is
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4 [Va@4),T(+0.5) 12
" [ (n+ 2)n[ () ] ’

the coefficient k, =2"(2),/n!, where (1), is the Poch-
hammer symbol [27] and T is the gamma function. Then,
according to (8), r = 4/2(2+ 1) and

B [n(n+2/1 —- 1)+ 1)]1/2
"2+ A-1)(n+2) '

The coupling constant k, asymptotically tends to the value
[(A+ 1)/2]1/2 with increasing n. For the boundary con-
ditions fy,—o = 6,9, the solution of Eqn (2) has the form

Mn+ 2) }‘/2 Juis[V20 + 1)x]
=i"2'T(2) | =22 NV (25
fn(x) 1 ( )[ n! ( )n [\/mer ) ( )
and we obtain the light intensity in the nth fibre
2 2, ,
2 (x) = 27T (A)] /;E:? +2)(24),
S NoTrEayEs (26)

V20 DN

The one-parametric family of solutions (25) and (26)
with the parameter 4 for 2=0, 1/2, 1, -1/2 and oo
transforms to the known solutions. For 4 = 0, the Gegen-
bauer polynomial transforms to the Chebyshev polynomial
of the I kind T,(x) = (n/2+8,0) x Cy(x),n=0 1, 2, ..;
correspondingly, the coupling constant is x, =1 for n =1
and k, = l/\/§ for n = 2, 3,..., and solution (25) transforms
to (12). For . =1/2, the Gegenbauer polynomials trans-
form to the Legendre polynomials P,(x) = C:,/ 2(x), while
solution (26) is reduced to expression (24). For A=1,
ultraspherical polynomials transform to the Chebyshev
polynomials of the II kind C}(x) = U,(x). In this case,
k, = 1 and solutions (25) and (26) transform to solutions
(15) and (16), respectively.

Consider the limit 4 — oo. It follows from the definition
of x, for the Gegenbauer array that lim,_, . x, = y/n. By
using the asymptotics of the Bessel function J,, ;(1/2(4A+ 1)
xx) for large values of the order and argument [31]

Jois (V204 Dx), . — [+ 1)/2x]" exp(—x?/2)

()

and substituting the latter expression into (25), we obtain
(20).

For 2 = —1/2, we obtain the known solution describing
the propagation of light in a directional coupler consisting
of two identical fibres [23]. In this case, k, = [n(n—
2)/(2n —3)2n — 1)]'%, for which it follows that i, =1,
and k, =0 in this system. Upon pumping the zero fibre
(n=0), light is transferred to the first fibre (n = 1), but
coupling between the first and second fibres is absent
because x, = 0. Although the coupling constants k, for
n > 2 are nonzero, nevertheless because of successive
excitation transfer from one fibre to the adjacent fibre,
all fibres with n > 2 will not be excited and, therefore, the
features of light propagation in such a system are identical
to those for light propagation in a two-channel coupler.
Indeed, by substituting 4= —1/2 into solution (25) and
using relations (—1), = 8,0—38,1,[(—1/2)(n — 1/2)(~1),]"/?

=(8,0 +6,1)/2, and explicit expressions for the Bessel
function of the half-integer order, we obtain f,(x) =
i"[8,,9 cos (x) + 8, sin(x)], i.e. fo = cos(x), f; =isin(x), in
agreement with known results [23].

8. Conclusions

We have obtained exact analytic solutions for an infinite
system of difference —differential equations describing the
stationary spatial distribution of the field amplitude and
intensities in each of the fibres of a semi-infinite planar
array of identical fibres with a certain dependence of
coupling constants between nearest neighbouring fibres on
their number in the array. The general property of all the
arrays studied is that after end pumping one of the array
fibres, radiation is rapidly transferred to fibres with greater
numbers n. The features of the spatial distribution of the
radiation field are explained by the radiation propagation
and diffusion across the array due to coupling between
adjacent fibres in the array.

References

1. Otsuka K. IFEE J. Quantum Electron., 13, §95 (1977).

2. Scifres D.R., Burnham R.D., Sueifer W. App!. Phys. Lett., 33,
1015 (1978); [EEE J. Quantum Electron., 15, 917 (1979).

3. Chinn S.R., Spiers RJ. IEEE J. Quantum Electron., 20, 358
(1984).

4.  Somekh S., Garmire E., Yariv A. 4pp!. Phys. Let:, 22, 46 (1973).

5. Haus H.A., Moleen-Orr L. IEEE J. Quantum Electron., 19, 840
(1983).

6. Kuznetsov M. [EEE J. Quantum Electron., 21, 1393 (1985).

7.  Molten-Orr L., Haus H.A. Opt. Lett., 9, 466 (1984); Appl.Opt.,
24, 1260 (1985).

8. Syms R.R.A. 4Appl. Opt., 25, 724 (1986); [EEE J. Quantum
Electron., 23, 525 (1987).

9.  Eyges L., Wintersteiner P. J. Opt. Soc. Am., 71, 1351 (1981).

10. Goncharov A.A., Svidzinskii K.K., Sychugov V.A , Usievich B.A.
Kvantovaya Eleictron., 33, 342 (2003) [ Quantum Electron., 33,
342 (2003)]; Laser. Phys., 13, 1017 (2003).

11.  Usievich B.A ., Sychugov V.A., Nwurligareev D.Kh., Golant K.M.
Opt. Spektrosic., 97, 841 (2004).

12. Nurligareev D.Kh., Golant K. M.. Sychugov V.A.., Usievich B.A.
Kvantovaya Elektron., 35, 917 (2005) [ Quantum Eleciron., 35, 917
(2005)].

13.  Pertsch T., Dannberg P., Ell¢in W., Brauer A. Phys. Rev. Lett.,
83, 4752 (1999).

14.  Morandotti R., Peschel U., Aitchison J.S., et al. Phys. Rev. Lett.,
83, 4756 (1999)

15.  Christodoulicles D.N., Lederer F., Silberg Y. Naiure, 424, 817
(2003).

16.  Peschel U., Pertsch T., Lederer F. Opt. Lett., 23, 1701 (1998).

17.  Christodoulides D.N., Joseph R.I. Opt.Lett., 13, 794 (1988).

18.  Aceves A.B., De Angelis C., Peschel T., et al. Phys. Rev. E, 53,
1172 (1996).

19. Darmanyan S. Kobyakov A., Schumrudt E., Lederer F. Phys. Rev.
E, 53, 3520 (1998)

20. Eisenberg H.5 . Silberberg Y., Morandotti R., et al. Phys. Rev.
Lett., 81, 3383 (1998).

21.  Fleisher Y.W., Segev M., Efremichis N.K., Christocloulides D.N.
Nature, 422, 147 (2003)

22.  lwanov R., Schick R., Stegeman G.I.. et al. Phys. Rev. Lett., 93,
113902 (2004).

23.  Yariv A. Quantum Electronics (New York: Wiley, 1989;
Moscow: Sov. Radio, 1973).

24.  Makarov A.A. Zh. Eksp. Teor. Fiz., 72, 1749 (1977).

25.  Paramonov G.K., Savva V.A. Zh. Prikl. Spektrosk., 33, 56
(1980); 36, 624 (1982); 39, 762 (1983).

26. Samson A.M., Savva V.A., Paramonov G.K. Zh. Prikl.
Spektrosk., 38, 76 (1983).


http://dx.doi.org/10.1109/JQE.1977.1069250
omis
Otsuka K. IEEE J. Quantum Electron., 13, 895 (1977).

http://dx.doi.org/10.1063/1.90253
http://dx.doi.org/10.1063/1.90253
http://dx.doi.org/10.1109/JQE.1979.1070138
omis
Scifres D.R., Burnham R.D., Streifer W. Appl. Phys. Lett., 33,

omis
1015 (1978); IEEE J. Quantum Electron., 15, 917 (1979).

http://dx.doi.org/10.1109/JQE.1984.1072396
omis
Chinn S.R., Spiers R.J. IEEE J. Quantum Electron., 20, 358

omis
(1984).

http://dx.doi.org/10.1063/1.1654468
omis
Somekh S., Garmire E., Yariv A. Appl. Phys. Lett., 22, 46 (1973).

http://dx.doi.org/10.1109/JQE.1983.1071950
omis
Haus H.A., Molten-Orr L. IEEE J. Quantum Electron., 19, 840

omis
(1983).

http://dx.doi.org/10.1109/JQE.1985.1072607
omis
Kuznetsov M. IEEE J. Quantum Electron., 21, 1893 (1985).

http://dx.doi.org/10.1109/JQE.1987.1073395
omis
Syms R.R.A. Appl. Opt., 25, 724 (1986); IEEE J. Quantum

omis
Electron., 23, 525 (1987).

http://dx.doi.org/10.1070/QE2003v033n04ABEH002417
http://dx.doi.org/10.1070/QE2003v033n04ABEH002417
http://dx.doi.org/10.1070/QE2003v033n04ABEH002417
omis
Goncharov A.A., Svidzinskii K.K., Sychugov V.A., Usievich B.A.

omis
Kvantovaya Elektron., 33, 342 (2003) [ Quantum Electron., 33

omis
342 (2003)];

http://dx.doi.org/10.1134/1.1828630
omis
Usievich B.A., Sychugov V.A., Nurligareev D.Kh., Golant K.M.

omis
Opt. Spektrosk., 97, 841 (2004)

http://dx.doi.org/10.1070/QE2005v035n10ABEH010358
omis
Nurligareev D.Kh., Golant K.M., Sychugov V.A., Usievich B.A.

omis
Kvantovaya Elektron., 35, 917 (2005) [ Quantum Electron., 35, 917

omis
(2005)].

http://dx.doi.org/10.1103/PhysRevLett.83.4752
omis
Pertsch T., Dannberg P., Elflein W., Brauer A. Phys. Rev. Lett.,

omis
83, 4752 (1999).

http://dx.doi.org/10.1103/PhysRevLett.83.4756
omis
Morandotti R., Peschel U., Aitchison J.S., et al. Phys. Rev. Lett.,

omis
83, 4756 (1999)

http://dx.doi.org/10.1038/nature01936
omis
Christodoulides D.N., Lederer F., Silberg Y. Nature, 424, 817

omis
(2003).

http://dx.doi.org/10.1103/PhysRevE.53.1172
omis
Aceves A.B., De Angelis C., Peschel T., et al. Phys. Rev. E, 53,

omis
1172 (1996).

http://dx.doi.org/10.1103/PhysRevE.57.3520
omis
Darmanyan S., Kobyakov A., Schmidt E., Lederer F. Phys. Rev.

omis
E, 53, 3520 (1998)

http://dx.doi.org/10.1103/PhysRevLett.81.3383
omis
Eisenberg H.S., Silberberg Y., Morandotti R., et al. Phys. Rev

omis
Lett., 81, 3383 (1998).

http://dx.doi.org/10.1038/nature01452
omis
Fleisher Y.W., Segev M., Efremidis N.K., Christodoulides D.N

omis
Nature, 422, 147 (2003)

http://dx.doi.org/10.1103/PhysRevLett.93.113902
omis
wanov R., Schiek R., Stegeman G.I., et al. Phys. Rev. Lett., 93

omis
113902 (2004).


Peculiarities of the light propagation

977

27.

28.

29.

30.

31

32.

33.

34.

35.

36.

37.

Zelenkov V.1, Savva V.A. Dokl. Akad Nauk BSSR, 32, 313
(1988); Vestsi Akad. Navuk BSSR, Ser. Fiz.-Mat. Navuk, 4, 86
(1988); 2, 65 (1989).

Savva V.A, Zelenkov V.I., Mazurenko A.S. Opt. Spektrosk., 74,
949 (1993); Zh. Prikl. Spektrosk., 58, 256 (1993).

Tsukada N., Gotoda M., Nunoshria M. Phys. Rev. B, &0, 5764
(1994)

Tsukada N.. Gotoda M . Nunoshita M., Nishino T. Phys. Rev. R,
52, R17005 (1995).

Erdelyi A. (Ed.) Higher Transcendental Functions (Bateman
Manuscript Project) (New York: McGraw-Hill, 1953, 1953,
1955; Moscow: Nauka, 1965, 1966, 1967) Vols 1-3.

Kuznetsov D.S. Spetsial’nye funktsii (Special Functions) (Mos-
cow: Vysshaya shkola, 1965).

Abramowitz M., Stegun 1.A. (Eds) Handbook of Mathematical
Functions (New York: Dover, 1965; Moscow: Nauka, 1979).
Suetin P.K. Klassicheskie ortogonal’nye mnogochleny (Classical
Orthogonal Polynomials) (Moscow: Nauka, 1979).

Gradshteyn LS., Ryzhik .M. Table of Integrals, Series, and
Products (New York: Academic Press, 1980; Moscow: Nauka,
1971).

Pashkovskii S. Vychislitel'nye primeneniya mnogochlenov i ryadov
Chebysheva (Calculation Applications of Chebyshev Polynomials
and Series) (Moscow: Nauka, 1983).

Korenev B.G. Vvedenie v teoriyu besselevykh funktsii (Introduc-
tion to the Theory of Bessel Functions) (Moscow: Nauka,
1971).


http://dx.doi.org/10.1103/PhysRevB.50.5764
omis
Tsukada N., Gotoda M., Nunoshita M. Phys. Rev. B, 50, 5764
(1994)

http://dx.doi.org/10.1103/PhysRevB.52.R17005
omis
Tsukada N., Gotoda M., Nunoshita M., Nishino T. Phys. Rev. B,
52, R17005 (1995).


