
Abstract. Dispersion phase matching curves and spectral
distributions of the eféciency of difference frequency
generation in the terahertz range are calculated for collinear
propagation of interacting waves in zinc blende semiconductor
crystals (ZnTe, CdTe, GaP, GaAs). The effect of the pump
wavelength, the nonlinear crystal length and absorption in the
terahertz range on the spectral distribution of the eféciency of
difference frequency generation is analysed.

Keywords: difference frequency generation, terahertz radiation,
dispersion phase matching, polaritons.

1. Introduction

Studies devoted to the development of tunable radiation
sources in the terahertz spectral range based on nonlinear
optical excitation of photon polaritons of the lower
dispersion branch in non-centre symmetric crystals have
become recently very active (a review of earlier papers in
this éeld is presented in [1]). This is explained by new
potential possibilities of using such radiation in many
problems of three-dimensional tomography, chemistry, and
biology (including the diagnostics of cancer), for detecting
explosives, etc. (see, for example, [2]). Note that at present,
along with traditional schemes of nonlinear optical gen-
eration of terahertz radiation, which use, as a rule,
narrowband lasers for excitation [1 ë 7], various process
of excitation by femtosecond pulses, whose spectral width
exceeds the terahertz radiation frequency, are being actively
studied (see, for example, [2, 8 ë 12].

It is known that the phase matching condition, which is
required for efécient nonlinear optical excitation of polar-
itons of the lower dispersion branch in the éeld of two pump
waves (biharmonic pumping), can be fulélled not only in
optically anisotropic but in optically isotropic crystals both
upon noncollinear and collinear propagation of interacting
waves. In the latter case, the phase matching condition can
be changed by tuning the biharmonic pump frequencies
(dispersion phase matching [13, 14]). In this connection the

nonlinear optical generation of terahertz radiation was also
studied in optically isotropic non-centre symmetric semi-
conductor crystals, which often have higher quadratic
nonlinear susceptibilities compared to those for dielectric
crystals. In this case, however, the spectral distribution of
the eféciency of difference frequency generation in the low-
frequency spectral region during collinear propagation of
interacting waves in optically isotropic crystals considerably
differs from the distribution in the case of phase matching
realised due to noncollinearity or changing the propagation
direction of waves in anisotropic crystals.

In this paper, we analyse the spectral distribution of the
eféciency of difference frequency generation in the terahertz
range during collinear propagation of interacting waves for
some speciéc zinc blende cubic non-centre symmetric two-
atom semiconductor crystals of practical interest belonging
to the point symmetry group �43m and having one triply
degenerate optical lattice vibration. The simplicity of the
crystal structure allows us to calculate the spectral distri-
bution by taking explicitly into account the dispersion of
polaritons and dispersion of the quadratic nonlinear sus-
ceptibility in the region of the lattice resonance of these
crystals.

2. Dispersion phase matching

Phase matching for the three-wave parametric mixing
process under study (o � op ÿ os) is determined from
the condition

kp�op� ÿ ks�os� � k 0�o�. (1)

Here, op, os, o, kp, ks, and k 0 are the frequencies and wave
vectors of the high- and low-frequency pumping, and
terahertz radiation, respectively. For convenience of the
analysis of phase matching conditions, we will use the
polariton representation of terahertz radiation waves, by
assuming that they are polaritons of the lower dispersion
branch and are excited by laser radiation at frequencies op

and os located in the transparency region of a crystal.
Because polaritons of the lower dispersion branch are
noticeably absorbed, the wave vector of polaritons k is the
complex quantity, i.e. k(o) � k 0(o)� ik 00(o).

The dispersion of polaritons in the single-phonon
resonance approximation can be represented in the form

k 2c 2

o 2
� e�o� � e1 �

�e0 ÿ e1�o 2
0

o 2
0 ÿ o 2 ÿ ioG

. (2)
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Here, o0 and G are the frequency and decay of transverse
optical phonons; e(o) is the permittivity of the crystal at
frequency o; e0 � e(0) � n 2(0); and e1 � e(o4o0). In the
region of weak polariton absorption of interest for us, i.e.
for k 0(o)4 a(o) � 2k 00(o), we can obtain from (2) the
approximate relations

k 0�o) � o
c
n�o� � o

c
Re

���������
e�o�

p
� o

c

�
e1 �

�e0 ÿ e1�o 2
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� o
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e0o
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, (3)
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�o 2
0 ÿ o 2�2 oG, (4)

where n(o) and a(o) are refractive index and absorption
coefécient of a polariton wave at frequency o.

To make the subsequent analysis illustrative, we intro-
duce the difference wave vector q(op;o) � kp(op)ÿ ks(opÿ
o). The modulus of this vector in the case of collinear
interaction, taking into account only the linear term in the
expansion of ks in o5op, can be written in the form

q�op;o� � kp�op� ÿ ks�op ÿ o�

� opn�op� ÿ �op ÿ o�n�op ÿ o�
c

� o
c

�
n�op� � op

qn
qo

����
op

�
� o

Vg�op�
� o

c
ng�op�, (5)

where

ng�op� � n�op� � op

qn
qo

����
op

is the effective refractive index determining the group
velocity Vg(op) � c=ng(op) of the wave at the pump
radiation frequency op. Expression (5) is valid for a
weak dispersion of the medium in the region of pump
frequencies.

The phase matching condition in this approximation
takes the form

o
Vg�op�

� k�o�, (6)

or

Vg�op� �
c

n�o� , i.e. ng�op� � n�o�,

which means that the group velocity Vg(op) at the pump
wave frequency and the phase velocity c=n(o) of polaritons
are equal. Note that similar relations were used earlier to
analyse the Raman scattering of light by polaritons and
calculate phase matching conditions for generation of
difference frequency radiation in the IR region (see, for
example, [13, 14]).

The graphical determination of frequencies satisfying the
phase matching condition is quite illustrative. Figure 1
shows the typical dispersion curve k(o) for polaritons of
the lower branch and dependences q(lp;o) � o=Vg(op) for
three different pump wavelengths lp � 2pc=op. The inter-
section points of the dashed straight lines with the
dispersion curve determine the polariton frequencies for
which the phase matching condition is fulélled for the given
pump wavelength in the case of collinearly propagating
interacting waves.

Straight line ( 2 ) in Fig. 1 coincides with the asymptote
of the dispersion curve k(o) for o! 0. The coincidence
occurs for a critical pump wavelength lp � lcr determined
by the condition Vg(lcr) � c=n(0), or

ng�lcr� � n�0� � ����
e0
p

. (7)

If the pump wavelength lies in the visible or near-IR region,
this condition can be fulélled only in semiconductor
crystals, which have, unlike dielectrics, a considerable
dispersion of the refractive index in this region. Straight
line ( 1 ) corresponds to the pump wavelength lp > lcr for
which the phase matching condition is fulélled only for
o � 0. Note that for lp 5lcr, i.e. for ng(lp)4 n(0), the
lower polariton branch can be completely observed in
Raman spectra at small angles [13]; therefore, the phase
matching condition for excitation of polaritons by gen-
erating difference frequencies can be realised only upon
noncollinear propagation of the interacting waves. In this
case, a small change in the angle between exciting beams
results in a considerable change in the direction of the wave
vector of terahertz radiation because kp, ks 4 k, which can
present problems in coupling terahertz radiation out of the
crystal [3].

For lp < lcr, the phase matching condition is satiséed
simultaneously both for o � 0 and o 6� 0 [straight line ( 3 )
in Fig. 1]. This complicates the spectral distribution of the
eféciency of difference frequency radiation compared to
distributions in the case of phase matching obtained in the
noncollinear scheme or by changing the propagation
direction of the interacting waves in anisotropic crystals,
when the phase matching condition is fulélled only for
o 6� 0.
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Figure 1. Typical dispersion curve for the lower branch polaritons k�o�
(solid curve) and functions q�lp;o� (dashed straight lines) corresponding
to pump wavelengths lp > lcr ( 1 ), lp � lcr ( 2 ), and lp < lcr ( 3 )
(k0 � o0

������
e1
p

=c).
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One can see from (6) that the frequency of polaritons for
which the phase matching condition is fulélled depends on
the pump wavelength (this dependence was called the
dispersion phase matching in [14]). Figure 2 presents the
dispersion phase matching curves that we calculated for
crystals under study by expressions (1) and (2) [not
restricting ourselves to the linear expansion (5)]. The
parameters of crystals required for the calculation of
polariton dispersion are given in Table 1. The frequencies
of longitudinal optical phonons oL are related to param-
eters entering (2) by the expression o 2

L=o
2
0 � e0=e1. The

values of the refractive index in the optical range were taken
from [19].

3. Spectral distribution of the eféciency
of difference frequency generation

The eféciency Z�o) of radiation generation at the difference
frequency o � op ÿ os in the éeld of two monochromatic
pump waves in the plane wave approximation by neglecting
the pump depletion can be described by the expression [20]

Z�o� � PTHz

Ps

� 2o 2

evacc 3
jd�o�j2

n�op�n�os�n�o�
Ip

� exp�ÿa�o�L� ÿ 2 exp�ÿa�o�L=2� cos�Dk�op;o�L� � 1

Dk 2�op;o� � �a�o�=2 �2
, (8)

where Ip and Ps are the pump intensity and power at the
corresponding frequencies on the input face of a nonlinear
crystal; PTHz is the terahertz radiation power on the output
face of the crystal; evac is the permittivity of vacuum; d(o) is
the effective nonlinear coefécient; L is the nonlinear crystal
length; and

Dk�op;o� � kp�op� ÿ ks�op ÿ o� ÿ k�o�. (9)

The frequency dependence d(o) for crystals with one
phonon resonance in our case can be written in the form
[21]

d�o� � de �
dQo
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0

o 2
0 ÿ o 2

�
, (10)

where C � dQ=de is the Faust ëHenry constant [21] equal to
the ratio of the lattice contribution dQ to the quadratic
nonlinear susceptibility to the electron contribution de; de
can be treated approximately as a nonlinear constant
responsible for the second harmonic generation in the
transparency region of the crystal. One can see from (10)
that the nonlinear coefécient d(o) vanishes at frequency

omin � o0�1� C�1=2, (11)

which is caused by the mutual compensation (destructive
interference) of the electron and lattice contributions to the
nonlinear susceptibility. This effect is similar to the
vanishing of the permittivity e(o) at the frequencies of
longitudinal optical phonons. The Faust ëHenry constant
can be both positive and negative. It is usually determined
by measuring the ratio of the eféciencies of spontaneous
Raman scattering of light by longitudinal and transverse
optical phonons [13, 21, 22] or, which is more reliable,
directly from the frequency dependences of the intensity of
Raman scattering by polaritons (for example, by measuring
the frequency omin at which a dip in the Raman scattering
intensity is observed) [13]. It is interesting that the constant
C for two-atom semiconductor crystals with the symmetry
�43m is negative, as follows from experiments, and varies
from crystal to crystal in the interval approximately from
ÿ0:1 to ÿ0:55, i.e. omin falls within the region of the lower
dispersion polariton branch. The Faust ëHenry constants
and values of omin calculated from (11) are presented in
Table 1.

Note that expressions (3) and (10) determining the
dispersions of polaritons and nonlinear susceptibility
adequately describe the experimental data obtained for
crystals under study. However, the frequency dependence
of the polariton absorption a(o) calculated by (4) very often
differs noticeably from measurements. This is caused by the
anharmonicity effects which were neglected in the model
used to derive expression (4). The anharmonicity effects are
manifested in IR and Raman spectra in the form of
additional, usually rather broad bands (resonances) corre-
sponding to the critical Van Hove points in the density
distribution of two-phonon states [23]. In the intersection
region of the dispersion branches of polaritons with the IR
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Figure 2. Dispersion phase matching curves upon difference frequency
generation in the terahertz range, calculated for different crystals for
collinearly propagating interacting waves.

Table 1. Crystal parameters required for description of the dispersion of polaritons and quadratic nonlinear susceptibility.

Crystal Eg

�
eV v0

�
cmÿ1 f0

�
THz vL

�
cmÿ1 fL

�
THz e0 e1 References lcr

�
mm C vmin

�
cmÿ1 fmin

�
THz

GaP 2.34 367 11.00 403 12.11 11.15 9.20 [4] 1.001 ÿ0:48 [14] 265 7.95

CdTe 1.61 143.7 4.31 170 5.10 10.27 7.32 [15] 1.044 ÿ0:10 [16] 136 4.09

ZnTe 2.39 177.5 5.32 207 6.25 9.92 7.18 [15] 0.847 ÿ0:07 [17] 170.7 5.10

GaAs 1.52 269 8.06 292 8.75 12.63 10.72 [18] 1.537 ÿ0:49 [18] 192 5.76

Note: f0;L�v0;L� are frequencies of the transverse and longitudinal phonons, respectively; fmin � omin=2p; vmin � omin=�2pc�.
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regions of two-phonon states, these states interact with each
other (polariton Fermi resonance [13, 24]), resulting in the
perturbation of the polariton dispersion law and a stronger
decay of polaritons due to their additional resonance
decomposition into phonon pairs. In most cases, the
perturbation of the polariton dispersion branches caused
by the Fermi resonance is rather weak [if the bound two-
phonon states (biphonons) are not formed in the second-
order phonon spectrum], whereas polariton absorption in
this region considerably changes (this absorption can differ
by several times from that calculated in the quasi-harmonic
approximation, and even by an order of magnitude in some
cases). In this connection we analysed Z(o) by using
polariton absorption spectra experimentally measured in
the terahertz frequency range instead of (4).

By selecting cofactors depending on the terahertz fre-
quency o and assuming that n(os) � n(op), we can rewrite
expression (8), taking into account (3) and (10), in the form

Z�o� � PTHz

Ps

� 2Ip

evacc 3
jd�0�j2

n 2�op�n�0�
o 2D�o�Fa�op;o�

� 2Ip

evacc 3
jd�0�j2

n 2�op�n�0�
Ta�op;o�, (12)

where

Ta�op;o� � o 2D�o�Fa�op;o�; (13)

D�o� �
�
d�o�
d�0�

�2
n�0�
n�o�

� oL

o0

� �1� C�o 2
0 ÿ o 2

�1� C��o 2
0 ÿ o 2�

�2� o 2
0 ÿ o

o 2
L ÿ o 2

�1=2

; (14)

Fa�op;o� �

� exp�ÿa�o�L�ÿ2 exp�ÿa�o�L=2� cos�Dk�op;o�L��1
Dk 2�op;o� � �a�o�=2�2

. (15)

Therefore, the frequency dependence of the eféciency of
difference frequency generation is described by the function
Ta�op;o), which is determined by the product of three
factors. The factor o 2 describes the frequency dependence
of the conversion eféciency of nonlinear polarisation to
radiation, D(o) is determined by the dispersion of quadratic
nonlinear susceptibility (10) and dispersion of the refractive
index (3) of the crystal in the low-frequency spectral region.
The dependences D(o) calculated for crystals under study
are presented in Fig. 3. The function Fa(op;o) describes the
spectral phase matching curve and in the case of weak
absorption of a polariton wave [a(o)L5 1], it has the form

Fa�op;o� � F0�op;o� � L 2sinc2
�
Dk�op;o�L

2

�
, (16)

and in the strong absorption limit [a(o)L4 1], it has the
form

Fa�op;o� � F1�op;o� �
1

Dk 2�op;o� � �a�o�=2�2
. (17)

Consider the physical picture of formation of the
spectral distribution of the eféciency of terahertz radiation
generation by the example of a CdTe crystal. Figure 4
presents the calculated spectral phase matching curves
F0(lp;o), spectral distributions T0(lp;o) calculated by
neglecting decay and normalised to unity at the maximum,
and also spectral distributions Ta(lp;o) calculated taking
into account the experimental absorption spectrum of the
crystal in the terahertz range obtained in [15]. The calcu-
lations were performed for three pump wavelengths lp �
lcr � 1:044 mm, lp � 1:025 and 1.0 mm and for three lengths
of the nonlinear crystal L � 1, 0.5, and 0.25 cm.

For lp � lcr � 1:044 mm, the function F0(lp;o) (dashed
curves in Fig. 4) has one main maximum at the zero
frequency with a comparatively large spectral width
[because in this case, the function q(lp;o) coincides with
the asymptote of the dispersion curve of polaritons for
o! 0 (Fig. 1)], which increases with decreasing the crystal
length. The envelope T0(lp;o) is mainly determined by the
product o 2F0(lp;o) because D(o) very weakly depends on
frequency in the region under study (Fig. 3). Due to the
presence of the cofactor o 2, the main maximum of the
function T0(lp;o) [unlike the function F0(lp;o)] is located
at a nonzero frequency and shifts to the blue [following the
broadening of the main maximum of the function F0(lp;o)]
with decreasing the crystal length. The presence of o 2 also
results in the increase in the intensity of side maxima of the
function F0(lp;o). The consideration of absorption (solid
curves) leads in this case to a small broadening and red shift
of the spectral distribution Ta(lp;o) and the smoothing of
side maxima.

For lp � 1:025 mm, the phase matching condition is
fulélled both at the zero frequency and frequency equal
approximately to 1.1 THz. The presence of the two maxima
is a speciéc feature of collinear interaction in cubic crystals
and considerably affects the spectral distribution of the
eféciency of terahertz radiation generation in the low-
frequency spectral region. For a large crystal length
(L � 1 cm), the main maxima of the function F0(lp;o)
are separated by a rather deep dip, which decreases with
decreasing the crystal length (dashed curves). This leads to
the asymmetry and broadening of the resulting contours
(dotted curves), which is most strongly manifested when
absorption in a long crystal is taken into account (solid
curves) and is caused by strong absorption of terahertz
radiation in the vicinity of the maximum. For example,
a � 1 cmÿ1 for o � 1 THz and a � 10 cmÿ1 for o � 1:5
THz, and because of this, the high-frequency tail of the
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D
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Figure 3. Functions D�o� (14) calculated for different crystals.
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contour almost does not `rise' with increasing the crystal
length, while the low-frequency tail increases almost propor-
tionally to L 2.

At a lower pump wavelength (lp � 1:0 mm), the second
main maximum of the phase matching curves (dashed
curves) is shifted to the blue (in accordance with the
dispersion phase matching curves presented in Fig. 2),
and side maxima is observed between the main maxima
in the long crystal. In addition, one can see, by comparing
the dotted and solid curves, that the main maximum
calculated by neglecting decay is much narrower than
that calculated taking the decay into account. This is caused
by the inêuence of absorption on the spectral width of phase
matching, which no longer depends on the crystal length
and is determined by absorption [F0(lp;o)! F1(lp;o)].

Thus, the spectra presented in Fig. 4 illustrate the
formation of the spectral distribution of the eféciency of
terahertz radiation generation and its dependence on the

pump wavelength, absorption, and length of a nonlinear
optical crystal. One can see that the spectral distribution can
be controlled by varying both the pump wavelength and the
crystal length.

As a whole, the general picture is also preserved for
other crystals. The spectral distributions Ta(lp;o) calculated
for different crystals as functions of lp and L taking
absorption into account are demonstrated in Fig. 5. The
function Ta(lp;o) is presented in absolute units with the
dimensionality THz2 cm2, which allows us to compare
frequency factors for different crystals. We used in calcu-
lations the experimental absorption spectra in the terahertz
range taken from [15] for CdTe and ZnTe crystals and from
[25] for GaP and GaAs crystals.

Expression (12) can be written in the form

Z�o� � 3:3� 10ÿ13FOM IpTa�lp;o�, (18)
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Figure 5. Spectral distributions of the eféciency Ta�lp;o� (13) of difference frequency generation in the terahertz region calculated for four crystals of
difference length L at pump wavelengths 1.5373 ( 1 ), 1.45 ( 2 ), 1.4 ( 3 ), 1.3 ( 4 ), and 1.2 mm ( 5 ) for GaAs; 1.001 ( 1 ), 0.98 ( 2 ), 0.96 ( 3 ), 0.94 ( 4 ), and
0.9 mm ( 5 ) for GaP; 0.8467 ( 1 ), 0.83 ( 2 ), 0.81 ( 3 ), 0.79 ( 4 ), and 0.75 mm ( 5 ) for ZnTe; 1.044 ( 1 ), 1.025 ( 2 ), 1.015 ( 3 ), 1.0 ( 4 ), and 0.977 mm ( 5 ) for
CdTe.
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which is convenient for comparing and optimisation of the
conditions of terahertz radiation generation in different
crystals. Here, Ip is expressed in W cmÿ2, Ta(lp;o) in
THz2 cm2, and FOM (égure of merit) in pm2 Vÿ2. The
FOM is the frequency-independent égure of merit of a
nonlinear crystal for generation of terahertz radiation
(excitation of polaritons of the lower dispersion branch):

FOM � jd�0�j2
n 2�ocr�n�0�

. (19)

The value of d(0) can be determined from the experimental
value of the constant r of linear electrooptical effect (for a
`clamped' crystal), which is related to d(0) by the expression
[22]

d�0� � ÿ n 4�ocr�r
4

. (20)

The FOM values found in this way are presented in
Table 2. Constants r were taken from [19]. Figure 5
presents functions Ta(lp;o) obtained for crystals under
study.

4. Conclusions

We have established the general properties of the spectral
distribution of the eféciency of terahertz radiation gen-
eration in zinc blende semiconductor crystals, where the
difference frequency upon collinear propagation of inter-
acting waves is tuned by changing the pump wavelength
(due to dispersion phase matching). In this propagation
scheme, the spectral phase matching curves have two main
maxima, which results in a strong broadening, asymmetry,
and appearance of an additional structure in the low-
frequency region of the spectral distribution of the
eféciency of terahertz radiation generation. It has been
shown that the spectral distribution can be controlled by
changing both the pump wavelength and the length of a
nonlinear optical crystal.
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Table 2. Crystal parameters required for calculations of the eféciency of
terahertz radiation generation.

Crystal r
�
pm Vÿ1 n�lcr� d�0��pm Vÿ1 FOM � n 6�lcr�r 2

16n�0�
�
pm2 Vÿ2

GaP 1.0 3.12 24 17
CdTe 4.5 2.79 68 186
ZnTe 4.3 2.83 69 189
GaAs 1.5 3.38 49 71
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