
Abstract. The possibility of ampliécation of difference
terahertz-frequency signals generated in one-dimensional
nonlinear crystals is studied theoretically. It is shown that
the intensity of nonlinear terahertz signals can be consid-
erably increased both due to the coherent summation of waves
generated in several photonic crystals and the choice of a
special conéguration of photonic crystals representing a two-
periodic structure.

Keywords: photonic crystals, difference-frequency generation, tera-
hertz radiation.

During the past decade, interest in the study of linear and
nonlinear optical processes in photonic crystals (PCs) has
considerably increased [1], which is explained érst of all by
the existence of photonic band gaps (PBGs) in PCs ë the
regions of frequencies or angles of incidence inside which
the propagation of radiation inside the crystal is forbidden.
A strong spatial dispersion near PBGs allows the compen-
sation of the material dispersion of the PC material,
providing the fulélment of phase-matching [2] or quasi-
phase-matching [3, 4] conditions during the generation of
nonlinear signals. In addition, a strong localisation of
radiation inside a PC when the frequency or the angle of
incidence of radiation corresponds to the PBG edge permits
the nonphase-matching enhancement of nonlinear signals
by increasing the intensity of nonlinear radiation sources.
The energy of the éled localised in a periodic structure can
increase in this case proportionally to the cube of the
number of the structure periods [5]. The possibility of
nonphase-matching enhancement upon second harmonic
generation was theoretically substantiated in [6] and
demonstrated experimentally in [7]. In [8], it was proposed
to use this ampliécation for sum-frequency generation in
one-dimensional PCs.

The possibility of nonphase-matching enhancement of
nonlinear signals makes PCs promising materials for gen-
erating intense coherent signals at the difference terahertz
frequency. Terahertz radiation is widely used in spectro-
scopy and medical diagnostics [9]. The phase-matching

condition cannot be fulélled upon generating difference
terahertz-frequency signals due to a considerable difference
between the refractive indices of materials in the optical and
terahertz frequency regions, and for this reason nonphase-
matching enhancement is the most efécient mechanism of
ampliécation of these signals. Thus, the possibility of
increasing the intensity of nonsynchronously ampliéed
terahertz signals generated in an isolated one-dimensional
PC almost by two orders of magnitude compared to a
homogeneous medium was demonstrated in [10]. It was
shown recently [11] that the intensity of terahertz signals
propagating in a one-dimensional superlattice formed by
several PCs can be increased by more than an order of
magnitude compared to an isolated PC.

In this paper, we consider the possibility of a consid-
erable (more than by three orders of magnitude compared to
a homogeneous medium) increase in the intensity of non-
linear signals upon a successive coherent summation of
terahertz waves generated and reêected at the optimal angle
from a quasi-two-dimensional superlattice consisting of a
number of PCs (Fig. 1).

We will solve the problem of generating terahertz signals
in a PC superlattice by the method of radiation-transfer
matrices [12] based on the approximations of plane inénite
waves and an inexhaustible pump wave. However, taking
into account multiple reêections of linear and nonlinear
signals from different PCs, this method should be modiéed.
To énd forward and backward waves at the fundamental
and difference frequencies, it is necessary to solve the
nonlinear wave equation
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where E (r, t) is the electric éeld vector; D (r, t) is the electric
induction vector; and PNL is the nonlinear polarisation
vector.
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Figure 1. Scheme of the PC superlattice consisting of K crystals and the
interaction geometry of radiations.



Consider érst the linear problem of multiple reêections
of radiation from several PCs, each of them consisting of N
layers. Each layer has the thickness dm, the linear refractive
index nm, and the second-order nonlinear susceptibility w �2�m ,
where m is the number of the layer. We assume that m � 0
corresponds to a plane ë parallel layer of thickness L0

located between PCs (Fig. 1), and m � N� 1 corresponds
to a substrate on which a PC is grown. The z axis is directed
inside the PC normally to the structure surface. Let a plane
monochromatic wave with the frequency v and amplitude
E
���
0 be incident on the PC at the angle y to the normal to

the structure surface. According to the transfer-matrix
method, the amplitudes of electric éelds of the fundamental
waves in the zero and mth layers are related by the
expression
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The superscripts `+' and `ë' refer to the waves propagating
forward (transmission) and backward (reêection), respec-
tively. The transfer matrix Âl l�1 has the form

Âl l�1 �
1

tl l�1
�gl �gl rl l�1

gl rl l�1 gl

� �
, (3)

where gl � exp (isldl); �gl � gÿ1l � exp (ÿisldl); sl � (2pv=c)�
(n 2

l ÿ sin 2 y)1=2 is the z component of the radiation wave
vector in the lth layer; rl l�1 and tl l�1 are the Fresnel
reêection and transmission coefécients, respectively, for the
interface of two semi-inénite media with the refractive
indices nl and nl�1.The matrix M̂(0,m) in (2) is the product
of matrices Âl l�1 for l � 0, . . . ,mÿ1.

Below, all the quantities in the interaction of radiation
with different PCs [PC �1�, PC �2�, . . . PC �K�] are denoted by
the corresponding superscripts. The relation between the
éeld amplitudes in the mth layer with the amplitude E ���0 of
the éeld incident on PC �J� obtained from (2) has the form
[12]ÿ
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j � 1,2); and J � 1, 2, . . . ,K is PC number. Here, R �J� is the
complex reêection coefécient of the PC �J�, which can be
obtained from (2) for m � N� 1, taking into account that
(E
�ÿ�
N�1)

�J� � 0 (there is no radiation on the substrate side):
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By assuming that the wave is incident on the PC �1� from
inénity, we set g

�1�
0 � 1, whereas g

�J�
0 � exp (is0L0) � g0

(J � 2, . . . , K ) for the waves incident on all the successive
PCs. The rest of the factors g �J�m have a similar form for any

numbers J and m (m 6� 0). Thus, according to (2) and (3),
the elements of matrices M̂ �1�(0,m) and M̂ �J�(0,m) (J 6� 1)
are related by the expressions M
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into account, expression (5) can be written in the form
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is fulélled. Then, taking into account the relation between
R �1� and R �J�, we obtain from (4) the expressionÿ
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��J� � �g0�2Jÿ3ÿR �1��Jÿ1ÿE ���m
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, (6)

which takes into account that g0 � 1 for J � 1 and
(E ���m )�1� � (F ���)�1�E ���0 .

As mentioned above, the most efécient ampliécation
mechanism of difference terahertz-frequency signals gen-
erated in PCs in the nonphase-matching enhancement,
which is determined by the energy of fundamental waves
localised inside the PC. The éeld energy in the mth layer of
the PC �J� is determined by the expression W �J�

m � n 2
mdm�

jE �J�m j2=2, where E �J�m � (E ���m )�J�gm � (E �ÿ�m )�J��gm is the total
radiation éeld in the mth layer. Taking (6) into account, we
can write the expression
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Then, by summing energies W �J�
m over all the layers, we

obtain the expression relating the total éeld energy in the
PC �J� and PC �1�:

W �J� � ��R �1���2�Jÿ1�XN
m�1

n 2
m dm
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Because the frequencies of fundamental waves should lie
at the PBG edge to fulél the nonphase-matching enhance-
ment condition, they will be located near the érst (from the
PBG centre) transmission resonance (the reêection coefé-
cient minimum). Therefore, jR �1�j2 5 1 in (8) when the
nonphase-matching enhancement condition is fulélled,
and the total éeld energy W �J� in each of the structures
following after the PC �1� will decrease as a power function.
Physically, this occurs because a great part of the funda-
mental éeld energy will pass through PCs and only a small
part of this energy will be reêected. As a result, the
nonphase-matching enhancement eféciency in PCs �J�,
except the PC �1�, will be very low.

To solve this problem, we propose here to use a two-
period PC of conéguration (AB)N1

(CD)N2
, i.e. consisting in

fact of two PCs. In this case, the (AB)N1
is the initial PC

(containing N1 AB bilayers, each bilayer consisting of layers
A and B) in which the nonphase-matching enhancement
takes place (the radiation frequency corresponds to the PBG
edge). The thicknesses of layers C and D of the additional
PC are chosen so that the PBG centre of this additional
structure would correspond to the PBG slope of the main
PC, where ampliécation occurs. In this case, the materials of
layers C and D can be the same as those of layers A and B,
respectively. Due to such a conéguration, the pump wave
upon nonphase-matching enhancement will no longer pass
completely through the structure because a great part of the
wave will be reêected. The éeld localisation inside the PC
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will also increase due to increasing coupling between the
forward and backward waves, resulting in the additional
ampliécation compared to the initial PC. This is shown in
Fig. 2 for the structure with the following parameters:
N1 � 10, d1;2 � 3l0(4n1;2)

ÿ1, n1 � 2:85, n2 � 1:3 (the main
PC) and variable N2, d1;2 � 0:2738l0=n1;2, n1 � 2:85,
n2 � 1:3 (the additional PC), where l0 is the reference
wavelength and the refractive indices of the layers corre-
spond to ZnTe and DAST. The refractive index of the
substrate nsub � 1.

Figure 2 shows the dependences of the intensity reêec-
tion coefécient R0 � jRj2 (where R is the amplitude
reêection coefécient of the entire structure) and the éeld
energy W on the normalised radiation wavelength for
different N2. The éeld energy W localised inside the PC
is normalised to the maximum energy localised inside the
main PC. One can see that, as the number N2 of bilayers in
the additional PC increases, the reêection coefécient R0 of
the entire structure changes considerably, and at the wave-
length l=l0 � 1:095 near which the nonphase-matching
enhancement condition is fulélled, reêection with R0 >
95% takes place already for N2 � 4 instead of complete
transmission. For N2 � 3 or 4, the energy W exceeds the
energy for N2 � 0 by more than a factor of four, which
considerably enhances the eféciency of the ampliécation
mechanism under study. Thus, the PC conéguration pro-
posed above can be eféciently used to generate nonlinear
signals upon reêection of not only difference terahertz-
frequency signals but also other nonlinear signals, for
example, the second harmonic and sum frequency signals.

Consider now brieêy the solution of the nonlinear
problem of a difference-frequency signal generation by

the transfer matrix method upon multiple scattering of
radiation from PCs forming a superlattice. We will seek
a nonlinear wave at the difference frequency in each mth
layer of the PC �J� (below, we will omit the superscript J for
brevity) in the form of a superposition of the waves
corresponding to the homogeneous (superscript u) and
inhomogeneous (superscript s) solutions of Eqn (1):

E3m � �E u
3m � E s

3m� exp�ik3xxÿ 2pv3t��. (9)

Here, the x axis is directed along the PC surface
perpendicular to the z axis; the xz plane is the plane of
incident radiation; the wave number k3x � k3 sin y is the
projection of the difference-frequency radiation wave vector
on the x axis; k3 � 2pv3=c; and v3 � v1 ÿ v2. Expressions
for the éelds corresponding to the homogeneous (E u

3m) and
inhomogeneous (E s

3m) solutions have the form

E u
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(10b)

where the coordinate z is measured from the upper
boundary of the mth layer; the subscripts 1 and 2 denote
quantities corresponding to fundamental waves, and the
subscript 3 denotes quantities corresponding to nonlinear
waves; and sim are the z components of the radiation waves
vectors in the mth layer (i � 1, 2, 3). It follows from (1) in
the case of generation at the fundamental frequency, i.e. for
PNL � w �2�E1E

�
2 , that the expression for the radiation

amplitudes E
s ���
3m of sources has the form

E
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The amplitudes E
���
1m and E

���
2m of the main éelds can be

found by solving the linear problem [see expression (6)].
To énd the éeld amplitudes of the difference-frequency

waves at the PC boundaries, it is necessary to write the
continuity conditions for the tangential components of
electric éelds and their derivatives at each of the N� 1
interfaces. However, unlike the transfer matrix method [12],
we will not separate some layer as a nonlinear one but will
write the boundary conditions for the interface of the mth
and m� 1th layers taking into account all the homogeneous
and inhomogeneous éelds in both layers because upon
generation of nonlinear signals in the PC superlattice, along
with fundamental waves the wave at the difference fre-
quency v3 is also incident on the surface of each of the PCs.

Thus, we will write the continuity conditions for the
electric éelds and their derivatives:
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where for the s polarised radiation, aj i � 1 ( j � 1, . . . , 4)
for the éelds and a1 l � ÿa2 l � s3 l, a3 l � ÿa4 l � s1 l ÿ s2 l
for the éeld derivatives; for the p polarised radiation,
a1 l � a2 l � s3 l=n3 l, a3 l � a4 l � (s1 l ÿ s2 l)=n

s
l for éelds and
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Figure 2. Dependences of the reêection coefécient R0 (a) and the
normalised éeld energy W localised inside the PC (b) on the normalised
wavelength l=l0 for the number of bilayers of the additional PC N2 � 0
( 1 ), 1 ( 2 ), 2 ( 3 ), 3 ( 4 ), and 4 ( 5 ).
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a1 l � ÿa2 � n3 l, a3 � ÿa4 � n s
l for the éeld derivatives;

l � m and m� 1; n s
l � �(s1 l ÿ s2 l)

2 � k 2
3x�1=2=k3; and as

before, gim � exp (isim dm) and �gim � exp (ÿ isim dm)
(i � 1, 2, 3). After algebraic transformations, we obtain
for (12) the relation between éelds in in the mth and
m� 1th layers:
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where Â
�v3�
mm�1 is the matrix coinciding in form with (3)

where rmm�1, tmm�1, and gm are replaced by the corre-
sponding quantities for radiation at frequency v3; columns
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determine the eféciency of nonlinear sources in the m� 1th
and mth layers; t sl p and r sl p [ l � m� 1, p � m in (14a) and
l � p � m in (14b)] have the form

t sl p �
2s3 l s

s
l p

s3 l � �s1 p ÿ s2 p��s s
l p�2

,

(15)

t sl p � x
s3 l ÿ �s1 p ÿ s2 p��s s

l p�2
s3 l � �s1 p ÿ s2 p��s s

l p�2
;

x � 1, s s
l p � 1, and x � ÿ1, s s

l p � n3 l=n
s
p for the s and p

polarised radiations, respectively. Let us introduce the
notation Pmm�1 � Bm�1 ÿDm. Then, taking (13) into
account, we can write the expressions

E3 0 � Â
�v3�
0 1 E3 1 � P0 1, E3 1 � Â

�v3�
1 2 E3 2 � P1 2 , . . . ,

E3N � Â
�v3�
NN�1E3N�1 � PNN�1.

By performing substitutions by turn, we obtain the relation
between the éelds in the zero and N� 1th layers of the PC:

E3 0 � M̂ �v3��0;N� 1�E3N�1 �
XN
l�0

M̂ �v3��0; l�Pl l�1, (16)

where, as before, M̂ �v3�(0, l ) � Â
�v3�
0 1 Â

�v3�
1 2 . . . Â

�v3�
lÿ1 l and

M̂ �v3�(0, 0) is the unit matrix. Taking into account that
radiation is not incident on the PC from the substrate side
(E �ÿ�3N�1 � 0), we can represent (16) in the form
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where U ��� are the elements of the column obtained upon
summation of the product of matrices M̂ �v3�(0, l ) and by
columns Pl l�1. Finally, the éelds of the transmitted and
reêected nonlinear waves appearing in the PC on which the
éelds E

���
i 0 (i � 1, 2, 3) are incident are described by the

expressions

E
���
3N�1 � T3

ÿ
E
���
0 ÿU ���

�
,

(18)

E
�ÿ�
3 0 � R3

ÿ
E
���
3 0 ÿU ���

��U �ÿ�.

The amplitude transmission and reêection coefécients for
radiation at the difference frequency are determined by
the expressions T3 � 1=M

�v3�
11 (0,N� 1) and R3 �M

�v3�
21 (0,

N� 1)=M
�v3�
11 (0,N� 1), respectively. By calculating non-

linear-radiation éelds generated in any PC �J� by using (18),
it is necessary to take into account that the wave with the
amplitude E

���
3 0 incident on the PC �J� surface is the wave

reêected by the PC �Jÿ1�. Therefore, for the PC �1�, the wave
amplitude is E

���
3 0 � 0.

Consider now the results obtained by the transfer matrix
method for the structure with parameters indicated in the
study of linear effects. We will also take into account the
dispersion of ZnTe and DAST: Dn1;2 � n1;2(v1)ÿ n1;2(v2) �
0.001, n1(vTH) � 3:4, n2(vTH) � 3:0, vTH � v3 (where vTH is
the terahertz radiation frequency). It is assumed that even
layers are nonlinear, absorption is neglected, and v1 � v0,
v2 � 0:99875v0, and v0 � c=l0.

Figure 3 shows the dependences of the energy W of the
éled localised inside the PC �3� for radiation at the frequency
v1 and the intensity I of terahertz radiation at the frequency
vTH generated in a superlattice consisting of three PCs on
the angle of incidence y of radiation for different N2. The
nonphase-matching enhancement occurs for radiation at the
frequency v1 for y � 38:88 and for radiation at the frequency
v2 for y � 38:48. The thickness L0 of a layer located between
PCs was selected optimal for obtaining the moist efécient
interference between the incident and terahertz wave pro-
duced in these crystals. The refractive index of this layer was
set equal to unity. We also assumed that the PC substrate is
highly reêecting for terahertz radiation. The intensity I was
normalised to the maximum intensity of the same radiation
generated in a homogeneous medium of thickness L � 10d2
with the refractive index n2(v).

One can see from Fig. 3a that for N2 � 0 and 1, the
nonphase-matching enhancement is virtually absent and a
local minimum is observed instead of a maximum of the
distribution of W. This results in the increase in the intensity
I of the nonlinear terahertz signal only by an order of
magnitude, which mainly occurs due to nonphase-matching
enhancement in the PC �1�. For N2 � 2, the reêection
coefécient of the structure for signals at the fundamental
frequencies increases [see curve ( 3 ) in Fig. 2a], and non-
phase-matching enhancement in the PC �2� and PC �3�

becomes noticeable, further increasing the generated signal
intensity by an order of magnitude. In this case, two maxima
appear in the angular dependence of the intensity I, which
correspond to the most exact fulélment of the condition of
nonphase-matching enhancement for fundamental signals at
frequencies v2 (the left maximum at y � 38:48) and v1 (the
right maximum at y � 38:88). In the case of N2 � 3, the
dependence of the energy W on the angle of incidence takes
the usual shape ë there is no dip at the centre [see curve ( 4 )
in Fig. 3a], i.e. a considerable nonphase-matching enhance-
ment occurs in each PC �J�. The nonlinear signal intensity in
this case is more than 400 times greater than in a
homogeneous medium.

The inset in Fig. 3b shows the dependences of the
maximum intensity I max of the generated terahertz signal
on the number of PCs forming the superlattice for different
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absorption coefécients at the terahertz radiation frequency.
For each PC �J�, N2 � 4. The imaginary parts n 00 of the
refractive indices n1�vTH� and n2�vTH� equal to 0, 0.1, and
0.5 for vTH � 1 THz correspond to the absorption coefé-
cients d � 0, 40, and � 200 cmÿ1. One can see that in the
case of the superstructure consisting of four or more PCs,
the intensity of generated terahertz radiation can be increase
by more than three orders of magnitude compared to a
homogeneous medium even if absorption is considerable
(d � 40 cmÿ1).

Thus, we have shown that the intensity of terahertz
signals generated in a quasi-two-dimensional superlattice
consisting of four PCs can be increased by more than three
orders of magnitude compared to a continuous medium and
more than an order of magnitude compared to an isolate
PC. This occurs due to the efécient nonphase-matching
enhancement and coherent summation of nonlinear signals
appearing in different PCs. Note also that the compound
PCs described in the paper can be used to increase the
generation eféciency of signals at mixed frequencies in the
optical range.
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Figure 3. Dependences of the normalised éeld energy W localised inside
the PC �3� (a) and the normalised intensity I of terahertz radiation
generated in the PC �3� superlattice (b) on the angle of incidence for the
number of bilayers of additional PCs �J� (J � 1, 2, 3) N2 � 0 ( 1 ), 1 ( 2 ), 2
( 3 ), and 3 ( 4 ). The inset shows the dependences of the maximum
normalised intensity I max of terahertz radiation on the number of PCs
forming the superlattice for different values of the imaginary part n 00 of
the refractive indices n1�vTH� and n2�vTH� in the terahertz region.
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