
Abstract. A method for creating laser guide stars based on
élaments of high-power femtosecond radiation at altitudes
more than 10 km is proposed. The parameters of femtosecond
laser pulses optimal for the formation of laser guide stars are
determined. An analytic expression for the critical self-
focusing power on a vertical path is obtained.
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1. Introduction

When the power of femtosecond laser pulses propagating in
the atmosphere exceeds the critical self-focusing power
(� 5 GW for 800-nm pulses), one or several extended thin
élaments are produced due to the self-compression of the
laser beam caused by Kerr self-focusing [1, 2]. When the
laser beam intensity achieves � 5� 1013 W cmÿ2 [3], its
increase ceases due to multiphoton ionisation of a medium
resulting in the scattering and absorption of the laser pulse
energy.

The élamentation of high-power femtosecond laser
pulses in the atmosphere is accompanied by a considerable
spectral broadening (up to 250 nm [4] and 4500 nm [5] in the
short- and long-wavelength spectral regions, respectively),
which is called the supercontinuum (or white light) gen-
eration. The supercontinuum radiation propagates
predominantly forward along the élament axis, both in
the long- and short-wavelength spectral regions. The short-
wavelength radiation is also observed in the form of
interfering conical emission diverging from each of the
élaments [6]. The cone angle of this radiation is � 0:18 [2, 7].

The plasma channels of élaments with the lifetime
� 10 ns [8] êuoresce in the optical range, their emission
spectrum changing qualitatively with time [9]. Thus, at times

up to 1 ns, the emission of molecular nitrogen N2 and singly
ionised nitrogen N�2 dominates, in the range from 1 to 10 ns
ë the thermal emission continuum of electrons in a plasma,
and in the range from 10 to 1000 ns ë the emission of atomic
oxygen and nitrogen. Laboratory experiments [10] have
demonstrated the ampliécation of spontaneous emission of
N2 and N�2 due to population inversion induced in a
medium by femtosecond radiation. This leads to the
predominant propagation of radiation along a élament,
in particular, in the direction opposite to the laser beam
propagation.

Experiments [11] showed the possibility to observe
êuorescence of molecular or singly ionised nitrogen from
a distance of � 100 m. Methods were proposed for increas-
ing êuorescence signals by scaling output laser beams
[12, 13], their focusing [14], diaphragming [15], chirping
[16], etc.

The supercontinuum emission [17] and êuorescence of
plasma channels [18] can be used for remote ecological
monitoring of the environment. Thus, the absorption lines
of water were recorded from an altitude of 5 km against the
élament emission background [17]. During the propagation
of 20-J, 500-fs pulses, the emission of élaments was visible to
the naked eye [19]. The élamentation of high-power femto-
second laser radiation in atmosphere can be also used to
initiate an atmospheric electricity discharge [20] and for the
propagation of microwave signals along plasma channels in
élaments [21, 22].

In this paper, we propose to use the emission of élament
plasma channels as new laser guide stars [23] for astronom-
ical adaptive optics. A laser guide star is an artiécial star-
like source formed in the upper atmospheric layers. Its
radiation propagating through the turbulent atmosphere
contains information on perturbations of the refractive
index, which can be further used to compensate for
turbulent distortions by using an adaptive optics system.

By now two methods for creating laser guide stars are
realised. In the érst method, sodium atoms at altitudes
� 100 km are excited by laser radiation at 589.2 nm [24].
The excited atoms emit isotropic radiation at the same
wavelength, scattering in this way laser radiation. A small
part of this radiation scattered backward represents a star-
like source. The second method uses the Rayleigh scattering
of laser radiation in the atmosphere at altitudes of � 15 km
[25]. Because Rayleigh scattering is most intense at short
wavelengths, laser radiation with the shortest wavelength,
which is still transmitted in the atmosphere, is used.

Both these methods are linear, i.e. the brightness of the
laser guide star is proportional to the laser radiation
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intensity. As a result, these stars are rather weak because to
obtain a star of brightness sufécient for the operation of a
wave-front sensor (10th stellar magnitude [26]), high-power
cw lasers of powers tens kilowatts are required [26].

Filament guide stars offer a number of advantages over
sodium [24] and Rayleigh [25] sources. The method for
creating laser guide stars proposed in our paper is sub-
stantially nonlinear and has a distinct exciting pulse power
threshold beginning from which the self-compression of the
laser beam occurs accompanied by plasma formation. A
strong absorption of energy during the multiphoton ionisa-
tion of the medium results in the energy supply to the
plasma amounting to 10% of the pulse energy [16], which is
usually equal to tens and hundreds of millijoules
[11, 27, 28].

The 10-mJ radiation pulses with a repetition rate of
1 kHz (10 mW of average power scattered to the total
sphere) scattered from an altitude of 15 km correspond to a
laser guide star of the 7th stellar magnitude. Because the
energy absorbed during multiphoton ionisation is a few ë
tens of millijoules, we can expect that a laser guide star can
be created that will be brighter by several stellar magnitudes.
In addition, the predominant backward scattering due to
ampliécation of spontaneous emission of N2 and N�2 can
enhance the brightness of the laser guide star up to the
values that are inaccessible by other methods.

To provide the satisfactory compensation of turbulence,
a laser system for generation of laser guide stars together
with an adaptive optics system should operate at pulse
repetition rates � 100 Hz and higher [23]. At present
terawatt and subterawatt femtosecond laser systems with
such repetition rates are developed and used. Thus, a laser
system generating terawatt pulses at a repetition rate of
1 kHz was developed in [29].

In this connection it is important to optimise the
parameters of femtosecond laser pulses over the wavelength
and the beam diameter at the output aperture for creating
élament guide stars with the maximal brightness at altitudes
above 10 km. This is the aim of our work.

2. Mathematical model of the formation
of a élament of a high-power femtosecond pulse
on a vertical path

Filamentation on vertical atmospheric paths of length of
the order of 1 km and more does not differ qualitatively
from élamentation on horizontal paths, but has, however, a
number of features related to the altitude dependences of
the atmosphere density and the structural constant of the
atmospheric turbulence. The Kerr nonlinearity coefécient
n2 is proportional to the concentration Na of molecules in
air.

The simplest approximation describing the decrease in
the air density with altitude is the barometric formula
derived in the isothermal atmosphere approximation. The
élamentation of high-power femtosecond radiation on
vertical paths with such a dependence of the air density
on the altitude was numerically investigated in [30].

There also exist more accurate empirical dependences of
the air density on the altitude above the earth surface. Thus,
the dependences of the air temperature T and pressure p on
the altitude z presented in [31] have the form

T�z� � 15:04ÿ 0:00649z,

p�z� � 1:1977� 10ÿ11�T�z� � 273:1�5:256 (1)

for z < 11000 m (troposphere) and

T�z� � ÿ56:46, p�z� � 22:65 exp�1:73ÿ 0:000157z� (2)

for z > 11000 m (stratosphere). Temperature in (1) and (2)
is measured in degrees Celsius, pressure ë in kilopascals,
and altitude ë in metres. Knowing T (z) and p (z), the
expression for concentration is simply obtained from the
Mendeleev ëClapeyron equation:

Na�z� �
7:238� 1019p�z�
T�z� � 273:1

, (3)

where Na(z) is measured in cmÿ3. We will describe the
dependence of the concentration of air molecules on the
altitude by using relations (1) ë (3). Figure 1a presents the
dependence Na(z) according to model (1) ë (3).

The structural constant C 2
n of êuctuations of the

refractive index also strongly depends on the altitude above
the earth surface. The processing of experimental data
allowed the formulation of several models of dependences
C 2

n (z). The most popular of them are the day and night
submarine laser communication (SLC) models [32] and the
Hufnagel ëValley model [32]. These models are qualitatively
similar, both predicting the decrease in the structural
constant C 2

n with increasing altitude. Because the Hufna-
gel ëValley dependence is a continuous function of the
altitude, we will use this dependence to simulate élamen-
tation on vertical paths.

1 10 100 1000 10000

Altitude
�
m

S
tr
u
ct
u
ra
lc
o
n
st
an

t
o
f
th
e
at
m
o
sp
h
er
ic

tu
rb
u
le
n
ce
� 10ÿ

1
6
cm
ÿ2
=
3 b

10ÿ4

10ÿ3

10ÿ2

10ÿ1

100

C
o
n
ce
n
tr
at
io
n
o
f
ai
r

m
o
le
cu
le
s� 10

1
9
cm
ÿ3

0 5000 10000 15000 20000 25000

Altitude
�
m

a

0

0.5

1.0

1.5

2.0

2.5

Figure 1. Dependences of the concentration of air molecules (a) and the
structural constant of the atmospheric turbulence (b) on the altitude.
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According to the Hufnagel ëValley model, the structural
constant is described by the expression

C 2
n �z� � 0:00594

�
V�z�
27

�2
�10ÿ5z�10 exp

�
ÿ z

1000

�

� 2:7� 10ÿ16 exp
�
ÿ z

1500

�
� C 2

n �z � 0� exp
�
ÿ z

100

�
, (4)

where the structural constant of the atmospheric turbulence
at sea level is C 2

n (z � 0) � 1:7� 10ÿ14 mÿ2=3. This value is
chosen to obtain agreement with the day SLC model. In (4),

V�z� � 1

1:5� 104

� 2�104

5�103
~V 2�z�dz,

~V�z� � 30 exp

�
ÿ
�
zÿ 9400

4800

�2 �
.

(5)

and C 2
n is measured in mÿ2=3 and z in metres. The plot

C 2
n (z) is shown in Fig. 1b.
To analyse the initial stage of élamentation on vertical

atmospheric paths, when the inêuence of nonstationary
defocusing in a self-induced laser plasma is negligible,
the equation for the slowly varying complex amplitude E
of the electric éeld can be written in the form

2ik0
qE
qz
� D?E� 2k 2

0

�
n2�z�jE j2

2
� Dnturb�x; y; z�

�
E, (6)

where k0 � 2p=l0 and l0 is the central radiation wave-
length. The dependence n2(z) is determined by the
expression

n2�z� � n2�z � 0��Na�z�=Na�z � 0��, (7)

where Na(z � 0) � 2:7� 10
19

cmÿ3. Turbulent êuctuations
of the refractive index are taken into account by the term
Dnturb in (6), which is determined by using the algorithm
presented in [33]. The value of Dnturb was calculated by
using the modiéed von Karman spectrum [34] with the
external and internal scales of the atmospheric turbulence
L0 � 1 m and l0 � 1 mm, respectively. We will use the
initial conditions in the form of a Gaussian beam

E�x; y; z � 0� � E0 exp

�
ÿ x 2 � y 2

2a 2
0

�
, (8)

where E0 is related to the peak pulse power P0 by the
expression

E0 �
��������
8P0

ca 2
0

s
. (9)

Here, a0 is the beam radius and c is the speed of light in
vacuum.

3. Optimisation of radiation parameters
for creating a élament guide star at altitudes
above 10 km

To optimise the distance at which a élament is formed
during the propagation of a high-power femtosecond laser
pulse in the atmosphere, we will énd the critical self-

focusing power on a vertical path in the model atmosphere
without turbulence. To do this, we assume that Dnturb � 0
in (6).

The critical power and self-focusing length on the
vertical path were determined by solving equation (6)
with radii a0 from 1 to 9 cm and peak powers P0 from
1 to 30P 0

cr, where P 0
cr is the critical self-focusing power on

the horizontal path [35]:

P 0
cr �

3:77l 2
0

8pn2�l0�
. (10)

The critical self-focusing power decreases on passing to the
shorter-wavelength region due to the decrease in l0 and
increase in n2 [36]. For example, as the wavelength is
decreased from 800 to 400 nm, the critical self-focusing
power on the horizontal path decreases approximately by
an order of magnitude.

A step in the change of radius a0 was 1 mm and a step
over the peak power was 0:2P 0

cr. At low powers, the pulse
did not collapse (by a collapse is meant the increase in the
pulse initial intensity by two orders of magnitude), its peak
intensity achieved a maximum value and then began to
decrease. At high powers, such a nonmonotonic change in
the peak intensity was absent, and power at which a change
in the pulse propagation regimes occurred was treated as the
critical self-focusing power Pcr(a0) for the given beam
radius.

Figures 2a and b present the dependences of the critical
self-focusing power on the vertical path on the beam radius
for central wavelengths l0 � 800 and 400 nm. The results of
the numerical experiment are presented by the black circles.
As expected, the critical power increases with increasing the
beam radius. The open circles in Fig. 2 correspond to the
obvious limiting case Pcr(a0)! P 0

cr for a0 ! 0. This is
explained by the fact that beams of very small radius
propagate in the surface atmospheric layer, and a élament
has time to form in a medium with a constant density
Na(z � 0).

The results of the numerical calculation of the critical
self-focusing power were approximated by the expression

P app
cr �a0� � P 0

cr

�
1� �A� Ba0�3

�
, (11)

where a0 is measured in centimetres. Constants A and B
were determined with an accuracy of 3%. Note that the
approximation was performed only for data obtained in the
numerical experiment. Nevertheless, expression (11) for
a0 � 0 gives the value P app

cr (a0) that differs from the limiting
value Pcr(a0 ! 0)! P 0

cr by no more than 10%. This
demonstrates the good quality of approximation (11).

The values of constants A and B for the wavelengths
used in modern high-power femtosecond laser systems are
presented in Table 1. Table 1 shows that constant A weakly
depends on l0, its average value being 0.457. The value of B
depends on l0 rather strongly. This dependence can be
approximated quite accurately by the expression B �
5:60=

�����
l0

p
, where l0 is measured in nanometres. Thus,

the critical self-focusing power P app
cr (11) on the vertical

path as a function of the beam radius a0 at the laser system
output can be written in the form

P app
cr �a0; l0� � P 0

cr

�
1�

�
0:457� 5:60�����

l0
p a0

�3�
. (12)
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To create élament guide stars at altitudes about 10 km,
laser pulses of power exceeding the value determined by
approximation (12) should be used.

Figure 3 presents the dependences of the distance zsf of
the élamentation onset on the power P0 of a high-power
femtosecond pulse propagating along the vertical atmos-
pheric path. As in the case of propagation along the

horizontal path, the self-focusing distance increases with
decreasing the peak pulse power. For the same excess of the
peak pulse power over the critical self-focusing power, the
distance at which a élament is formed increases with
decreasing the wavelength. According to the Marburger
formula [35], determining the formation of a élament on the
horizontal path, the distance zsf increases proportionally to
lÿ10 . In the case of élamentation on the vertical path, the
value of zsf increases faster because the Kerr nonlinearity
coefécient decreases with the altitude. A élament guide star
at altitudes above 10 km can be created for the laser beam
radius a0 > 5 cm and l0 � 400 nm and for a0 > 6 cm and
l0 � 800 nm.

Because turbulent êuctuations of the refractive index of
air considerably affect the élamentation of high-power
femtosecond pulses propagating along vertical and hori-

Table 1. Constants entering expression (1) for different wavelengths.

Laser system l0
�
nm A B

�
cmÿ1

Ti : sapphire, second harmonic 400 0.450 0.284

Ti : sapphire 800 0.447 0.197

Nd 3� 1060 0.471 0.170

Cr : F 1260 0.459 0.155
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Figure 2. Dependences of the critical self-focusing power on the vertical path on the output laser beam radius. The black circles are the numerical
experiment; open circles correspond to the limiting case Pcr�a0 ! 0� ! P 0

cr; solid curves are approximations of experimental data by dependence (11).
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zontal atmospheric paths (in particular, they produce multi-
ple élamentation [33]), they should be taken into account by
analysing élamentation. In expression (6), they are described
by the term Dnturb.

The squares with error bars in Fig. 3 present the results
of the numerical experiment on determining the self-focus-
ing distance in the turbulent atmosphere for the central
wavelength l0 � 800 nm. The error is deéned as the stand-
ard deviation of the élament position for 20 different
realisations of turbulent phase screens. One can easily see
that the self-focusing distance in the turbulent atmosphere is
smaller than in the atmosphere without turbulence. In
addition, the measurement error of this distance increases
with decreasing the peak pulse power. For example, for
a0 � 5 cm and P0=P

0
cr � 20:5, the self-focusing distance is

zsf � 1310� 180 m, while for P0=P
0
cr � 6:5, this distance is

zsf � 4100� 1100 m, i.e. the accuracy of positioning the
élament onset decreases from 13% to 27%.

Due to the decrease in the positioning accuracy, the
approximation (12) of the dependence of the critical self-
focusing power on the vertical path on the beam radius
becomes very important. If this power only slightly exceeds
the critical self-focusing power for the given radius, a
élament is formed but the accuracy of its onset positioning
is small. The critical self-focusing power on the vertical path
for a beam of radius 5 cm for l0 � 800 nm is P app

cr � 4:1P 0
cr.

If P0=P
0
cr � 6:5, which corresponds to a small positioning

accuracy, then P0=P
app
cr � 1:6, i.e. the excess of the peak

pulse power over the critical self-focusing power is rather
small. The satisfactory positioning accuracy of about 10%
is achieved for P0=P

app
cr > 3.

As the radiation wavelength is decreased and the
élamentation onset is removed from the laser system output,
the laser plasma is generated more eféciently, resulting in a
greater brightness of the laser guide star. This is rigorously
shown in [36], although this also follows from simple
intuitive considerations. Indeed, to ionise nitrogen mole-
cules by radiation at 800 nm, 11 photons are required. As
the wavelength is decreased to 400 nm, the number of
photons required for ionisation is reduced to six. This leads
to the increase in the ionisation probability by several orders
of magnitude. However, the wavelength should exceed 300
nm because the transparency of the atmosphere below this
wavelength drastically decreases due to the absorption of
UV radiation by ozone O3 [37].

4. Conclusions

Laser guide stars can be created upon élamentation of high-
power femtosecond laser pulses in the atmosphere at
altitudes above 10 km during the propagation of a beam
of radius more than 5 cm with the critical power exceeding
the critical self-focusing power on the vertical path by three
times and more [see (12)]. In this case, the most efécient are
pulses at the wavelength only slightly more than 300 nm.

In this connection of interest are the élaments of the 400-
nm second-harmonic pulses of a Ti : sapphire laser, which
can be generated with the eféciency achieving to a few tens
percent [38, 39]. In addition, it is expected that bright
élament guide stars at a wavelength of 351 nm will be
created. Such radiation can be produced by generating the
third harmonic of a 1040 ë 1060-nm femtosecond ytterbium-
doped ébre laser [40] ampliéed in a XeF excimer system
similarly to [41].

The authors have failed to obtain a simple approxima-
tion for the dependence of the self-focusing distance on the
vertical path on the beam radius a0 and pulse power P0,
which would have the asymptotics described by the Mar-
bueger formula [35] in the limiting case a0 ! 0. This
important applied problem is being solved at present.
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