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Dynamics of a Fabry — Perot cavity in the field

of a plane gravitational wave

S.P. Tarabrin

Abstract. The interaction of a weak gravitational wave with
a Fabry — Perot cavity is analysed beyond the long-wavelength
approximation in the input-mirror locally Lorentzian frame
of reference taking the light pressure into account. The
generalised expressions are obtained for the coefficient of
pondermotive optical rigidity, the motion law of the moving
mirror of the cavity and the response function of the cavity. It
is shown that the latter is a sum of two phase shifts of a
circulating light wave: the phase incursion after reflection
from the moving mirror and the phase incursion due to the
direct interaction of gravitational and light waves in the
cavity. The possibility of the resonance detection of high-
frequency gravitational waves by using the optical rigidity
effect is considered.
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1. Introduction

At present the search for gravitational-wave (GW) radia-
tion from astrophysical sources is performed with the help
of ground-based laser Michelson interferometers with arms
of length from a few hundreds of meters (300 m in the
Japanese TAMA-300 antenna and 600 m in the Anglo—
German GEO-600 antenna) to a few kilometres (3 km in
the Franco —Italian VIRGO antenna and 4 km in American
LIGO antennas) [l,2]. Variations of the separation
between the interferometer mirrors caused by gravitational
waves and fluctuations of the different nature limiting the
sensitivity of GW detectors are recorded by the change in
the interference pattern on a photodetector. The GW
radiation from double systems of neutron stars and black
holes, antisymmetric explosions of supernovas, rotating
pulsars, etc., falls in the frequency range of ground-based
interferometers (fgw =~ 50 — 1000 Hz). We will call gravita-
tional waves in this frequency range the low-frequency
waves. They satisfy the relation L < Agw, where L is the
interferometer arm length, which is called the long-wave-
length approximation.
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To amplify the response to low-frequency GW signals,
additional (input) mirrors are placed into the arms of the
Michelson interferometers, transforming them to Fabry-—
Perot cavities. The optical resonance gain can be estimated
by the order of magnitude as t*/t, where 7" is the relaxation
time of the cavity and t = L/c is the photon transit time
along the interferometer arm (for LIGO, t* ~ 1.6 x 1073 S,
1~ 13x10°s). It was shown that in the operating
frequency range of ground-based interferometers (i.e. in
the long-wavelength approximation), the light pressure on
moving mirrors (probe masses) in the detuned cavity
efficiently transforms free probe masses to linear oscillators
due to the pondermotive optical rigidity effect [3—13],
providing the additional mechanical resonance gain at
some frequencies.

In addition, it has been demonstrated in the literature
that the response to the GW signal in a Fabry—Perot cavity
is also amplified near the frequencies multiple of the free
spectral range of the cavity (for LIGO, fgsg = 37.5k Hz)
[14, 15]. The long-wavelength approximation is violated for
gravitational waves at these frequencies because igw = 2L
for fgw = frsr = ¢/2L. And although the sources of high-
frequency GW radiation (fgw > 10kHz) are virtually
unknown in modern astrophysics, some string cosmological
models [16—18] predict the existence of the relict gravita-
tional background in the frequency range

fow ~ 107 — 10'° Hz. Because the search for and recording

of the GW background are planned already with the
Advanced LIGO antenna based on the use of the optical
rigidity, the consideration of the possibility of the resonance
detection of high-frequency waves is of current interest.

In this paper, we calculated and analysed the response of
the Fabry—Perot cavity to a gravitational wave of an
arbitrary frequency (i.e. beyond the long-wavelength
approximation) taking into account the light pressure on
mirrors, resulting in the effect of pondermotive optical
rigidity. We also analysed the possibility of mechanical
resonance detecting the GW signal near the frequency of the
free spectral range of the cavity.

2. Electromagnetic wave in the gravitational
wave field

The gravitational field in the general relativity theory is
identified with the metric properties of space—time. The
field of a weak plane +-polarised gravitational wave in the
locally Lorentzian frame of reference of a physical body
corresponds to the metric [19]
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Here, h = h(t — z/c); |h| < 1 is the GW function; and Greek A L]
indices run through 0, 1, 2, 3 or c¢t, x, y, z. x
The wave equation for the z component of the four- I I I
dimensional potential of the electromagnetic field 4" = 0 L L+X
(0,0,0,.4) with the applied Coulomb gauge in metric (1) Figure 1. Fabry—Perot cavity with an absolutely reflecting moving

takes the form [20]

108%4
2ot

%4 193°4 1x* .
ox2 292 22 () @

This equation describes quite accurately the propagation
of a linearly polarised laser beam of radius ~ 10 cm at a
wavelength of ~ 1 um along the x axis in the field of a
gravitational wave at the frequency fgw = 10> — 10° Hz
(corresponding to Jgw = 10° — 10° m).

The solution of Eqn (2) obtained in [20] by the method
of successive approximations accurate to the terms of the
order of Q/w, has the form

A(x, 1) = A (x, 1) + A_(x, 1),
Ai(xa t) :AiO[l +gi(x7 Z)] 3)

x exp[—i(wot F kox)] +c.c.,

where
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and ky = wy/c. The function A4, describes a light wave
propagating in the positive direction of the x axis, and the
function A_ describes a counterpropagating wave. The
amplitudes 4., and frequency w, are obtained from the
initial boundary problem, which is formulated and solved in
the next section.

3. Electromagnetic wave in a Fabry — Perot
cavity in the gravitational-wave field

Consider now a light wave circulating in a Fabry—Perot
cavity of length L in the gravitational-wave field (Fig. 1).
We will call one of the cavity mirrors the input mirror and
the other — the moving mirror. Let us couple our frame of
reference with the input mirror (in other words, we will use
this mirror as a locally Lorentzian frame of reference) and
assume that it partially transmits optical radiation with the
corresponding amplitude coefficient 7 < 1, while the
moving mirror reflects 100 % of radiation. For simplicity,
we neglect optical losses in both mirrors.

Let a linearly polarised plane light wave A;,(x,t) be
incident on the input mirror. We write it as a sum of a ‘large’
wave with the amplitude 4;,, and frequency w, and a ‘small’
addition a;,(x,?) corresponding to the optical noise (for
simplicity, we consider only classical electromagnetic fields
and their fluctuations):

mirror. The left mirror is fixed and has the amplitude transmission
coefficient 7. The isolated cavity without pumping has the fixed length L,
the coordinate of the moving mirror is x(¢) = L + X(¢), X < L.

Ain(xa l) = AinO CXP[—i(wof - k()x)}

+ ap (x, 1) exp[—i(wyt — kox)] + c.c.,

g (X, 1) = J'm in(2 + 0) exp { - iQ(z _ 3)} da

NS c)|2n

We represent the optical field in the cavity as a sum of
two waves propagating in the positive [4,(x,?7)] and
negative [A_(x,?)] directions along the x axis and divide
each of the waves into three parts: a ‘large’ component with
the amplitude A4,,, a ‘small’ addition corresponding to the
direct interaction of the gravitational and light waves [see
expression (3)], and a ‘small’ unknown function ay(x,?)
describing the optical noise and phase shift of a wave
circulating in the cavity (we will neglect the terms of the
type h x ay ~ h2):

Ay (x,1) = Aygexpl[—i(wgt F kox)]
+ Ayogs(x, 1) exp[—i(wyt F kox)]

+ ay (x, 1) exp[—i(wyt F kox)] +c.c.,

+00 do

ag(x,1) = J “i(Q‘FwO)eXp{_ iQ<t¢)_cc>} 2n

—00

The wave A,,(x,?) reflected from the cavity includes
both the wave reflected from the input mirror and the wave
emerged from the cavity. The latter contains information on
the GW signal (and noises masking it). We represent the
reflected wave also as a sum of the ‘large’ and ‘small’
components:

Aout(xa l) = Aouto CXP[—i(wof + koxﬂ
+ dou (X, 1) exp[—i(wgt + kox)] + c.c.,

+00

dQ

o (5 1) = J o (@ + wo)exp[f iQ<t+§>} .
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To find the relation between the optical fields written
above, we impose the boundary conditions: the continuity
condition for the vector potential on the surfaces of the
input mirror and the condition that the tangential compo-
nent of the electric field vector on the surface of the moving
mirror in its intrinsic frame of reference is zero [21]:

Aoul(07 Z) = RAin(07 t) + TA—(07 t)a
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A, (0, 1) = TA4;,(0, t) — RA_(0, 1),
AJL+X(t—71),t—1)+A_[L+X(t—1),t—1]=0.

Here, 7 = L/c. The solution of this system of equations
obtained by the method of successive approximations [20]
has the form

T
A = A
071 = Rexp(iwgr) 0
4= Texp(2iwgyt)
07 T = Rexp(Rimer) ™Y
R — exp(2iwy7)
AOutO = b\ in0

1 — Rexp(2iwy1)
in the zero-order approximation and
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in the first approximation.

Here, we introduced the convenient notation for phase
shifts after single reflection according to their physical
meaning:

OV ir (Q) = 2k X(Q2) exp(iQ7)

corresponds to the phase shift of the light wave reflected
from the mirror moving according to the law X = X(¢) [or
X(Q) in the spectral representation], which will be obtained
below;

0¥ cwremw(Q) = i[g_(L, 2 + wy) — g+ (L, Q + wy)]

sin Qt

x exp(iQt) ~ —koLh(Q) <1 > exp(iQ7)

describes the phase shift of the light wave (EMW) due to its
direct interaction with the gravitational wave calculated in
the approximation Q ~ wgw < ®y. Note that this effect can
be qualitatively interpreted as the appearance of the
effective refractive index depending on the coordinate
and time.

4. Equation of mirror motion

The equation of mirror motion in the gravitational-wave
field (1) taking the light pressure into account has the form
[20]

d’x 1 ST1 /o4 [o4a\]W
e 5 _ 2= == kel
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where m is the mirror mass; S is the laser-beam cross
section area; and A4 = A(x,t) is the electromagnetic field
potential in the cavity.

It is convenient to solve Eqn (6) in the spectral repre-
sentation by the method of successive approximations. We
are interested only in the first approximation because the
pressure force in the zero-order approximation is constant
and can be compensated. The right-hand side of this
equation (denoted by F) can be divided into two terms
according to their physical meaning (by neglecting the
fluctuation component of the force proportional to a;,) [20]:

F(Q) = Fpm(Q) + FGW+EMW(Q)7

where
Fom(Q) = —K(Q)X(Q) = —K(Q)X(Q) + 2iQI(Q)X(2) (7)
is the pondermotive component of the light pressure force;

1

sin Qt
Fowiemw(Q) = 5 K(Q) (1 -

e ®)

T

is the correction to the force for the direct interaction of the
gravitational and light waves;

B 4koSWep R exp(2iQ1) sin(2wqt)

1 — 2Rexp(2iQ1) cos(2wyt) + R? exp(4iQr)

K(Q) ©)

is the optical rigidity coefficient [7, 8, 22];

_ SWep 1 — R*exp(4iQr)

rQ
@) ¢ 1 —2Rexp(2iQ7) cos(2mwyt) + R? exp(4iQr)
(10

is the radiative friction coefficient [22]; and Wep = kg(A.
x A%y + A_yA%o) /27 is the energy density of a light wave
circulating in the Fabry—Perot cavity.

Note that the pondermotive force includes the terms
describing the rigidity K and radiative friction I'. The latter
is the relativistic correction and appears taking into account
the terms proportional to X/c. Both these effects appear
with a time delay (of the order of the relaxation time of the
cavity). The division of the pondermotive force into the
restoring force and friction force is conditional because both
these terms have real and imaginary parts. The quantity
R(K) is usually called the optical rigidity. Because 2iQI" ~
(2/wy)K, the friction I' in most cases is masked by the
imaginary part of the rigidity and can be omitted below. The
only exclusion is the case of the optical resonance
wot=nn, n=0,1,2, ..., for which K=0. In the detuned
cavity, depending on the choice of the operating point in the
resonance curve, the following cases are possible [3, 4]:
either R[K(Q)] > 0 and J[K(Q)] <0, or R[K(Q)] <0 and
J[K(Q)] > 0. These inequalities reflect the fact that the
appearance of the pondermotive rigidity can be accompa-
nied by the development of instability.
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5. Law of mirror motion and the cavity response

The solution of Eqn (6) in the spectral representation,
taking expressions (7)—(10) into account, has the form

X(Q) = % msz#?c)(g) [mgz — K(Q) (1 - Si?)ff)], (11)

and the corresponding response of the detector (5) (we
neglect the term proportional to «, and describing
fluctuations of the optical field) is

aout(Q + wO) = _AinO

" T’ exp(2iwyT)
[1 — Rexp(2iwgt)]{1 — Rexp[2i(Q2 + wy)7]}
mQ? sin Qt
—— ko Lh(Q) ——— 1Q1). 12
x n192 _ K(Q) lko h( ) Or CXp(l T) ( )

In most cases, the replacement K(Q) — K(£2) can be made
in expressions (11) and (12).

It follows directly from the expressions obtained above
that the interaction of gravitational waves at frequencies
Q = wgw =~ nopsg (Wpsg = 7e/L is the free spectral range
of the cavity) with the cavity can be accompanied by the
parametric excitation of additional optical modes.

6. Response of the detuned cavity near
the FSR frequency

Let us analyse the response function of the cavity near the
FSR frequency by introducing the notation 4 = Q— wgsg,
|4] < wgsr is the detuning from the FSR frequency, ¢ is the
detuning from the selected operation mode of the cavity
(i.e. wy = mng/t + 0, ny is fixed), y = (1— R)/(27) is the half-
width of the resonance curve, Erp is the total electro-
magnetic-field energy in the cavity. The expressions for the
optical rigidity coefficient (9) and cavity response function
(12) take the form

K(A):sz(SFP o
L2 52+(y_1A)27

/T 1
7—i6 7 —i(0 + 4)

Aou (Opsr + 4 + ) = —Ajng

2
MMOESR

X ikoLh(w + A4).
mwém_K(A) OrsR oLh(wgsr )

The condition of the resonance detecting regime is the
equality mogsg — R[K(4)] = 0. The ratio R[K(4)]/(mwisg)
can be estimated by the order of magnitude as ~ 10% [20]
for the following values of parameters planned in Advanced
LIGO detectors: L =4 km, wy/2n =3 x 10" Hz, §/2n =
100 Hz, y/2n=1Hz (narrowband operation regime),
Erp =20 J, m = 40 kg and wggr /27 = 37.5 kHz. Therefore,
to obtain the mechanical resonance gain upon detection of
high-frequency gravitational waves with fgw = 30 kHz, it is
necessary to increase the circulating optical power and
reduce the mirror mass and the width of the resonance
curve. Note that even when the equality mw§SR—
R[K(4)] = 0 is fulfilled, the resonance gain will be limited
by the value mawigg/I[K(4)].

7. Conclusions

We have analysed the interaction of a weak plane +-pola-
rised gravitational wave with a Fabry—Perot cavity in the
input-mirror locally Lorentzian frame of reference taking
the light pressure force into account beyond the framework
of the long-wavelength approximation. We have obtained
the generalised expressions for the optical rigidity coeffi-
cient, the law of mirror motion, and the cavity response to
gravitational waves at arbitrary frequencies, including high-
frequency waves predicted by some cosmological models.
Based on these expressions, we have considered the
possibility of the resonance detection of high-frequency
gravitational waves and have shown that to obtain the
mechanical resonance gain, it is necessary to increase the
optical power circulating in the cavity and reduce the probe
masses and the width of the resonance curve.
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