
Abstract. Experimental results and a theoretical model des-
cribing superradiance of praseodymium ions in the triêuoro
lanthanum matrix at the 3P0 ÿ 3H6 transition upon coherent
excitation of the adjacent 3H4 ÿ 3P0 transition are presented.
It is found that when a superradiant medium is placed into a
resonator, whose eigenfrequency is close to the superradiant
transition (3P0 ÿ 3H6) frequency, the superradiant pulse
duration decreases and its modulation appears, which is
independent of the resonator length. It is shown that these
properties are qualitatively described within the framework of
the mean-éeld model of coherent radiation of superradiant
media in a resonator.

Keywords: superradiance, coherent excitation, three-level system,
mean éeld model, resonator, modulation, spike structure.

1. Introduction

Optical effects appearing upon coherent excitation of
praseodymium ions in the matrix of triêuoro lanthanum
LaF : Pr 3� still attract the attention of researchers. Coher-
ent radiation in the LaF : Pr 3� crystal at the 3P0 ÿ 3H6

transition of the praseodymium ion excited at the adjacent
3H4 ÿ 3P0 transition by a nanosecond laser pulse was
studied in papers [1 ë 7]. Apart from the fact that this
coherent radiation well demonstrates the superradiance
process, it impedes the observation of the photon echo
resonant with the 3H4 ÿ 3P0 transition upon interaction of
two exciting radiation pulses. Obviously, this superradiance
is inherent in all the optical phenomena related to the
excitation of the 3H4 ÿ 3P0 transition of the praseodymium
ion. In this connection, a thorough study of this super-
radiance under different condition is quite urgent.

In this paper, we found and studied new properties of
superradiance at the 3P0 ÿ 3H6 transition of the praseody-
mium ion. Unlike papers [6, 7], which considered single-
pulse nonresonator superradiance, we studied the multipulse
regime. It was found that the spike structure of super-
radiance changes when the superradiant medium is placed
into a resonator: spikes become smoothed, the better the

longer the resonator, while the total duration of the
radiation pulse decreases. In this case, the superradiance
intensity modulation appears at the frequency that is
independent of the resonator length. The latter was surpris-
ing because we expected that superradiance would be
modulated at the frequency related to the difference between
the superradiant transition frequency and the resonator
eigenfrequency. It turned out, however, that all these
properties are qualitatively described within the framework
of the mean superradiance éeld model being developed in
this paper for the case of different superradiance channels.

To analyse superradiance of praseodymium ions in the
triêuoro lanthanum matrix, we proposed the model of a
three-level medium [5], whose distinctive feature involves
describing the superradiant transition within the framework
of the mean éeld model of a microresonator when the
medium is optically thick and the description of the medium
at the exciting transition frequency corresponded to the case
of an optically thin medium. It is shown in this paper how
this model can be naturally supplemented by taking into
account the resonator channel of superradiance, the terms,
which correspond to the nonresonator and resonator
channels, entering symmetrically into the theoretical equa-
tions. The simplest analysis of basic theoretical equations
shows that an increase in the number of superradiance
channels leads to a decrease both in the duration of a
separate superradiance spike and the time of energy
extraction from the medium. In this case, the decrease in
the total superradiance pulse duration is simply explained:
the rate of energy extraction from the medium increases
with the number of channels, while the superradiant pulse
duration decreases. The modulation of the superradiance
intensity seemingly could be also easily explained by the
beats of radiation frequencies in different channels, which
are characterised by different carrier frequencies. However,
the numerical analysis of the model being developed
indicates that the modulation frequency (in a certain region
of parameters) is independent of the carrier frequencies of
superradiance channels. In our experiment, different reso-
nator lengths correspond to different frequencies of the
superradiance channels, and the independence of the mod-
ulation frequency of the frequencies of superradiance
channels is conérmed by the discovered effect of the
independence of the modulation frequency of the resonator
superradiance intensity of the resonator length.

2. Experiment

The sample of the LaF3 :Pr3� crystal doped with praseo-
dymium ions (the atomic concentration was 0.5%) was
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placed in a helium optical cryostat with fused quartz
windows. The cryostat temperature could be varied in the
range from 4.2 K to room temperature. An organic dye
laser beam was focused into the crystal with the help of a
long-focus lens (with the focal distance of 100 cm) into a
spot of size 0:5� 0:5 mm. The angle of incidence was � 28
with respect to the normal to the crystal face. The laser
linewidth Dop=(2pc) did not exceed 0.09 cmÿ1. The laser
pulse was bell-shaped with the duration at the basis
tp � 15 ns, which is signiécantly shorter than the longi-
tudinal (1=g2) and transverse (1=g21) relaxation times of the
3H4 ÿ 3P0 transition at liquid helium temperatures, which
are 47 and 2.4 ms, respectively. The radiation frequency op

of the dye laser was tuned within the inhomogeneous
emission linewidth of the 3H4 ÿ 3P0 transition of the
praseodymium ion centred at o1=(2pc) � 20930:1 cmÿ1.

The pump radiation intensity Ip at the crystal input was
determined by the radiation resistance of the latter and
could achieve � 40 MW cmÿ2. Radiations under study were
recorded with a streak camera.

For the intensity Ip � 20 W cmÿ2 (and higher) at the
output from the crystal we observed superradiance at the
frequency o=(2pc) � 16708:6� 0:1 cmÿ1 of the 3P0 ÿ 3H6

transition. It was excited both in the forward and backward
direction and had the spectral width Do=(2pc) � 0:04 cmÿ1.
Superradiance was generated by tuning the frequency op

within the band of width 0.53 cmÿ1, which is approximately
5 ë 7 times smaller than the inhomogeneous width of the
3H4 ÿ 3P0 transition. Superradiance was observed in the
temperature range from 4.2 to 25 K. Its beam had a
divergence of � 40 mrad and the angle between the forward
and backward beams was � 28. The propagation directions
of these beams were close to the normals to the opposite
faces of the crystal.

Chronograms obtained with the help of the streak
camera showed that superradiance consists of a high-power
pulse (t � 10ÿ 15 ns) studied by us in [3], and a weaker
`tail' of a train of spikes with a decreasing intensity, which
are random in duration (5 ë 50 ns) and repetition period
(Fig. 1). The total emission duration achieves 2 ms at 4.5 K
and decreases with increasing temperature. At temperatures
above 25 K superradiance disappears.

When an optical resonator was placed outside the
cryostat, apart from nonresonator superradiance in the
two close directions, there appeared radiation with the
divergence of � 6 mrad, which was caused by the resonator.
Both resonator mirrors had the reêectivity of � 65% and
the resonator length was 45, 90 or 135 cm. Typical chrono-
grams of resonator generation are shown in Fig. 2. It

appears with a delay of � 20 ns and more relative to the
exciting pulse. One can see that the total duration of lasing
decreases down to 1 ms. At the resonator length 45 cm, the
duration of random spikes and their repetition period
increase up to 100 ns and more, spikes becoming smooth.
Random spikes disappear with further increasing the
resonator length. The lasing intensity increases rather
monotonically and then falls. In addition, at all lengths
of the resonator the intensity proves regularly modulated
with the characteristic time 5 ë 10 ns. We observed no
dependence of this time on the resonator length.

3. Model and basic equations

In the simplest case, the generation of superradiance can be
represented as follows. The levels of the praseodymium ion
in the spectral region of interest form a three-level system
with a L conéguration, which at the frequency of the
optically allowed transition from the ground E1 ! E3 state
is excited by the external coherent éeld, while at the
transition from the excited level to the metastable E3 ! E2

level superradiance is emitted. In this case, the medium is
optically thin at the frequency of the E1 ! E3 transition,
while it is optically thick at the frequency of the E3 ! E2

transition (Fig. 3).
The system of equations describing this medium in the

case of its excitation by coherent pulses and of emission of
superradiant pulses and photon echo was derived and
analysed in detail from the point of view of transformation
of coherence during superradiance in papers [8, 9]. How-
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Figure 1. Chronograms of the pump pulse and superradiance pulse in the
absence of the resonator: a short track of the pump pulse in the sample
( 1 ), a track of stochastic superradiance spikes after the streak camera
start-up with the pump pulse advance (the érst spike is more intense than
other spikes, therefore it is overexposed) ( 2 ) and a track of stochastic
superradiance spikes after the streak camera start-up with a delay of
300 ns ( 3 ). The crystal temperature is 5 K.
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Figure 2. Chronograms of the pump pulse and superradiance pulse in the
presence of a 90-cm-long resonator: a short track of the pump pulse in
the sample ( 1 ), a track of stochastic superradiance spikes after the streak
camera start-up with the pump pulse advance ( 2 ) and a track of
stochastic superradiance spikes after the streak camera start-up with a
delay of 300 ns ( 3 ). One can see regular radiation modulation. The
crystal temperature is 5 K.
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Figure 3. Three-level system with L conéguration in which the transition
from the ground state E1 is in resonance with the external pump wave
with the frequency op and the frequency of the adjacent E3 ! E2

transition coincides with the frequency og of the low-Q resonator (a)
and the energy level diagram of the praseodymium ion in the frequency
region under study (b).
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ever, to describe the superradiance properties mentioned in
Introduction and section 2, which are caused by placing a
superradiant medium in the resonator, we can restrict
ourselves by the following simpliécation. Because super-
radiance is emitted with some time delay with respect to the
exciting pulse, we will consider the excitation (population)
of the upper E3 level by a short high-power pulse of
coherent radiation, which is resonant to the E1 ! E3

transition, separately from the process of superradiance
emission at the frequency of the E3 ! E2 transition. Then,
the population process of the E3 level will be described by
ordinary Bloch equations for a two-dimensional medium.
Their general solution can be found, for example in Chapter
2 of monograph [10]. After the upper E3 level is populated,
there occurs the stage of its superradiant decay with a
transition to the metastable E2 level. This stage is well
studied (see monographs [11, 12]) and is described rather
accurately by the system of Maxwell ë Bloch equation in the
mean éeld approximation �e [13, 14], which has the form:

d�e

dt
� s�e�t� � is0 �R32,

d �R32

dt
� iDo2

�R32 � i�n2
d32�e

�h
,

(1)
d�n2
dt
� 4Im

�
�R �32

d32�e

�h

�
,

where the bar means averaging over the crystal length, in
this case R �32e � �R �32�e, etc. [13, 14]; d32 is a matrix element
of the dipole moment operator of the E3 ! E2 transition;
sÿ1 is the lifetime of a superradiance photon in the crystal;
s0 � 2poNd �32; N is the density of praseodymium ions. In
equations (1), the detuning Do2 � oÿ o2 from the central
frequency o2 � (E3 ÿ E2)=�h of the E3 ! E2 transition is
preserved so that it be convenient to generalise them for the
case when the resonator generation is taken into account.
The expression for the electric éeld of superradiance with
the frequency o � kc can be represented in the form

E � e exp�ÿiot� � c:c:,

e � e ��� exp�ikz� � e �ÿ� exp�ÿikz�, (2)

�e � 1

L

� L

0

dze ��� � 1

L

� L

0

dze �ÿ�,

where L is the characteristic size of the crystal. Matrix
elements r22, r33 and r32 of the density matrix of
praseodymium ions describe the E3 ! E2 transition and
quantities �R32 and �n2 by the relations

r32 � R32 exp�ÿiot�, R
���
32 �

k

2p

� p=k

ÿp=k
dzR32 exp��ikz�,

�R32 �
1

L

� L

0

dzR
���
32 �

1

L

� L

0

dzR
�ÿ�
32 , (3)

n2 � r22 ÿ r33, �n2 �
1

L

� L

0

dzn2.

Because the equations of the pulsed resonator generation
(see, for example, [15]) can be reduced to Eqns (1), we will
introduce the average amplitude �eg of the resonator mode
to describe the resonator channel of superradiance emission

with the frequency og � kgc. We will denote the electric éeld
strength for the resonator mode by Eg. In this case, similarly
to expressions (2), we have

Eg � eg exp�ÿiogt� � c:c:,

eg � e ���g exp�ikgz� � e �ÿ�g exp�ÿikgz�, (4)

�eg �
1

L

� L

0

dze ���g � 1

L

� L

0

dze �ÿ�g .

To take the resonator generation channels into account,
equations (1) can be `corrected' as follows:

d�e

dt
� s�e�t� � is0�R32 exp�idt�,

d�eg

dt
� sg�eg�t� � is0�R32,

d �R32

dt
� iDo2

�R32 � i�n2
d32
�
�eg � �e exp�ÿidt��

�h
, (5)

d�n2
dt
� 4Im

�
�R �32

d32
�
�eg � �e exp�ÿidt��

�h

�
,

where d � oÿ og is the difference between the frequencies
of nonresonator and resonator generation and sg is the
velocity of photon emission from the crystal in the reso-
nator generation channel.

It is convenient to represent Eqns (5), which describe
superradiance under conditions of existence of several
channels of superradiance emission, in the generalised form:

den

dt
� �sn � idn�en � is0R32,

dR32

dt
� in2d32�h

ÿ1X
n

en ,

dn2
dt
� 4Im

�
R �32d32�h

ÿ1X
n

en

�
,

(6)

where n is the channel number (n � 1, . . . ,Nc) of energy
extraction due to coherent radiation with the carrier
frequencies close to the frequencies of the E3 ! E2

transition. We omitted the averaging signs and slightly
changed the deénitions of the basic quantities in selecting
the phase fast-oscillating factor. Now the matrix elements
of the complete density matrix and the electric éeld strength
in the nth channel are described by the expressions r32 �
R32 exp (ÿ io2t) and En � en exp (ÿ io2t)� c:c:, the differ-
ence o2 ÿ dn representing a carrier radiation frequency in the
nth channel. Terms describing the resonator and non-
resonator radiation channels enter symmetrically into Eqns
(6).

4. Superradiance in a resonator

Let the lower level of the three-level system be populated at
the initial instant of time and the pump pulse, which is
resonant to the E1 ! E3 transition, be ultrashort with the
amplitude Ap and the area

y � 2jd31j�hÿ1
�
Apdt,

where d31 is the matrix element of the dipole moment
operator for the E1 ! E3 transition.
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Note that the pump pulse duration tp is lower not only
than the characteristic relation times in the medium but also
than the times of the instability development in the Tunst

system. The action of this y pulse produces inversion
population at the E3 ! E2 transition, which affects the
initial conditions for Eqns (6)

R32 � 0, n2 � ÿ sin 2�y=2�, en � 0. (7)

For y � p, the pulse transfers all the atoms to the upper
excited level without any polarisation of the medium. At
other values of y the medium is simultaneously inverted and
polarised.

Initial conditions (7) are also a solution of equations (6);
however, this solution is unstable, i.e. the corresponding
growth increments [responsible for the exponential (e lt)
increase in small perturbations] are determined by the
expression (for dn � 0 and s1 � s2 � s, Nc � 2)

l � ÿ s
2
�
�
s 2

4
� 2

d32
�h

s0 sin
2�y=2�

�1=2
.

The instability rise time

Tunst � �h
�s 2 � 4poNjd32j2�hÿ1 sin 2�y=2��1=2 � s

4poNjd32j2 sin 2�y=2� (8)

with respect to the order of the quantity corresponds to the
time delay of the superradiance pulse in two-level systems
[11, 12] at small s. In the simplest case, Eqns (6) can be
reduced (see below) to Eqns (1) responsible for the
development of instabilities and describing superradiance,
the method for their analysis and solution being presented
in Chapter 1 of monograph [12].

First of all, we will discuss the effect of the decrease in
the coherent radiation duration when the medium is placed
in the resonator. This effect is completely caused by the
increase in the number of channels of energy extraction
from the crystal. In the simplest way it can be described in
the particular case

s1 � s2 � . . . � s, d1 � d2 � . . . � d,
(9)

e1 � e2 � . . . � e,
X
n

en � Nce.

After introducing the notation������
Nc

p
e � e 0, t

������
Nc

p
� t 0, s=

������
Nc

p
� s 0, d=

������
Nc

p
� d 0 (10)

equations (6) take the form

de 0

dt 0
� �s 0 � id 0�e 0 � is0r32,

dr32
dt 0
� in2d32�h

ÿ1e 0,

(11)
dn2
dt 0
� 4Im

ÿ
r �32d32�h

ÿ1e 0
�

and under assumptions made, they coincide with equations
(1) describing nonresonator generation [11, 12]. It immedi-
ately follows that in the presence of the resonator the
characteristic duration of coherent radiation pulse decreases
and the rate of energy extraction from the system increases.
This corresponds to the experimentally observed change in
the duration of the coherent radiation pulse in non-
resonator and resonator regimes.

Recall that Eqns (1) of the semiclassical superradiance
model can be reduced to the motion equation of a nonlinear
pendulum with friction [11, 12]. In the case of low friction
and the initial condition corresponding to the unstable
equilibrium position, we obtain solutions expressed through
the elliptic Jacobi functions [5, 12]. They are very sensitive
to initial êuctuations but after the pendulum leaves the
unstable state, they demonstrate only a decaying regular
periodic dynamics. These solutions describe the oscillatory
regime of superradiance. In the case of strong friction, the
solutions for the predamped nonlinear pendulum are
reduced to a hyperbolic secant, whose shape is insensitive
to small êuctuations of initial conditions and corresponds to
the single-pulse regime of superradiance [11, 12].

In the case of a low-Q resonator,

s4 jed32j=�h, s4Trel (12)

(Trel is the characteristic relaxation time of a three-level
system), the single-pulse regime of superradiance is realised
[11, 12]. In this case, at d � 0 the solution of Eqns (6) has a
classical form of a hyperbolic secant [12, 15] and for the
variables of one channel is written in the form

e � ÿs0sÿ1
sin 2�y=2�

2 cosh�LtNc sin
2�y=2�� ,

L � d32s0s
ÿ1�hÿ1 � 2poNjd32j2sÿ1�hÿ1.

This solution also indicates that the single-pulse duration
decreases with increasing the number of channels of energy
extraction. Note that the described picture corresponds to
the simple assumptions about the energy balance in the case
under study. Namely, an increase in the number of channels
of energy extraction from the crystal, when the rate of
energy extraction in each channel is constant, inevitably
leads to a decrease in the duration of coherent radiation
removing this energy.

If the carrier frequencies of radiation channels are
different (d1 6� d2), the equations should be analysed using
numerical methods. In the case of two channels with
d1 �ÿd2 � d the time dependence of the radiation intensity
in one of the channels in the single-pulse regime is presented
in Fig. 4. One can see that adding a channel for energy
extraction leads to radiation modulation, the modulation
frequency in the range under study being independent of the
frequency difference in the channels. An impression is
formed that radiation is `pumped' over from one channel
to another but because the radiation pulse duration is
determined by other parameters, the frequency of this
`pumping' is strictly speciéed by the laser pulse duration,
and, hence, only the modulation depth depends on the
frequency difference of radiation extraction channels.

It is obvious that the decrease in the spike duration in
the single-pulse regime and the described modulation in the
multipulse regime are a manifestation of the same effect
consisting in a simple increase in the number of slightly
different but essentially similar energy emission channels.

In the theory being developed, we do not discuss the
relation between the obtained regularities and the pecu-
liarities of the regular chaotic dynamics. The peculiarities of
the nonresonator generation caused by the regular chaotic
dynamics were discussed in our previous papers [5, 16]. It is
obvious that the regularities found in them, which are
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caused by the peculiarities of the deterministic chaos, can be
observed in a certain region in the case considered in this
paper.

5. Conclusions

To simplify the theory, we have used the model of a three-
level medium with a different optical density at different
resonance frequencies by neglecting the Lorentzian éeld.
This has allowed us to describe the process of superradiance
by a two-level model and to analyse, using this model, the
experimental results in the simplest way and in some cases
analytically. In the absence of mentioned simpliécations,
the reduced analysis of the problem is, obviously, possible
only by using numerical methods. Taking into account the
generality of the description of coherent processes in
optically dense media [5], the results of numerical studies
of coherent effects in three-level systems in other models
[17 ë 21] can be used to understand the role of different
parameters and their inêuence on the described effects. In

addition, these results [17 ë 21] can help evaluate the role of
Lorentzian éeld.
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Figure 4. Time dependences of the coherent radiation intensity in the
nonresonator (a) and resonator (b, c) regimes at s � 0:1=t0, y � p, d � 0
(a), d � 0:4=t0 (b) and 0:7=t0 (c); I0 � �hoNc, t0 � ��h=�2poNjd32j2��1=2.
Thermal êuctuations of the initial polarisation of the medium are equal
to 0.0001.
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