
Abstract. The inêuence of the astigmatic resonator parame-
ters on the symmetry of the spatial structure of the radiation
intensity is analysed upon transverse mode locking in a
nonuniformly pumped laser. Conditions for the transition
from the circular symmetry to its violation are found. At a
éxed astigmatism of the resonator, the symmetry is
determined, érst of all, by the resonator length and losses.
The theoretical conclusions are conérmed by the experiments
with diode end-pumped Nd : YAG and Nd :YLF lasers.
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1. Introduction

The use of longitudinal diode pumping of solid-state lasers
provides a high lasing eféciency due to the formation of an
inhomogeneous gain proéle [1]. The authors of papers
[2 ë 5] studied the spatial structure of radiation from cw
diode-end-pumped Nd :YVO4 and Nd :YAG lasers. It was
found that when pumping is performed by a beam that is
narrow compared to the transverse dimension of the
Gaussian mode of an empty resonator, there exists a
discrete set of the so-called critical resonator conégurations,
for which the spatial structure of the output radiation
considerably differs from the Gaussian. The existence of
critical conégurations is related to the degeneracy of empty
resonator modes with respect to the frequency [6], which is
realised under the condition

arccos� ���������
g1g2
p

p
� r

s
, (1)

where r=s is an irreducible fraction; g1;2 � 1ÿ L=R1;2 are
the parameters of the resonator conéguration; L is the
resonator length; and R1;2 are the radii of curvature of the
mirrors. The spatial inhomogeneity of the pump, when

condition (1) is fulélled, leads to transverse mode locking
[7, 8]. In this case, the fundamental mode represents a
superposition of phase-locked degenerate modes of an
empty resonator. The authors of the above papers used
relatively short resonators formed by a spherical output
mirror with the radius of curvature R4 15 cm, the
transmission T < 15% and a plane mirror deposited on
the laser crystal face. The fundamental mode produced in
this case has the intensity distribution with a characteristic
ring structure and represents a superposition of Laguerre ë
Gaussian modes of the empty resonator.

Transverse mode locking in a longitudinally nonuni-
formly pumped Nd :YAG laser having an output mirror
with R � 150 cm and T < 1% in the case of astigmatism in
the active medium was studied in [9]. It was found that the
symmetry of the spatial radiation structure differs from the
circular one. For each of 15 appearing degeneracies r=s, the
presence of two resonator lengths ë L deg

x and L deg
y was

established for which the intensity distributions stretch in
two mutually perpendicular directions, thus representing a
superposition of Hermite ëGaussian modes. The violation
of the circular symmetry found in [9] is explained by the
presence of weak astigmatism in the active medium, i.e. the
inequality of optical forces Dx and Dy of the laser crystal,
which is obviously caused by the breakdown of the surface
êatness during the crystal treatment and/or by the nonuni-
form distribution of the refractive index in it. It was
established in [9] that the inequality of optical forces Dx,
Dy of the crystal leads to the fact that the degeneracy
conditions for Hermite ëGaussian modes HGm0 and HG0n

with nonzero érst and second subscripts are realised
separately at lengths L deg

x and L deg
x , respectively. This

splitting of degeneracy violating the circular symmetry
made it possible to measure experimentally the astigmatism
of laser crystals. The optical forces Dx, Dy characterising the
astigmatism of the active medium of éve different Nd :YAG
crystals studied in [9] fall into the region ÿ0:03 . . .�
0.2 mÿ1. It was noted that these values of astigmatism
do not result in a noticeable ellipticity of the Gaussian
intensity distributions in the case of sufécient detuning from
the degeneracy: the calculated ratio of the beam radii at the
output mirror is wx=wy � 1:01.

Thus, we can single out two characteristic cases realised
upon transverse mode locking in an astigmatic resonator
laser: the intensity distribution with a ring structure [2 ë 5]
and the degeneracy splitting leading to the violation of the
circular symmetry [9]. In this paper, we determine the
conditions for realisation of both cases.
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2. Conditions for realisation
of the circular symmetry and its violation

Consider a laser whose thin active medium has the optical
forces Dx and Dy. The highly reêecting mirror is deposited
on the face, through which pumping is performed; the
output spherical mirror has a radius of curvature R and the
transmission coefécient T. The radii of mirrors will be
assumed large to provide the existence of a sufécient
number of modes in the resonator. As in the case of axial
symmetry, we will introduce the g parameters of the reso-
nator
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Consider the vicinity of the point corresponding to
L0 � R�1ÿ cos 2 (pr=s)� (Fig. 1). Here, L0 is the resonator
length responsible for the degeneracy r=s at Dx � Dy � 0.
The inequality of optical forces (Dx 6� Dy) leads to slitting of
L0 into Ldeg

y and Ldeg
x for which degeneracy condition (1) is

fulélled for gx
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x
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2 separately:
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Thus, at L � L deg
x the Hermite ëGaussian modes HGm0

with m � Dmj are degenerate and at L � Ldeg
y ë HG0n

modes with n � Dnj, where j � 0, 1, 2 . . . ; Dm and Dn
are equal to each other and take the values s or 2s for
even or odd s, respectively (see, for example, [10]). Equa-
tions (1) and (2) yield the expression relating the distance
between the points DLdeg

x;y � L deg
x ÿ L deg

y with the optical
forces Dx;y:
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This expression with an accuracy to notation coincides
with the expression derived in [11]. Note that DL deg

x;y is
proportional to the square of L0 and, hence, the longer the
resonator, the more pronounced the astigmatism.

We will assume that the effective radius of the pump
beam in the active medium wp is rather small to provide
transverse mode locking [12]. The transverse modes of the
HGm0 and HG0n families are mode locked within some
range of the resonator lengths with the centres at points
corresponding to the lengths L deg

x and L deg
y with the widths

dLx and dLy. Below, the mode-locking region width dLx;y is
treated as the width of the detuning range from the strict
degeneracy within which the power fraction per higher
modes is less than half the value, which is realised in the
case of strict degeneracy.

To estimate the widths of the mode-locking regions dLx

and dLy, we will use the results obtained by the authors of
[12]. The authors of paper [12] obtained, for the case of
mode locking of transverse axially symmetric Laguerre ë
Gaussian modes (with the zero angular mode number), an
estimate of the width of the mode-locking region in the
coordinates g1, g2 {expression (23) in [12]}:
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where Dp is the minimum difference in the values of the
radial number of degenerate modes; the quantities 1ÿ g 20
and 1ÿ g 2Dp determine by the diffraction losses of the
modes; t0;0, tDp;Dp are the matrix elements of the gain proéle
in the basis of Laguerre ëGaussian modes. Expression (4)
yields the mode-locking region widths, which differ by more
than 10% from the widths obtained by the Fox ëLi
method. It was shown in [12] that the widths of the mode-
locking region increase with increasing the gain and, hence,
with increasing the resonator losses, and are virtually
independent of the relative diameter of the pump beam (see
Figs 1 and 2 in [12]). To apply expression (4) to the case of
mode locking of Hermite ëGaussian modes of the HGm0

(HG0n) family, it is necessary to replace the matrix elements
t0;0 and tDp;Dp by analogues quantities t00;00 and tDm0;Dm0

(t00;00 and t0Dn;0Dn) determined in the basis of Hermite ë
Gaussian functions:
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Figure 1. Characteristic lengths of the resonator near the degeneracy: L0

is the length corresponding to Dx � Dy � 0; L deg
x and Ldeg

y are the
lengths corresponding to the degeneracy of modes HGm0 and HG0n at
Dx 6� Dy; dLx;y are the effective widths of mode-locking regions.
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Figure 2. Interfaces of characteristic regions (9) and (10) for a semi-
confocal resonator conéguration (r=s � 1=4, L0 � R=2) in the coordina-
tes L0, T, which correspond to the equality DLdeg

x;y � dLx;y at wp �
100 mm and Dx ÿDy � 0:2 ( 1 ), 0.1 ( 2 ), 0.05 ( 3 ) and 0.02 mÿ1 ( 4 ).
The region of realisation of the circular symmetry for Dx ÿDy �
0.1 mÿ1 is shown in grey. Points &, ^, and * correspond to combinations
of L0 and T for which Fig. 3 shows the intensity distributions.
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tmn;m 0n 0 �
�
HG �mn�x; y�K�x; y�HGm 0n 0 �x; y�dxdy, (5)

where HGmn(x, y) and HGm 0n 0 (x, y) are the complex
amplitudes of Hermite ëGaussian beams in the plane of
the active medium. In addition, it is necessary to replace in
(4) 2Dp by Dm (Dn) because the phase incursions of
Laguerre ëGaussian and Hermite ëGaussian beams are
proportional to 2p� l� 1 and m� n� 1, respectively
(see, for example, [13]). We will assume the transverse
dimension of the mirrors rather large to neglect the
difference in diffraction losses of the beams under study.
Thus, we will obtain an estimate of the mode-locking region
widths of Hermite ëGaussian modes of the families HGm0

and HG0n:
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This yields the width of the mode-locking region in the
coordinates of the resonator length
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and then we have
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Obviously, the degeneracy splitting is manifested if
DL deg

x;y substantially exceeds the effective widths dLx and
dLy of the mode-locking regions of transverse modes of the
families HGm0 and HG0n with the centres at points
corresponding to Ldeg

x and Ldeg
y :

DL deg
x;y > dLx;y. (9)

When (9) is realised, we can assume that the fundamental
mode at L � L deg

x is produced mainly by the modes of the
HGm0 family, while the contribution of the HG0n family is
negligibly small. And vice verse, at L � L deg

y the contribu-
tion of the modes of the HGm0 family is negligibly small.

Thus, under the condition

DL deg
x;y 5 dLx;y (10)

the distance between L deg
x and L deg

y with respect to dLx;y

can be neglected, which should lead to the absence of
splitting.

Figure 2, for the semiconfocal resonator conéguration
(r=s � 1=4, L0 � R=2), shows in the coordinates L0 and T
the interfaces on which the equality DL deg

x;y � dLx;y is fulélled
at different values of Dx ÿDy. These interfaces were
calculated by expressions (3), (8) and represent the char-
acteristic regions (9) and (10). In calculations we used the
Gaussian gain proéle {see expression (2) in [12]}. One can
see that to pass to the case of the circular symmetry, it is
necessary to decrease the resonator length and/or to increase
losses in it.

a

b

c

L � 701 mm 708 mm (L deg
y ) 736 mm (L deg

x )715 mm 722 mm 729 mm 743 mm

Figure 3. Calculated intensity distributions of the fundamental mode for R � 150 cm, Dx � 0:05 mÿ1, Dy � 0:15 mÿ1, wp � 100 mm and T � 2:5%
(a), 7.5% (b) and 20% (c) at different L.
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Figure 3 presents the intensity distributions of the
fundamental mode at the output spherical mirror, calculated
for the semiconfocal conéguration at éxed L0 � 750 mm
and characteristic values of T. The combination of L0 and
T, for which intensity distributions are presented in Fig. 3,
are shown in Fig. 2 by points &, ^ and *. The points & and
* are located in the characteristic region, while the point ^
lies near their interface. The results of the calculation show
tha passage from the case of degeneracy splitting accom-
panied by the violation of the circular symmetry (T � 2:5%,
Fig. 3a) to the case of distributions with the ring structure of
the symmetry close to the circular one (T � 20%, Fig. 3c).

Calculations were performed with the help of the model
based on the re-distribution of the amplitudes in the system
of Hermite ëGaussian modes of the astigmatic resonator
due to the spatially inhomogeneous ampliécation. This
model is described in the Appendix.

3. Experiment

We studied experimentally the intensity distribution of
radiation behind the output mirror for diode end-pumped
Nd :YAG and Nd :YLF lasers with the resonators of
different lengths L and different transmissions of output
mirrors T. The distribution was detected with a CCD
camera.

A crystal with Dx ÿDy � 0:124 mÿ1 was used in the
Nd :YAG laser with R � 150 cm [9]. The effective diameter
of the pump beam in the active medium was 100 mm. To
eliminate the appearance of a thermal lens, the pump beam
was modulated with a mechanic chopper, which allowed the
average pump power to be reduced down to 10 mW. For
resonators whose lengths differing signiécantly from those
at which degeneracy appears, the intensity distributions are
close to Gaussian. The degeneracy splitting is most strongly
pronounced when a highly reêecting mirrors is used
(T < 1%), the lengths Ldeg

x and Ldeg
y being measured

with the highest accuracy. Figure 4 presents the correspond-
ing intensity distributions with the violated circular
symmetry for a semiconfocal resonator conéguration
(L0 � R=2 � 750 mm). These distributions are close to
those obtained numerically (Fig. 3a) in the entire range
of changes in L. When T was increased to 18%, we
observed the intensity distributions with a ring structure
demonstrating the circular symmetry (Fig. 4d). In this case,
the characteristic lengths L deg

x and L deg
y were not manifested

and the distributions with a ring structure were observed in
the entire vicinity of the degeneracy, which corresponds to
the calculations (Fig. 3c).

For the Nd :YLF laser [14] with a semiconfocal reso-
nator L0 is 7 cm, which is close to L0 � 10 cm used in [2, 3],
where distributions with a circular structure were observed
at T � 10%. The pump beam in the active medium had the
effective cross section 100� 100 mm. In the Nd :YLF laser
employing mirrors with T � 7:8%, 15% and 25%, the
intensity distributions also had the circular structure. One
can see from Fig. 2 that for resonators of length up to
10 cm, it is difécult to realise the degeneracy splitting at
Dx ÿDy < 0:1 mÿ1. However, when a highly reêecting
mirror with T < 1% is used, we managed to observe
experimentally the violation of the circular symmetry of
the intensity distribution. Figures 5a ë c show the corre-
sponding distributions at L � L deg

x � 6:91 cm, L � 6:96 cm
and L � L deg

y � 6:99 cm (Dx ÿDy � 0:096 mÿ1 corre-
sponds to these values of L deg

x and L deg
y ). The case with

L0 � 7 cm and T < 1% is an intermediate one between the
cases satisfying (9) and (10). The calculated distributions for
a similar intermediate case are shown in Fig. 3b. The
characteristic intensity distribution with the circular sym-
metry obtained at T � 25% is presented in Fig. 5d.

4. Conclusions

We have shown theoretically and experimentally that the
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Figure 4. Experimental intensity distributions of radiation of the Nd :YAG laser behind the output spherical mirror at R � 150 cm and T < 1% for
L � L deg

x � 700 mm (a), L � �L deg
x � L deg

y �=2 � 717 mm (b), and L � Ldeg
y � 734 mm (c), and at T � 18% for L � 715 mm (d).
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Figure 5. Experimental intensity distributions of radiation of the Nd :YLF laser with a semiconfocal resonator at T < 1% for L � Ldeg
y � 6:91 cm

(a), L � 6:96 cm (b), and L � Ldeg
x � 6:99 cm (c), and at T � 25% for L � 6:9 cm (d).
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astigmatism of the resonator in an end-pumped laser being
one and the same, the fundamental mode both with the ring
spatial structure having the circular symmetry and with the
structure demonstrating the degeneracy splitting can be
produced under the conditions of transverse mode locking.
We have shown that the astigmatism-induced degeneracy
splitting accompanied by the violation of the circular
symmetry is not manifested when the resonator length is
decreased and/or the losses increase. For this reason, it is
expedient to use a highly reêecting long resonator to
diagnose weak astigmatism with the help of the degeneracy
splitting in the case of transverse mode locking. The
theoretical conclusions have been conérmed by the experi-
ments with diode end-pimped Nd :YAG and Nd :YLF
lasers.
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Appendix

Numerical model for calculating the radiation
intensity distributions of a laser with an
astigmatic resonator and spatially nonuniform
pumping

Consider a laser, which consists of a thin active medium
of radius a with optical forces Dx and Dy, and of two
mirrors. One of the mirrors is deposited on the face through
which pumping is performed and the other is a spherical
output mirror with the radius of curvature R. The eigenm-
odes of the cold resonator represent astigmatic Hermite ë
Gaussian beams [13]:

umn�qx; qy; x; y� �
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, (A1)

where k � 2p=l. The horizontal and vertical radii of the
beam, wx and wy, and the radii of curvature of the wave
front, Rx and Ry, can be expressed via the complex
parameters of curvature, qx and qy:
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�
ÿ 2

kIm�1=qx;y�
�1=2
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1

Re�1=qx;y� . (A2)

In the resonator under study we select three planes: 1
and 2 are the input and output planes of the active medium,
respectively; 3 is the plane of the spherical mirror. The
complex parameters of curvature are deéned by the
expressions:
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The complex amplitude distribution of the laser éeld
u (x, y) can be described by the matrix bmn, whose elements
represent amplitudes of the Hermite ëGaussian beams in the
expansion

u�x; y� �
X
m;n

bmnumn�qx; qy; x; y�, (A4)

where umn(q
x, qy; x, y) are the complex amplitudes of the

Hermite ëGaussian beams (A1). Expansion (A4) is valid for
arbitrary qx and qy but in the case of the resonator it is
expedient to use the values of qx and qy determined in (A3).
In the case of natural normalisation

P
m;n jbmnj2 � 1, the

quantity jbmnj2 is a fraction of laser radiation energy
concentrated in the Hermite ëGaussian beam with the
subscripts m and n.

When u (x, y) is known, the values of bmn can be found
from relations

bmn �
� �

u �mn�qx; qy; x; y�u�x; y�dxdy. (A5)

The transformation of the elements of the matrix bmn

during the radiation propagation from plane 2 to plane 3
and back to plane 1 has the from [15]

b 0mn � bmn exp
h
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where the signs `+' and `ÿ' coincide with those of gx
1 and

g
y
1 .

The re-distribution of the beam amplitudes bmn after the
double transit in the active medium with the gain proéle
K(x, y) is given by the expression

b 0mn �
X
j;l

tmnjlbjl, (A7)

where

tmnjl �
� �

u �mn�x; y�K�x; y�ujl�x; y�dxdy. (A8)

Note that tmnjl � dmjdnl only when K(x, y) � 1.
The transformation of the beam amplitudes upon the

round trip of the resonator with allowance for (A6) ë (A8)
can be written in the form:

b 0mn �
X
j;l

fmnjlbjl, (A9)

where

fmnjl � tmnjl exp
h
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The values of bmn, corresponding to the fundamental
mode, are found as the components of the eigenvector of the
equation

bmn � l
X
j;l

fmnjlbjl (A11)

with the eigenvalue l, which is maximal in modulus.
Equation (A11) was solved by the power iteration method.
Its solution represents a set of beam amplitudes in plane 2.
The beam amplitudes in plane 3 are found from the
solution of (A11) as follows:

b 0mn � bmn exp
�ÿ i�m� 1=2�ÿcx ÿ c 0

x

�
ÿi�n� 1=2�ÿcy ÿ c 0

y

��
, (A12)

where

cx;y ÿ c 0
x;y � arctan

�
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3 �
Im�1=qx;y

3 �
�

ÿ arctan

�
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2 �
Im�1=qx;y

2 �
�
.

The obtained values allow one, by using (A1) ë (A4), to
obtain the intensity distribution of the fundamental mode
ju(x, y)j2 at the output mirror.
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