
Abstract. Based on the two-dimensional heat conduction
equation solved under boundary conditions of the third and
fourth kind, a new approach is proposed for determining the
gas temperature in the cross section of a copper bromide
laser. Temperature proéles in the cases of the natural and
forced convection are obtained taking into account the basic
laser parameters such as the laser design, the input electric
power, etc. In particular, computer simulations for the case of
forced convection are performed in order to increase the input
electric power at a éxed maximum discharge temperature.
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1. Introduction

Copper and copper vapour lasers with additives attract the
greatest interest among metal vapour lasers because they
appear to be the most powerful radiation sources in the
visible region. Although considered well known, they
continue to be the subject of experimental studies [1, 2].
To improve the laser characteristics and to study the
physical processes in the active laser medium, various
mathematical models for computer simulation of the kinetic
processes in these lasers were developed [3 ë 5].

When determining the gas temperature, two main
approaches are usually applied ë setting the tube wall
temperature [3, 4] or éxing the gas temperature in advance,
this parameter being constant in the following computer
simulations [5]. However, during lasing and in the process of
the computer simulations, the gas temperature must be
thoroughly controlled, because it is an important thermo-
dynamic characteristic of the active laser medium. It
characterises the laser lifetime, the lasing decay time, and
the distribution of the neutral atoms in the cross section of

the tube. Thermally the lower laser levels are populated,
which affects the laser power and the laser beam mode
composition. The high temperature can cause thermoionisa-
tion instability of the gas discharge. On the other hand,
during various computer simulations, it is possible to change
the geometrical design, the tube materials and the heat
insulation, the input electric power, as well as the laser
operating conditions. In this case, the wall temperature
remains unknown. The temperature proéle set in advance
can also be changed. This means that, if the gas temperature
is not correctly speciéed, the obtained results can be
unreliable. Special attention is paid to this problem in [6].

The aim of this paper is to develop a new analytic model
for obtaining more accurate values of the gas temperature in
the cross section of copper bromide vapour lasers. For this
purpose, the two-dimensional heat conduction equation is
considered, which is subjected to nonlinear boundary
conditions of the third and fourth kind instead of the
boundary condition of the érst kind that is usually applied.
At a given air temperature of the surroundings (for instance,
T0 � 300 K), due to the heat convection and heat radiation,
the proposed approach permits taking into account the heat
exchange processes between the outer surface of the tube
and its surroundings. The gas temperature proéle in the tube
and the outside wall temperature are expressed by solving
the heat conduction equation and directly depend on the
basic input laser parameters ë its geometric design, the input
electric power, etc. The derived analytical model is used to
study the gas temperature variation particularly in the case
of forced cooling of the laser tube.

2. Description of the method

We studied a copper bromide vapour laser [7]. The total
consumed power is 5000 W, while the output laser power is
120 W. Taking into account the electric power losses in the
power supply, the laser tube is fed with power Q1 �
4800 W, and the laser eféciency is 2.5%. Research shows
[8] that about 15% of the power Q1 is lost on the electrodes
(10 % on the cathode and 5% on the anode). In this way,
the power Q � 4080 W is supplied to the active volume of
the laser tube. The geometrical dimensions of the tube are
shown in Fig. 1. The laser tube is manufactured from
quartz and the active laser volume is covered with extra
heat-insulating wadding made of felt ë glass, mineral
material or zircon dioxide.

In modeling the temperature proéle, the following
assumptions are made: 1) the temperature proéle is deter-
mined in the quasi-stationary regime; 2) the gas temperature
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does not change substantially between excitation pulses; 3)
the power distribution in the active volume is even and the
possible contractions of the discharge are not considered; 4)
all the input electric power Q � 4080 W in the active volume
is transformed into heat, while the power given to the tube
walls by the discharge emission and the deactivation of the
stimulated and charged particles is not considered.

Assumptions 3 and 4 are made due to the lack of reliable
enough experimental and analytic research of the temper-
ature proéle of copper bromide vapour lasers. For this
reason, the obtained temperature proéle may differ from the
real one, and it is not possible to estimate the errors made in
the calculations.

The proposed model can be used for a comparative
analysis at the planning stage of the experiment. In the
process of computer simulations related to a change in the
geometric design, the tube material, the heat insulation, the
electrical power and the exploitation conditions, the basic
tendencies in changing the temperature proéle can be
determined.

In this way, there can be speciéed the most likely
parameters, deéning the most favorable temperature proéle.
Thus the quantity of experimental research can be reduced.

The two-dimensional quasi steady-state heat conduction
equation in the cross section of the laser tube has the form

div�lg gradTg� � qv � 0, (1)

where lg is the thermal conductivity of the gas; qv is the
volume density of the internal heat source; and Tg is the
temperature in the tube.

Usually, as mentioned above, equation (1) is solved
under the boundary condition of the érst kind, by specifying
the outside surface temperature of the quartz tube T2.
Commonly, the coefécient lg is approximated as lg � l0
�T m. In this case, the solution of equation (1) is represented
by the expression (see [9])

Tg�r� �
�
T m�1
2 � qv�m� 1�

4l0

ÿ
R 2 ÿ r 2

��1=�m�1�
, (2)

where R is the tube radius. Solution (2) of equation (1) for
the boundary condition of the érst kind was used to

determine the temperature proéle of the copper bromide
vapour laser in [10], and also in computer simulations of
pure copper vapour lasers in [4]. Up to this point we have
failed to énd other boundary conditions that can be used to
analytically solve equation (1) for copper and copper
compound vapour lasers.

To solve equation (1), we use mixed boundary con-
ditions of the third and fourth kind, which, for the
cylindrical conéguration, have the form [11]:

T1 � T2 �
ql ln�d2=d1�

2pl1
, T2 � T3 �

ql ln�d3=d2�
2pl2

, (3a)

Q � aF3�T3 ÿ T0� � F3ec
��

T3

100

�4
ÿ
�

T0

100

�4 �
. (3b)

Boundary conditions (3a) represent the equation for the
continuity of the heat êow at the interface between two
media. Here, ql � Q=la is the power per length; la � 2 m is
the active length of the laser [7]; l1 and l2 are the quartz
tube thermal conductivity and thermal insulation coefé-
cients, respectively. Boundary condition (3b) shows the heat
exchange between the outer surface of the laser tube and the
surroundings. The érst term on the right hand side of (3b)
evolves from the Newton ëRiemann law for heat exchange
by convection. The second term represents the Stefan ë
Boltzmann law for heat exchange by radiation. The value of
Q is equal to the electric power Q � 4080 W (in accordance
with assumption 4); a is the heat transfer coefécient; F3 is
the outer active surface of the tube; e is the integral
emissivity of the material; c � 5:67 W mÿ2 Kÿ4 is the black
body radiation coefécient; and T0 � 300 K is the air
temperature. In boundary condition (3b) there are two
unknown values ë a and T3. To obtain T3, we need to
evaluate preliminary the heat transfer coefécient a.

2.1 Determination of the heat transfer coefécient a and
the gas temperature Tg at natural convection

For all types of convection, the Nusselt criterion has the
form [11]:

Nu � aH
l
, (4)

For free convection, the Grashoff criterion is given by the
expression [11]:

Gr � gbH 3 T3 ÿ T0

v 2
. (5)

For the horizontal tubes at natural convection, the two
upper criteria can be related by the equality [11]

Nu � 0:46Gr0:25, (6)

which is valid for 700 < Gr < 7� 107. In the previous
expressions (4) ë (6), H is a characteristic dimension of the
tube (here, H � d3); g is the gravitational acceleration; b is
the coefécient of cubical heat expansion of the gas, which
for the air is bair � 3:41� 10ÿ3 Kÿ1; v is the kinematical
viscosity vair � 15:7� 10ÿ6 m2 sÿ1; l is the thermal con-
ductivity; lair � 0:0251 W mÿ1 Kÿ1. The data is correct for
the air temperature 300 K [11].

l1

T1 T2 T3

d1

d2

d3

l2

Figure 1. Cross section of the copper bromide laser tube (d1 � 60 mm,
d2 � 64 mm, d3 � 74 mm).
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Taking into consideration (4) ë (6) we have:

a � 0:46lair

�
gbaird

3
3

T3 ÿ T0

v 2air

�0:25
1

d3
. (7)

Boundary condition (3b), which is represented with
respect to the power per unit length, has the form:

ql � 0:46plair

�
gbaird

3
3

T3 ÿ T0

v 2air

�0:25
�T3 ÿ T0�

� pd3ec
��

T3

100

�4
ÿ
�

T0

100

�4 �
. (8)

Now, the outside temperature T3 can be calculated by
solving this nonlinear equation. It is not difécult to establish
that (8) possesses a unique real solution. After that, by
means of (3a), the temperatures T2 and T1 can be calculated.
Finally, to determine the gas temperature in all internal
points in the active discharge medium, expression (2) can be
written in the form

Tg�r� �
�
T m�1
1 � qv�m� 1�

4l0

ÿ
R 2

1 ÿ r 2
��1=�m�1�

. (9)

2.2 Determination of the heat transfer coefécient a
and the gas temperature Tg at forced convection

In some cases, depending on the exploitation conditions,
forced cooling of the laser tube with a directed air êow is
required. In this case, we do not know of a possible method
for determining the temperature proéle in the tube cross
section. To solve equation (1) with boundary conditions
(3a) ë (3b), we should énd a dependence between the value
a and new cooling conditions.

In the case of forced convection, criterion (5) is replaced
by the Reinolds criterion [11]

Re � vH=v . (10)

Here, v is the êow speed; H is a characteristic dimension of
the tube. In the case of cross cooling, H � d3.

For horizontal tubes with forced air cooling, we have
[11]:

Nu � 0:615Re0:466. (11)

In this way, from (4), (10) and (11), a is represented by

a � 0:615
lair
d3

�
vd3
vair

�0:466
. (12)

Boundary condition (3b) takes the form

ql � 0:615plair

�
vd3
vair

�0:466
�T3 ÿ T0��

� pd3ec
��

T3

100

�4
ÿ
�

T0

100

�4 �
. (13)

Equation (13) allows T3 to be calculated. Then, as in the
previous case, by using (3a) and (9) the temperature proéle
in the gas cross section can be determined.

3. Results and discussion

The data presented in Table 1 were used to calculate the
temperature proéle in the case of natural and forced
convection.

3.1 Natural convection

The temperature distribution in the tube cross section is
shown by curve ( 1 ) (Fig. 2). The calculated values derived
by solving (8), (3a) and (9) are as follows: T3 � 617 K,
T2 � 1010 K, T1 � 1020 K and T (0) � Tmax � 1967 K.

In Fig. 3 the temperature distributions Tq(r) in the
quartz wall and Ti(r) in the insulation are illustrated.
They satisfy

Tq�r� � T1 ÿ �T1 ÿ T2�
ln�r=r1�
ln�r2=r1�

,

and

Ti�r� � T2 ÿ �T2 ÿ T3�
ln�r=r2�
ln�r3=r2�

(see [11]).
The method used until now in the literature required the

knowledge of the temperature T2 of the outer wall of the
quartz tube, which can be measured if needed (for instance
with a thermocouple). After that, assuming that T2 � T1 by
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Figure 2. Gas temperature distribution in the cross section of the laser
medium at natural convection: ( 1 ) ë at power Q � 4080 W and ( 2 ) ë at
power Q � 4488 W.

Table 1. Data used for calculating the temperature proéle.

Q
�
W la

�
m qv

�
W cm ÿ3 ql

�
W mÿ1 lg � l0T

m
�
W mÿ1 Kÿ1 l1

�
W mÿ1 Kÿ1 l2

�
W mÿ1 Kÿ1 e

4080 [7, 8] 2 [7] 0.7219 2040

l0 � 5:8935� 10ÿ5

(m � 1:091, pNe � 15 Torr,

pH2
� 0:3 Torr) [10]

1.96

(T � 800ÿ 1100K) [12]

0.12

(T � 800ÿ 1100K,

mineral insulation) [11]

0.72 [12]
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(2), the temperature in the laser tube is calculated (see [3, 7]).
Our calculations show that the absolute error in this case is
DT � T1 ÿ T2 � 10 K. The difference in temperatures is
extremely small and such an assumption is applicable in
reality.

The proposed method allows preliminary evaluation of
the possible change in temperature in the case of a change in
the input electric power. For example, by increasing the
electric power by 10%, the maximum temperature Tmax

raises by 96 8C [see Fig. 2, curve ( 2 )]. Such preliminary
calculations are not possible in the literature mentioned
above because the temperature T2 remains unknown.

At a known temperature T3 equation (8) allows ana-
lysing the type of the heat transfer between the laser tube
and the surroundings. In this case, the dominant heat
transfer mechanism is the heat radiation, the contribution
of which is 64%, and the second one is the heat convection,
the contribution of which is only 36%.

3.2 Forced convection

When the laser source overheats during the exploitation
process in some cases forced cooling is required ë with a
radially directed air êow, for example. As follows from
section 2.2, we solve consecutively equations (13), (3a) and
(9). The obtained results for the temperature proéle during
forced convection with air êow speed v � 20 m sÿ1 are
illustrated in Fig. 4. The values of the temperatures at
speciéc points are: T3 �466 K, T2�858 K, T1�881 K,
T (0)�Tmax � 1903 K. By comparing these temperatures
with the corresponding ones from the case of natural
convection it becomes clear that the biggest discrepancy is
obserbed for T3: DT3 � T nat

3 ÿ T forc
3 � 617 Kÿ 466 K �

151 K, while the smallest one ë for Tmax: DTmax �
T nat
max ÿ T forc

max � 1967 Kÿ 1903 K � 64 K. Under conditions
of forced convection the radial temperature gradient inc-
reases: DT nat

r �T nat
max ÿT nat

1 �1967 Kÿ 1020 K � 947 K,
DT forc

r � T forc
max ÿ T forc

1 �1903 Kÿ 466 K � 1437 K. The
presence of a larger radial temperature gradient has a
disadvantageous reaction on the laser power and the mode
composition of the laser beam deteriorates.

The suggested method allows carrying out some com-
puter simulations. For example, let us assume that the
temperature proéle [curve ( 1 )] in Fig. 4 is optimal and gives
the needed temperature comfort to the laser tube. This

means that under conditions of forced convection we can
increase the input electric power within certain limits until
the initial temperature is achieved [in Fig. 4 the power can
be increased until curve ( 1 ) and curve ( 2 ) match]. In this
way, the laser generation can be increased without thermal
overheating of the tube. It seems that by increasing the
electric power, curve ( 2 ) cannot entirely match curve ( 1 ).
In Fig. 5 curve ( 1 ) is constructed in such a way that there is
a coincidence only with the maximum temperature
Tmax � 1967 K. Such an approach is acceptable, because
it will guarantee the thermal stability in the central part of
the tube, where the active zone of the laser generation is
located. In practice this realization is impossible, because in
most cases the maximum temperature is unknown and there
is a missing real physical indicator, which is supposed to
show when we must stop increasing the electric power. This
is why the electric power could be increased to equalise with
T1 � 1020 K ë a value, which can be tracked by using a
thermocouple. This is shown by curve ( 3 ) in Fig. 5. The
calculations show that the maximum temperature increases
by approximately 213 8C, but this could have a negative
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Figure 3. Temperature proéle obtained in the quartz wall ( 1 ) and in the
thermal insulation ( 2 ) at power Q � 4080 W.
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Figure 4. Gas temperature distribution in the cross section of the laser
medium at natural convection for the power Q � 4080 W ( 1 ) and forced
convestion for the power Q � 4080 W and êow velocity
v � 20 m sÿ1( 2 ).
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Figure 5. Temperature proéle obtained in the laser tube: ( 1 ) ë at forced
convection, êow velocity v � 20 m sÿ1, and Q � 4360 W; ( 2 ) ë at
natural convection, Q � 4080 W; ( 3 ) ë at forced convection, êow
velocity v � 20 m sÿ1 and Q � 5310 W.
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effect on the thermal stability of the laser tube in the
considered case.

4. Conclusions

A new approach for solving the heat conduction equation
for a copper bromide vapour laser has been proposed.
Based on mixed boundary conditions, which describe the
heat interaction between the laser tube and the surround-
ings, the temperature proéle in the active medium cross
section is calculated. Two cases of cooling have been
investigated ë natural and forced convection. It is estimated
that the main mechanism of the heat transfer process at
natural convection is the heat radiation. The developed
method allows preliminary evaluation of the gas temper-
ature in computer simulations ë a change in the geometrical
design, the laser tube material and heat insulation, the input
electric power, and exploitation conditions. A speciéc study
of the temperature proéle has been performed under the
conditions of forced cooling. It has been established that in
all the considered cases the radial temperature gradient of
the medium increases.

Independent of the speciéc object of study the proposed
method is easily adaptable and can be applied to a wide
range of gas lasers, metal vapour lasers and metal com-
pound vapour lasers.
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