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Application of the Wigner function and matrix optics
to describe variations in the shape of ultrashort laser pulses
propagating through linear optical systems

A.V. Gitin

Abstract. The transformation of the shape of ultrashort laser
pulses (USPs) in time can be described similarly to the
process of image formation in space. It is shown that the wave
description of imaging is simplified by using the Wigner
function, this description in the quadratic approximation
being identical to the use of the ABCD matrices. The
transformation of USPs propagating through linear optical
systems was described and these systems were classified by
the methods of matrix optics.
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1. Introduction

As the advent of point light sources allowed the under-
standing of the ‘spatial’ process of image formation in
optical systems, the development of ultrashort-pulse lasers
permits the insight into the ‘temporal’ process of image
formation in these systems. Moreover, there exists a formal
analogy between the so-called spatial and temporal optical
systems [1]: the cross-section width of a narrow wave beam
propagating through optically homogeneous media and
lenses is transformed identically to the duration of a
narrowband pulse propagating through a dispersive
medium and phase modulators. This analogy permits one
to treat phase modulators as temporal lenses, which can be
used for the development of temporal analogues of
conventional spatial optical systems such as microscopes,
telescopes, Fourier converters, etc. The processes of image
formation in such temporal systems are described by means
of the mathematical apparatus that is traditionally used for
the description of image formation in spatial optical
systems.

At present the Wigner distribution function (WDF) is
finding increasing use for describing the image formation in
space. This function allows one to consider the wave and
geometrical optics from the unitary point of view [2, 3] by
preserving the apparatus of these theories based on duality
[4, 5]. When the WDF is used, the ‘modulator—filters’

A.V. Gitin Max-Born-Institut fiir Nichtlineare Optik und
Kurzzeitspektroskopie, Max-Born-Str. 2A, 12489 Berlin, Germany;
web-site: www.mbi-berlin.de; e-mail: andrey.gitin@gmx.de

Received 7 June 2005; revision received 9 December 2005
Kvantovaya Elektronika 36 (4) 376—382 (2006)
Translated by M.N. Sapozhnikov

duality in wave optics [6] naturally transforms in the
quadratic approximation to the ‘refraction matrix — transfer
matrix’ duality in geometrical optics [7].

The aim of this paper is the use of the WDF and its
matrix approximation to describe the transformation of the
USP shape in optical systems with temporal lenses, i.e., for
the description of the temporal analogues of conventional
optical systems.

2. Wigner function and its properties

A scalar signal can be described both by the dependence of
the complex amplitude U on time ¢ and the dependence of
the complex spectrum U on frequency w. These descriptions
are equivalent, i.e.,

U(o) =F,_,{U)} and U(1) =F,L {Uw)}, (1)

because they are related by the Fourier transforms

1 .
F_,{.}= EJ,W{M}GXP(_MOM
and
F,L{.}= f%mjjc {...} exp(iwt)dw.

A ‘quasi-point’ pulse can be conveniently described in the
temporal representation U(f), while a ‘quasi-monochro-
matic’ oscillations — in the spectral representation U(w). A
signal of the general form is reasonable to describe by a real
function specified on a two-dimensional plane with
coordinates ¢ and w. For this reason, the USP parameters
are often described and estimated by such functions as the
FROG [8], ‘spectrogram’ [9] or WDF [10—-12]. Note that
the WDF allows one to describe laser pulses before and
after their transformation in optical systems, thereby
describing these systems.

The WDF W is formally defined dually [2, 3, 10—12]
both in terms of the temporal representation of the signal
u(),

W(z,w)EFAH(,,{U<1+%>U*(1—%>}, )

and in terms of the frequency representation of the signal
U(w)’
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W(l,a))EF&;_),{[/((U-FAT(D)O*<CO—ATLO>}. (3)

The function W has many useful properties. By integrating
it over time ¢ and frequency w, we obtain the signal energy

(5’:[ J W(t, w)dtdw,

by integrating it over the frequency [the projection of W on
the coordinate axis ¢ (Fig. 1b)], we obtain the intensity

1) = v = |

—00

W(t,w)dw,

and by integration over time [the projection of W on the
coordinate axis ® (Fig. Ic)], we obtain the intensity
spectrum

fo) = |U(@)f = JOO W(1, w)dt.

—00

1

Figure 1. Wigner function (a) and its projections on the coordinate axes ¢
(b) and o (c).

Consider the matrices of the first and second moments of
the function W [3]

_ Eo Ji ( ! ) W(t, w)dide Hj; Eo Wi, w)dtdw} B

p= e )
LB e e
X { Ji J: w(t, a))dzdw} 71.

Note that the elements of the principal diagonal of the
matrix of second moments are the squares of the pulse

duration ¢, and the spectral width o, of the pulse. A pulse
and its WDF are called transform limited [13, 14] if the
matrix of second moments of the WDF is diagonal:

2
p= ("0’ 602) = diag(o?,02).
w

In the general case, the duration and spectral width of a
pulse are related by the Heisenberg inequality

0,06, = VdetD.

In particular, a signal with the rectangular WDF is
transform limited [15, 16] (Fig. 2a):

t—1t o —o
Wo(t—to,w—a)o):rect< 0)rect( 0),
a[ 6(/)

where 7, is the central instant of time; wq is the carrier
frequency of the pulse;

1 for |t<1/2,
rect(t) = ¢ 1/2 for |t|=1/2,
0 for |t|>1/2

is a rectangular function.

3. Transformation of the Wigner function
in linear systems

It was shown in [6] that there exist two mutually
complimentary (dual) classes of linear systems — modulators
and filters.

3.1 Modulators

A modulator, i.e., a linear system invariant in the frequency
space is described in the temporal region by the expression

[6]

Un (1) = U(1)g(1), (5)
where g(/) is a modulation function. If

g(1) = exp[—iy(1)], (6)

expression (5) describes a phase modulator.
By substituting expression (5) for the phase modulator
into (2), we obtain

Wn(t — ty, @)

At . Aw
EF(T*[Q)HA(U{UM<I_ZO—’_?)UM([_IO_T)}
At At
:F(,,tOHAw{U(t—to +7)U <t—t0—7>
X exXp |:—il,0<l—lo —&-%) +il//(l—lo—%>:|}. @)
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In the linear approximation, we have

md ("))
=Fi) HM{< (z—r0+ = )U*(,ﬂof%»
oo -w{rmng) n(r-n-g)])

Ar\ o, At
%F(f—to)—’Aw{<U<t_t0+7)U (l—l0_7>>
exp <‘%Al)}’ ®)

and by using the shift theorem [6], we obtain

WM(Z — Iy, CU)

At At
%F(r—to)aAw{U(Zf lo+7>U (l* 1 *7)

X exp <—i%Al)}: W<t—lo7w+%>. 9)

Note that expression (9) is much simpler than the initial
relation

Un(1) = U(2) exp[—iys (1)),

because it is reduced to the frequency shift of W by the time
derivative of the phase shift y. Thus, the modulator does
not change the duration of the initial transform limited
rectangular pulse but increases its frequency band (Fig. 2c),
by producing a frequency chirped pulse.

@ A Transform limited pulse ® Time chirp

——————— t--e
ow

|

|

|

|

|

| g, = const
_______ J [ | 0y >0y

|

Frequency chirp

Oy > O
o, = const

2
ot

C t

Figure 2. Transformation of a rectangular signal (a) by a filter (b) and a
modulator (c).

Assuming that the pulse duration is small, we expand the
phase function y/(¢ — ;) in the vicinity of the central instant
of time ¢, into a Taylor series:

1
Yt —1t9) = Yo — ol — o) +5 Pt = 1) + ..o\
where
dy d?y
wy = — ; P=—=
dr 1=ty dr? 1=ty

By restricting our consideration to the second-order terms,
we obtain in this quadratic approximation from (9)
(Fig. 3¢)

Wa(t — tyg,0) = Wt — ty,0 — wy + (1 — ty) P]. (10)
@ A Transform limited pulse 2 Time chirp
arctan/
|
|
— !
O |
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Figure 3. Transformation of a rectangular signal (a) by a quadratic filter
(b) and a modulator (c).

3.2 Filters

A filter, i.e., a linear system invariant in time, is described in
the frequency region by the expression [6]

Ur(0) = U(0)f(), (1
where f(w) is the transfer function. If
f(@) = exp[~ip()], (12)

expression (11) describes a phase filter.
By substituting expression (11) for the phase filter into
(3), we obtain

WF(I> W — UJ())

- A . A
FAwﬂt{UF<w_w0+7w>UI§(w_wO _Tw)} =
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. A - A
:FAU)_M_I{U(CU_(UO+Tw)U*(w_w0_Tw>
. Aw . Aw
X exp |— i w7w0+7 +ip ® =)= —- . (13)

In the linear approximation, we have [17]

WF(t>w - (/)0)

X exp <f ia—q)Aa)) },
ow

and by using the shift theorem [6], we obtain

WF(t7 W — wO)

_ A . A
~Fyl_, Uw—wo—l——w U* w—wo——w
2 2
.0 B Gl
X €xXp <—1$AC{)>} = W<t—%,w—w0) (15)

Note that expression (15) is much simpler than the initial
relation

Up(@) = U(w) exp[—ip(w)],

because it is reduced to the temporal shift of W by the time
derivative of the phase shift ¢. Thus, the filter does not
change the frequency band of the initial transform limited
rectangular pulse but increases its duration (Fig. 2b) by
producing a time chirped pulse.

Assuming that the frequency band of the pulse is
narrow, we expand the phase function ¢@(w — ;) in a
Taylor series in the vicinity of the carrier frequency wy:

1
@0 — o) = @y + fo(w — ) +§l(w — )’ + -,

where

w=w,

is the effective thickness of the filter, which can be both
positive and negative. By restricting our consideration to
the second-order terms, we obtain from (15) (Fig. 3b)

We(t,o — wg) = Wt —ty — (0 — wp)l,0 — ).

(16)

4. Matrix formalism of the theory
of ideal optical systems

Engineering calculations and classification of the spatial
optic systems are based on the theory of ideal (aberration-
free) optical Maxwell systems [18] and the mathematical
apparatus of matrix algebra. Therefore, it is very important
to study the passage from the general wave description [1]
to the matrix aberration-free description [19-22] in
temporal optics as well.

Note that the point (7, w) in the phase space (see Fig. 2)
can be characterised by the column matrix

t

w b
and, therefore, W can be represented as the function of the
column matrix

o{(2)} =

By using this matrix representation, modulator (10) and
filter (16) WDFs can be written in the form

wiilai) = 1)(65))

(17

e}
= (1)
{0l D)
)

The quadratic phase modulator is described by the matrix
M producing a linear frequency shift from the transform
limited rectangular pulse (Fig. 3a) to the pulse with a linear
frequency chirp (Fig. 3c). The quadratic phase filter is
described by the matrix F producing a liner temporal shift
from the transform limited rectangular pulse to the pulse
with a linear time chirp (Fig. 3b).

5. Modulators and filters in temporal optics

Phase filters used in the temporal optics of USPs represent a
layer of a dispersive medium of thickness z (or, for example,
a compressor — a pair of parallel diffraction gratings
separated by the distance z [23] or a stretcher — a device
containing elements with dispersions of opposite signs [24]).
In the quadratic approximation, a dispersive medium layer
is described by expression (19) [1], the effective thickness /
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of the filter being proportional to the real thickness z of the
dispersive medium.

An example of the phase modulator is an electro-optic
modulator varying the phase of a transmitted laser beam by
the harmonic law [1]

V(1) = @, cos(wpt + 0),

where @, w,, and 6 are the amplitude, frequency, and
initial phase of modulation. If the phase 6 is zero and the
pulse duration is much shorter than the modulation period
Tm = 2n/w,, by expanding the phase shift into a Taylor
series in the vicinity of point =0 and restricting our
consideration to the second-order terms, we obtain

In this approximation, the electro-optic modulator is
described by expression (18) if P=1/f, where

f=1/ (@,,02) is the “focal time’ of the modulator (temporal
lens) [1].

2.2
(e~ (15

6. Modulators and filters in spatial optics

According to the dual sense of the concept of spatial
frequencies [25], the spatial frequency u determines the
propagation direction of a diffracted light beam. Therefore,
by replacing time ¢ by the distance x between the light beam
and optical axis, and the frequency w by the spatial
frequency u, we obtain from the above-considered column
matrix

(&)

the column matrix

X
u
for a light beam.
Note that the transformation of this beam in a lens with
the lens power P = 1/f(in the phase modulator) and a layer

of free space of thickness / (phase filter) are described by the
same matrices (18) and (19), respectively.

7. ABCD matrices of optical systems

By combining modulators and filters, we can synthesise a
variety of different systems obtained by multiplying
matrices M and F [7]. Each of such systems is described
by the ABCD matrix T:

A B
T= (C D) = M1F2M3M4M5F6....

Because matrices M and F are noncommutative it is
important not to change their multiplication order. Because

1 0 1 -/
det(P 1>—1 and det(o 1)—1,

we have

B A B
detT:det(C D

>:AD—BC:1.

Therefore, the matrix T describes a linear transformation of
the WDF carrier, and this transformation does not change
its volume.

We will classify temporal optical systems similarly to
optical systems in geometrical optics [7], which are classified
by equating different elements of the 4 BCD matrix to zero.
In this case, the sign rule is used: the effective length of the
free space layer is assumed positive if the layer is located in
front of the lens, and negative if the layer is located behind
the lens. Consider this classification. Note that the primed
quantities belong to the image space of the optical system.

(1) The case 4 =0, i.e., x' = Bu (Fig. 4a) in geometrical
optics corresponds to the determination of the image focal
plane and is realised in the cascade consisting of a
modulator with the focal distance fand a filter of thickness
/" located behind the modulator, when the condition

7 Image focal plane

— |I

Object plane f Image plane

A

I=h+h

Object focal plane

Figure 4. Classification of optical systems: determination of the image
focal plane (a), optically conjugate planes (b), telescope (c), and object
focal plane (d).
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(3 ) - (37 )
(28

is fulfilled. Therefore, 1 —1'/f=0, ie., ['=f If this
condition is fulfilled, the initial matrix is simplified:

/ 0 —f

Pa=(iy 1)

In temporal optics, such a system transforms the frequency
modulation of a signal (wave form) to the temporal
modulation [13, 14].

(2) The case B =0, i.e., x' = Ax (Fig. 4b) in geometrical
optics corresponds to the linear transformation of coor-
dinates in the optically conjugate planes and is realised in
the cascade consisting of a filter of thickness /, a modulator

with the focal distance f'behind the filter, and then a filter of
thickness /', when the condition

= (o )Gl DG )

A T L) e Ly L A N AV B 1

a 1/f 1-1l/f ~\C D
is fulfilled, i.e., /— "+ lI'/f= 0. From this, we obtain the
formula for a thin lens:

1 1 1

[ f

When this condition is fulfilled, the initial matrix of the
system is simplified:

l 12 0
Fr= (1)
where u = ['/l is the temporal magnification of the system.
In temporal optics, such a matrix describes a temporal
microscope, i.e., the optical system changing the temporal
scale of a signal (wave form) [1].

(3) The case C =0, i.e., u’ = Du (Fig. 4c) in geometrical
optics corresponds to the linear transformation of the slopes
of the input and output parallel beams and is realised in the
cascade consisting of a modulator with the focal distance f;
a filter of thickness /, and a modulator with the focal
distance f,, when the condition

o= (g D)0 ) 1)

_ ( 1—1/fi —/ > _ (A B)
N+ W) 1 =1fa)  \0 D
is fulfilled. Therefore, (— [+ f; + /2)/(fif2) =0, ie., [ =fi+

/f>. When this condition is fulfilled, the matrix of the system
is simplified:

MyFM, = <_})/" ‘/ifﬁfi),

where n = f/f, is the spectral magnification of the system.
In temporal optics, such a matrix describes a temporal
telescope, i.e., an optical system changing the frequency
scale of a signal (wave form) [26].

(4) The case D =0, i.e., u’ = Cx (Fig. 4d) in geometrical
optics corresponds to the determination of the object focal
plane and is realised in a cascade consisting of a filter of
thickness / and a modulator with the focal distance flocated
behind the filter, when the condition

v (3 6 D)l )
()

is fulfilled. Therefore, 1 —//f=0, ie., f=1 When this

condition is fulfilled, the initial matrix of the system is
simplified:

(1
MF = (1 b )
In temporal optics, such a system transforms the temporal
modulation of a signal (wave form) to the frequency
modulation.
Consider two special cases. In geometrical optics, the 2f

system for / =/’ = f corresponds to the Fourier converter
described by the expression

a5 ) G 9)(6 )
o DG D=0 )

In temporal optics, this matrix is realised in the cascade,
consisting of a filter of thickness f, a modulator with the
focal distance flocated behind the filter, and then a filter of
the same thickness f, and describes the ‘¢ — w converter’
[27].

In geometrical optics, the 4f system — the cascade of two
identical optical 2f systems, is described by the matrix

0 —f 0 —f\_ (-1 0
1/f 0 If 0] L0 —1)
In temporal optics, the corresponding system inverts a train

of pulses both in time (replacing the ‘past’ by the ‘future’)
and frequency [27].

8. Conclusions

It has been shown that ultrashort laser pulses and their
transformations in optical systems with temporal lenses can
be simply described by using the Wigner functions. These
functions can describe the pulse transformation in the most
general form. Such a description in the quadratic approxi-
mation is equivalent to the use of ABCD matrices from
geometrical optics. The methods of matrix optics allow one
to classify and determine the main operating parameters of
temporal optical systems such as temporal lenses, micro-
scopes, telescopes, Fourier converters, etc.
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