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Multicomponent cnoidal waves in cascade parametric frequency

conversion

V.M. Petnikova, V.V. Shuvalov

Abstract. It is shown that four-mode interaction in quasi-
synchronous cascade frequency conversion on a quadratic
nonlinearity can be described in terms of an effective cubic
nonlinearity, which reduces the problem to solving the system
of two coupled nonlinear Schrodinger equations (NSEs) with
respect to the amplitudes of waves involved in both nonlinear
processes. Analytic solutions of a new type found for this
system have the form of cnoidal waves with components
representing the sum and difference of the identical
fundamental solutions of the NSE with shifted arguments.
The obtained solutions cover the entire range of variation of
boundary conditions, allowing the optimisation of the
conversion efficiency in any particular situation.

Keywords: quadratic nonlinearity, cascade frequency conversion,
effective cubic nonlinearity, stationary nonlinear Schrodinger equa-
tion, multicomponent cnoidal wave.

1. Introduction

Cnoidal waves (CWs) are self-consistent periodic solutions
of nonlinear differential equations of the second and higher
orders {nonlinear Schrodinger equation (NSE), Korteweg-
de Vries (KdV), sine-Gordon (SG), and other equations
[1-7]} and are in fact the modes of the corresponding
nonlinear problems. When CWs contain several compo-
nents, we are dealing with multicomponent CWs (MCWs).
The term MCW is used in nonlinear hydrodynamics [1, 8]
and plasma physics [2, 9], in the description of the packets
of electronic wave functions (excitons, biexcitons, super-
conducting pairs, etc.), and in the physics of one-
dimensional chains (conjugated polymers) [10] and two-
dimensional planes (ferromagnetics and high-temperature
semiconductors) [11]. The concept of MCWs in optics is
also quite universal because equations of this type usually
appear when the lowest terms in the expansion of a
nonlinear polarisation wave are taken into account.
Multicomponent CWs are the solutions of one-dimensional
problems on the dispersionless propagation of pulse trains
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in optical fibres [3—6, 12] and on the parametric generation
in the synchronous pumping regime [13], and of two-
dimensional problems on the diffractionless propagation of
wave fronts with a special periodic transverse structure in
photorefractive crystals [7, 14] and crystals with quadratic
nonlinearity [15].

It was shown in [16] that the NSE solutions in the form
of MCWs play a key role in a classical problem of nonlinear
optics — the description of parametric up and down
frequency conversion in quadratically nonlinear media
[17]. Tt was found that the exact analytic solution of the
problem of stationary interaction between three modes with
frequencies w;_3 can be obtained by using a new approach
of increasing the order of a system of truncated nonlinear
equations. In this case, the problem is reduced to the
solution of three independent NSEs, each of them being
coupled with two others only via boundary conditions and
describing a complex CW formed from quadrature compo-
nents. The possibility of such a reduction of the initial
problem was interpreted as the passage to the description of
the result of competition of processes of merging
(w; + @y, — w3) and decay (w3 — w; + ;) of photons
proceeding on a quadratic nonlinearity by means of the
effective cascade cubic Kerr nonlinearity [18].

By using the approach similar to [16], we show below
that, when wave mismatches can be neglected (quasi-phase
matching), the parametric interaction of four modes during
cascade frequency conversion on a quadratic nonlinearity
also can be described in terms of the effective cubic
nonlinearity. In this case, the initial problem is reduced
to a standard system of two coupled NSEs with respect to
the complex amplitudes of the waves involved in two
nonlinear processes [14, 19]. It is also shown that this
system can be transformed to two identical independent
equations, which determines its solution in the unusual form
of the sum and difference of two identical solutions of the
same NSE with shifted arguments. Due to a complete
overlap of the range of possible variations in the boundary
conditions, the analytic solutions obtained in this way
provide the possibility of optimisation of the conversion
efficiency in any particular situation.

2. Cascade frequency conversion and effective
cubic nonlinearity

Consider the parametric interaction of four (the subscript
i = 1 — 4) plane collinear monochromatic waves — modes in
a quadratically nonlinear medium. Similarly to [16], we
assume that the modes have frequencies w;, w, = vy,
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w3 =w;+ w; =2w; and wy = w; + w3 = 3w;, wave vec-
tors k;_4, and complex amplitudes 4;_4. Let us assume that
conditions for nonlinear processes of two types w; + w,; —
w34 With the wave mismatches Ak, = ky + ky 3 — k3 4 and
nonlinear coupling constants f; ,, respectively, are realised
in the medium. By assuming that the nonlinearity is not of
the resonance type and directing the z axis along k;_4, we
write the system of truncated equations describing the
interaction of the modes in the form

o)

T —if, A5 Az exp(—iAkz) — if, A5 Ay exp(—iAk,z), (1a)
z

04
—2 = —ip A] A3 exp(—iAk,2),

s (1b)

04,

. —i2f, 4, A5 exp(iAk z) — 2B, A Ay exp(—iAk,z), (Ic)
z

04 . .
4 = _i3B,4, A5 exp(iAk,z).

s (1d)

It is easy to verify that, although system (1) has five
second-order integrals J,_4 = const, which correspond to
the law of conservation of energy flux

Jo=hLh+L+5L+1 2

and the Manley — Rowe relations

Ji=5L =2L—3L, J,=I —L+il,

Sy=L+i6+3L, Jy=L+3iL+11,. 3)

only two of them are independent (here, I; = A4;4; are
proportional to the intensities of waves). Therefore, we can
write, for example, that

L — Ly =3I — Iip) — 5 (I; — L),

Iy — I = —3(I) — Iig) — 3 (I — Iy) 4
(lo = 4;A]|.—o)-
Following the approach used in [16], we make the
change of variables

Ai(z) = /‘Ii(z) exp(—iw;z) ()

and choose constants o; providing the fulfilment of
conditions

Aoy = oy +op3 — 034 = Ak . (6)

By substituting (5) into (1) and taking (6) into account, we
obtain

oA - 7

oAy = iy AT Ay — iy A5 Ay, (72)
z

i i -

Q_z_i%Azz_qufAh (7b)
0z

i ~ - o

%i_dﬁ3:—QmAﬂ2—QmAﬂh, (7¢)
4

04y . - A 37

_4_ 9(4A4:—13ﬁ2A1A3. (7d)

Oz

Let us construct now the functional H so that system (7)
would follow from relations

aANi _ i(,UI' oH

=it —, 8
0z O DA ®
This gives the expression
H =B A1 Ay A3 + P A{ A5 Ay + BrA A3 Af + PrAf A5 Ay
- 0‘11‘111‘11* - 0421‘121‘12* - %“31‘131‘13* - %0‘41‘141‘15 )

for the functional, which for Ak, = 0 («;_4 = 0) represents
the part of the Hamiltonian describing the interaction of
the field with the medium, i.e. the time-averaged free energy
density [20]. By differentiating (9) and substituting (7) into
the result obtained, it is easy to verify that 0H/0z = 0 and,
therefore, H = H, = const is another integral of system (7).

Note that, after passing to real variables, i.e. after
introducing phases ¢, with the help of expressions
A; = /Texp(i)). (10)
functional (9) can be rewritten in the form
H =2,\/IiL1I5cos Ag, + 2p,+/T ;4 cos Ap,
—ay 1 —oczlz—%ot3l3 —%oc4]4, (11)

where A@ , = @+ @3 — @34. As a result, the equations
will take the form known from [20]

a]i N w; oH

@i 99; _ i OH
0z w; 0p;” 0z

1 61, '

(12)

Following the approach used in [16], we pass from (7) to
a system of second-order equations. By differentiating (7)
and excluding the first derivatives, taking (4) into account,
we obtain the system of equations

3’4, 2 INE D T P NP

7 - —(Bi +3B3)|4:°4, +§(ﬁ1 = 3B3)|45]" 4,

+ (B, +3B3 3 — o)Ay + (o — oy + 03)y A5 A

+ (o — o3 + o) Br A5 Ay, (13a)
a;iz = —4B7|Ay|* Ay — (2010 — 41 — I30) A

+ BiBrAs A As — 2B, Br AT AT Ay

— (o —062—0‘3)/31/11*/13 —szzziza (13b)

0%4,
0z2

- - 1 I
= =387 +3DNANAs + 5 (B7 = 36)|43 A

+ (B +3B3 3 — 03) Ay + 2(0 + oy + 03) 1 Ay Ay

= 2oy — o3 — o) fo A1 Ay, (13¢)

0%4 - .
6224 = 4B3| A4 Ay — B3 (6110 + 3130 + 4149) Ay

— 681 Br A1 A1 Ay — 31 Br A3 A As
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+3(0y + otp 4 04) fr A Ay — af Ay, (13d)

One can easily see that only for Ak, =0 Eqns (13a) and
(13¢) can be reduced to a closed system of two coupled
NSEs for the field amplitudes A3, by describing their
interaction via the effective cubic nonlinearity. For
Ak, # 0, the right-hand side of equations contains terms
proportional to the products 4 A and 4, A}, and, therefore,
such a reduced description cannot be used Note that Eqns
(13b) and (13d) also can be transformed to a similar closed
system, however, under more severe restrictions. Apart
from the condition Ak, = 0, it is necessary to require that
A; 3 would be real.

3. Quasi-synchronous interaction

The condition Ak;, =0 cannot be fulfilled in the general
case due to dispersion [17]. Because of this, the so-called
phase-matching conditions are provided to realise cascade
processes [21]. This can be achieved by producing, for
example, a periodic structure in a nonlinear medium, in
which the sign of coupling constants f,, periodically
changes [22], B, — B,8(2). Here, g(z) is a sign alternating
function with a spatial period A = (2m,, + 1)2n/Ak,,
specified by the coherence lengths of two nonlinear
processes, and m, , are positive integers. By expanding

m=+00

Z gm €XP Rm =
m A

m=—00

g(z) =

to a Fourier series and taking into account the amplitudes
of four synchronous modes, we obtain after averaging (1)
the system

04

oo = —inAiA — inAids, (14a)
A

04

o = A4, (14b)
z

oo = T2 AiAy — 2947 Ay, (140)
A

%i:—BﬁAM} (14d)
Z

Here, 7,5, = {1 exp ( — iAk, 2)), are averaged and (in the
general case) complex nonlinear coupling constants for
processes w; + wy3 — W34, respectively.

After averaging, the passage from (14) to second-order
equations gives the required closed system of two nonlinear
equations for the amplitudes A;; waves in the form

0%4 3
azzl =—G. |44, +§G7|A3\2A1

+ (01 Py + 39, T5) 4, (15a)
0%4 1

2= 3G, |4, 45 +§G7\A3|2A3

+ (91 Py + 319, T5) 43, (15b)

with the boundary conditions

04 . N . X
A1l = 410, ale = —iy Ay Az — 17,A430A49, (162)
z=0
0A4 - . X
A3|z:() = A3, —623 = —i2y; Ajg A2 — 127,410 A449, (16b)
z=0
where G4 = |y, 24 3|y2\2. In this case, although equations

for the wave amplitudes A,, are not reduced to the
analogous system [see (13)], their intensities can be found
from relations (4). Note that analysis of the solutions of
systems of nonlinear equations of this type is a subject of
recent extensive studies [12, 19, 23].

Following [16], we consider now the moduli and phases
of the required solutions:

4/(2) = X,(2) explio(2)].

By substituting the result of differentiating of (17) into (15)
and separating the real and imaginary parts, we obtain the
system of equations

(17)

3°X, 3o\’ 3,3 2
?‘X1(¥> = -0 47 +06 XX,
+ (01 P+ 3 T5) X, (18a)
X, d¢, a%ol
0z oz + 17922 =0, (18b)
07 X3 3¢5\’ 2 1 3
?7)(3(5 :73G+X1X3+5G,X3
+ (91 Py + 309,17 T5) X, (18¢)
0X; 0p3 az%
9z 0 3922 =0 (18d)

Because the solutions for which X ;(z) =0 are not of
interest for us, two known integrals [16] for phases ¢, ;
follow from (18b) and (18d). Moreover, it is easy to show
that these integrals are also not independent and can be
expressed in terms of H:

0 1 0
Xlzﬂ:]w(/)l,() = H x}

o 3 3. — = Iogs = —H, (19)
where
H=9[ A1 Ay A3 + 91 A7 Ay A3 + 3 A A3 Ag
+ 7,4 A3 A4 = const. (20)

Hereafter the notations @ 3|._o = @930, 09;3/0z]._¢ =
®1030> and X7 |._o = Iy are used.

As in the interaction of three modes [16], it follows from
(18b), (18d), and (19) that, if at least one point z, exists on
the z axis at which X 3[,_, =0 and 0X,3/0z|._, # 0, then
0¢,3/0z =0 at all points for which X13(z) #* 0 In these
situations the phases ¢;; can change on the z axis only
abruptly, which can be taken into account by assuming that
X,3(2) # |4, 5(2)| and can be negative. If this is not the case,
(p1;3(z) can be found by integrating (19):

1 s
01(2) = o —3H | X0z
. Q1)
0s(2) = 4030—HL X572(z)dz".
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4. Analytic solutions of the problem

Thus, we have shown that the initial problem is reduced to
the solution of a closed system of two ordinary differential
equations describing the interaction of the waves A4, in
terms of the effective cubic nonlinearity and after the
substitution

z=2/1/G, (22)
can be represented in the form

N L 30 gy (23a)

022 4G, x7 ! taG, e et

°X; 1 H* 1G_

& TG el —3x} X5ty G X; +J3X;,  (23b)
where

_ |V1|2J1 + 3|V2|213
1l + 3P

Consider below only situations when at least one point
z, exists on the z axis at which the amplitude 4, ; of at least
one of the waves vanishes (one of these two waves is
completely depleted or is absent in the input plane
z = 0), and therefore, H = 0 and ¢, 5(z) = @y 3 (see above)

Note at once that in a particular case Iy, = 3|7, |, the
obtained system is reduced to

%X 1

?2‘ =X} +§(J1 +J3) X, (24a)
07X, 5 1

622 :—3X1X3 +§(J1 +J3)X3, (24b)

i.e. to the well-known problem of the independent periodic
variation of the amplitude X, in a medium with the Kerr-
type nonlinearity [14]. Nevertheless, the oscillation period
of X;(2) depends on the initial intensities of all other waves
(on the sum of integrals J; +J3), while the dependence
X3(2) is determined by solving the second-order Lame
equation [24].

The solutions of (24a) in the standard form [14] for the
nonlinearity of this type are described by the expressions

Xl ==

Iigen(fz, k), (25a)

X3 = I3M SI'l(ﬂE7 k)dn(ﬂf, k)
for B* = Ly — 114, k> =1 10(Iy — 1130) 7",

(25b)
2y — 1) =

110 = 0, and
= /Tg dn(Bz, k), (262)
X3 = /Ly sn(pz, k)en(pz, k) (26b)

for B* =119, k> = 213 (I — $ 1p). and Iy > 2(Iy — } L)
Here, k is the modulus of the elliptic Jacoby functions
sn(z, k), cn(z, k), and dn(z, k) [25], and the parameter I3, is
determined by the boundary conditions and depends not
only on the initial intensities /;, of all the waves but also on
relation between their phases ¢;, [see (16b)]. Note that all
the other solutions of system (24), including situations when
Iy — %140 <0, are reduced to a simple translation of

solutions (25) and (26) along the Z axis. Here and below,
the expressions for dependences I,4(z) are not written
because they can be determined from relations (4).

To analyse situations when |y,|* # 3|y,|, we will pass to
the normalised variables

X; =X, X;=1/2|G,/G_|X;, (27
in which system (23) has the form

o°X . 5o §

a~21:—X13:t3X32X1+J13X1, (283)

z

3’ X; o oa i

52 = =3X7 X3 + X5 + J3X5. (28Db)
Here, the signs ‘+” correspond to cases |y;|> > 3|y,|* and

|y1|2 < 3\y2|2, respectively. Note that the integrability and
the type of solutions of systems of this type are determined
by the relation between coefficients at nonlinear terms [25].

The case |y,]* < 3|y,|* is simple to analyse because it is
known [25] that the next change of variables

?izylii}3 or f/i:X/:;:l:X/l (29)
in this situation separates the variables, which reduces the
system of equations (28) to two independent NSEs with the
nonlinearity of the focusing type

%Y.

0z?
It is easy to verify that both equations are related to each
other only via the boundary conditions and have the same
proportionality coefficients in linear terms. The identity of
these coefficients excludes the use of standard solutions for
systems of two NSEs, in which Y. are proportional to the
different fundamental solutions cn(z, k) and dn(z, k) of the
Lame equation [14]. Because both these solutions become
degenerate only for k =1, when both functions pass to
coshz, we obtain that either X, =0 or X; =0, which
corresponds to the parametric bleaching regime, when
I,_4 = const.

However, there also exist two other possibilities. First,
the solutions of two equations in (30) can be proportional to
the same elliptic function but shifted with respect to each
other along the Z axis, i.e.

=Y +J5Y,. (30)

Y, = Acn(Bz + pzy,k) or Y. = Adn(pz+ pz,,k).  (31)
Here, Z, is the parameter characterising the shift value,
which is assumed symmetrical with respect to the point
%, = 0 for functions Y, respectively. This corresponds to
the presence of the extrema of intensities /; 3 in the input
plane. This possibility determines the four nontrivial
solutions of system (28) for [y,|* < 3|y,|%:

. Z, k
X3 = Acen(pz, ) 02 C(nﬂ(:;, )) R (32a)
- z,k)dn(Bz, k
X3,l =—A Sn(ﬁéo,k)dn(ﬁfo7k) - :?S(I{jzz(ﬁ;() r]lc()[:flz()ﬁ.z, k)
(32b)
for B=A%—J;, k*=14%A4% -5, and

A% > max (J,3,2J;3) and
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dn(pz, k)

X3 = Adn(B0, K)o gz, s (k) oY)
X1 = —k>Asn(Bz, k)en (B2, k)
sn(pz, k)en(pz, k) (33b)

1 — k2sn?(BZy, k)sn?(Bz, k)

for p=154% k?=2(47—J;3)A %, and 2J;3 > A% > J;.
Here, the values of constants A4 and Z; should be chosen to
satisfy boundary conditions (16), which give the domains of
existence of solutions (32) and (33). Note that after the
return to initial variables X 5, the symmetry of expressions
(32) and (33) with respect to the permutation of subscripts 1
and 3 is violated due to the renormalisation of the
amplitude X;.

Second, the solution of one of the equations in system
(30) can be a constant, while the solution of the second one
can be proportional to one of the fundamental solutions
cn(z, k) and dn(z, k) of the first-order Lame equation, i.e.

Y, = A = const (34a)

and

Y. = Ben(pz,k) or Y = Bdn(fz,k). (34b)
This possibility determines the four additional solutions of
system (28) for |y, |* < 3|p,|*:

- 1
X1y3 :§|: J13iBCn(ﬂ2,k)i| or

(35)

)213 = % [\/jgj: Bdn(fz, k)} or

1

Xy == [\/J_13 + Bdn(fz, k)}

: (36)

for p*=1B% k*=2(B*>-J;3)B %, and 2J;> B>
Ji3 = 0. Here, the value of B also should be chosen to
satisfy boundary conditions (16). Note that, as before, the
return to the initial variables X 5 violates the symmetry of
expressions (35) and (36) with respect to the permutation of
subscripts due to the renormalisation of the amplitude X;.

In the case when |p;|* > 3|y,|*, the approach described
above also can be applied. To use it, we first make the
formal substitution Z = iz [26] and will seek the solution in
classes of functions for which either

X, (iz) = X (i2), X;(iz) = X5(2) (37a)

or

Xi(iz) = Xi(2), X3(iz) =iXi(2),

(37b)

where X ;(z) and /\71‘3(2) are real. Note that elliptic func-
tions sn(z,k), cn(z,k), and dn(z, k), which satisfy well-
known relations sn(iz, k) = isn(z, k') en (2, k), en(iz, k) =
en~'(z,k’) and dn(iz,k) =dn(z,k")en"'(z,k"), where
K= —kz)l/2 [24], belong to these two classes. After

this substitution, system (28) can be rewritten in one of the
two forms corresponding to the chosen class of solutions:

37X,

= H XN -, (38a)
Z

%X, 5 ;

3 5— = 3X1 X5 X5 — Ji34G (38b)

z

or

02X, X ,

7;:)({4’3)(3)(1 7J13X1, (393.)

0z e R e

0%X, 5 ,

az; =3X7 X3+ X3 — Ji3X;. (39b)
It is easy to see that now, after the substitutions

Y, =X £ X, (40)

which are analogous to (29), we obtain the two possible
pairs of independent NSEs,

0%y, ;

-2 =-Y, - Ji3Ys (41a)
or

GED SR

= Yi—JiYs (41b)

Equations in pairs (41a) and (41b) are again coupled with
each other only via the boundary conditions and have
identical proportionality coefficients in linear terms. How-
ever, these pairs correspond now to situations with the
nonlinearities of the focusing (41a) and defocusing (41b)
types. For the same reason, the solutions of equations in
each pair should be proportional to the same elliptic
function, but now, taking conditions (37) into account, the
shift of their arguments should be imaginary (orthogonal to
the Z axis):

Y, = Acn(fz £z, k), (42a)

Y, = Adn(fz +ifz,k) (42b)
or

Y, = Asn(Bz £ifzp.k). (42c)

Here, z, is a parameter characterising the shift of the
argument of functions Y,, which is assumed symmetric
with respect to the location of the z axis in the complex
plane. The possibilities listed above determine the three
nontrivial solutions of system (28) for \y1|2 > 3|y2|2:

X =-4 Sﬂ(ﬁfmk)dn([ﬁo»k)

sn(pz, k")dn(BZ, k")

cn? (B, k') + k2sn?(BZy, k)sn?(BZ, k')’ (432)
v I~ (ﬁf,k,)
X; = Acn(ﬁ207k) 205 1/ CIZl 2(n5 2(R5 J!
en?(Bz2, k') + k*sn*(BZy, k)sn*(pz, k )(43b)

for B*=A>+Jp5, k*=14%(4%>+7,5)7", where 4% >
max (— 2J;3,0);
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X, = —k*>Asn(Bz,, k)en(pzy, k)

. n(f. K
cn? (B2, k') + k2sn?(BZy, k)sn?(Bz, k')’

(44a)

en(pz, k" )dn(Bz, k")
cn?(Bz, k') + k*sn?(BZy, k)sn?(BzZ, k")
(44b)

for B2 =1 A% k> =24 72(A% + Jy3), and 2|J33| = 47 = |3
for Ji3 <0;

X; = Adn(pzo, k)

dn(Bz,k')

X, =Asn(fzy, k) en?(BZ, k') + kZSHZ(ﬁZO,k)Snz(ﬂf,k/) > (45a)

X/3 =—-A4 Cn(ﬁfo, k)dn(ﬁfo, k)

o sn(pz, k" en(Bz, k')
cn?(Bz, k') + k2sn?(pz,, k)sn?(pz, k')

(45b)

for B> =J;3—1A4% k* = A47Q2J;;— A7) 7", and 4% <Jj;
for J13 = 0.

However, these solutions do not exhaust all possible
situations specified by the boundary conditions. The matter
is that due to variations in I y_g49, the coefficient J3 in (41)
can become negative. In the case of a nonlinearity of a
focusing type, solutions (43) and (44) correspond to sit-
uations Ji3 < 0. In the case of a nonlinearity of a defocusing
type, the solution (45) of Eqns (41b) does not exist. At the
same time, it is easy to verify that although the function

sn(iz, k)dn(iz, k) isn(z,k/)dn(z,k/)
en(iz, k) en(z, k')

is not the fundamental solution of the Lame equation and
has singularities on the z axis, it also satisfies each of the
equations (41b). In this case, the presence of singularities of
this function due to the shifts of its arguments does not
prevent a search for solutions in the form

Yo = Asn(Bz +ipzo,k)dn(Bz +ifze,k)[en(Bz +ifze,k)] ",
(40)
which leads immediately to the expressions

X, (2) = Asn(Bzy, k)en(BZ,, k)dn(BZ, k) [en’ (B2, k')

x dn?(Bz,k') + k?sn’(BZ, k)] [en*(BZ,, k)en® (B2, k)

1

+sn’(BZy, k)dn* (B2, k)sn® (BZ,k")dn’ (BZ,k")] ", (47a)

X3(2) = A[dn*(Bz, k) — k*sn*(BZy, k)en*(BZ, k)]

x sn(Bz,k"en(Bz, k")dn(Bz, k') [en®(BZ,, k)en® (BZ, k')

1

+sn’(BZy, k)dn* (BZy, k)sn® (B2, k') dn* (B2, k)] (47b)

for p2=14% k? =14 +J5)4 7% and 47 >|J;|. As
before, the values of constants 4 and Z, should be chosen to
satisfy boundary conditions (16), which determines the
domains of existence of solutions in forms (43)—(45) and
(47). Note that in the case of |y,|* > 3|y,|%, the symmetry of
expressions for )?1_’3 with respect to the permutation of
subscripts 1 and 3 is violated from the outset by require-
ment (37), while solution (47) itself has no longer

singularities on the X 13 axis due to the out-of-phase shifts
of arguments Y, .

The choice of the form in which to seek the solutions of
the problem for Jj3 < 0 is ambiguous. Thus, it follows from
analysis  performed in [26] that the function
cn(iz, k) = cn’l(z7k') also satisfies Eqns (41b). Therefore,
we can seek their solutions in the form

Yy =den ' (Bz £ifz, k), (48)

which immediately leads to the expressions,
X, = [en®(Bz, k') + k*sn’(BZy, k)sn* (Bz, k)] A4
x en(BZ, k)en(Bz, k') [en® (B2, k)en® (B2,k")

+sn2 (B2, k)dn? (BZy, k)sn® (B2, k")dn2(BZ,k")] ', (49a)

Xs = [en® (B2, k") + k*sn*(BZy, k)sn*(BZ, k)] A
x sn(Bzy, k)dn(BZy, k)sn(Bz, k" )dn(Bz, k')
x [en®(BZy, k)en® (B2, k')+sn®(BZy, k)dn® (B, k)

x s’ (B, k")dn? (Bz, k)] ! (49b)
for B> =A% —Jp3, kP =347 - 2J3)(A% = J;3)"', AP =

max (J13,2J3). The values of constants 4 and Z;, should be
again chosen to satisfy conditions (16). The symmetry of
X, ; with respect to the permutation of subscripts 1 and 3 is
still violated by condition (37), while solution (49) itself also
has no singularities on the z axis due to the shifts of
arguments Y.

5. Conclusions

Based on the approach used in [16], we have shown that in
the cases when wave mismatches can be neglected (quasi-
phase matching), the parametric interaction of four modes
during the cascade frequency conversion on a quadratic
nonlinearity can be described in terms of the effective cubic
nonlinearity. In this case, the initial problem is reduced to
the solution of a system of two coupled NSEs for the
complex amplitudes of the waves involved in all nonlinear
processes [14, 19]. This system is completely integrable and
can be split into two identical NSEs by a simple change of
variables, which allows one to find its solutions in a quite
unusual form as a sum and difference of the two identical
solutions of NSEs for focusing or defocusing nonlinearities
with shifted arguments. The analytic solutions obtained in
this way cover the entire range of variations of boundary
conditions, which allows one to analyse in detail the role of
the latter and to optimise the conversion efficiency in each
particular situation.

The analytic solutions obtained in this paper, could be,
of course, also derived by other methods. Thus, we obtained
the complete family of solutions similar to (25), (26), (32),
(33), (45), (47) and also solutions (43) and (44) shifted by a
quarter of the period along the z axis for a particular case
Iy =0 and ¢,, = const in the form

X/l = %A Sn(ﬁfo, k)dn(ﬁfo, k)

N en(pz, k")
sn2(Bz, k') 4 sn?(BZy, k)en?(Bz, k')’

(50a)
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! . sn(pz, k")dn(Bz, k")
X = A enlBo. K) Satpz 1) 1 st (B, Myen(BE.K7) (50b)

k
for p>=A4>+J;, k2:%A2(A2+J13)_1, where A% >
max (—2J;3,0), and

X, = Asn(BZ,, k)en(pZ, k)

en(Bz,k")dn(Bz, k')
* S (BZ k') + sn (B2, K)en? (B, k')

(51a)

sn(pz, k")

X5 = Adn(fZ, k) sn?(BZ, k') + sn2(Bz, k)en2(BZ, k')

(51b)

for B2 =147 k> =24 72(A% + Jy3), and 2|J33| = 47 > |33
for Ji3 <0 by using the cumbersome traditional method
[17] of the successive solution of a classical system of
truncated first-order differential equations (14).

Note also that the analytic solutions of a system of two
NSEs of type (28) have been obtained by us also probably
for the first time, while the method for constructing
particular solutions of systems of two NSEs in the form
of a sum and difference of identical fundamental solutions
with shifted arguments is quite universal and, as far as we
know, have not been used so far. This method can be used in
the cases when the problem to be solved admits the
separation of variables [25], which takes place, for example,
in the description of the self-consistent dispersionless
propagation of the trains of orthogonally polarised laser
pulses along single-mode optical fibres [3-6, 12, 19, 27].
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