
Abstract. A new method for generating periodic lattices in
quadratically nonlinear media by the three-wave cascade
interaction is proposed. This method allows one to obtain
stable structures with changeable parameters. These struc-
tures make it possible to realise the all-optical control of the
character of the laser beam propagation. The use of the
discrete diffraction allows the signal multiplexing in optical
processing and information transfer devices and the control of
the number of channels at the crystal output. The effect of the
discrete diffraction anisotropy in the system of induced
waveguides makes it possible to redistribute in the speciéed
way the energy in the channels at the output. It is shown that
the optical switching eféciency is maximal in the regime of
the transverse Bragg resonance. The signal switching rate in
optical lattices induced in a quadratically nonlinear medium is
limited by the time of light propagation though the crystal
and can achieve several terahertz.
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1. Introduction

Progress in modern telecommunication systems imposes
stringent requirements to the data transmission rate and,
hence, to the switching rate in such systems. Modern data
transmission channels use electronic and optoelectronic
control devices. However, they cannot provide the switch-
ing rate achieving several terahertz. Such superfast
switching can be obtained only with the help of all-optical
switchers. Among other advantages of these switchers are
their compact size and tunability.

Systems of weakly coupled optical waveguides have been
used recently to control the laser beams. These systems
employ fundamentally new propagation regimes, which are

absent in homogeneous media. The most interesting among
them are based on the phenomenon of anisotropic discrete
diffraction, when the diffraction type depends on the beam
propagation direction and the modulation depth of the
lattice refractive index. The systems of coupled waveguides
can be produced in crystals with the help of lithography,
material modiécation, by embedding other substances, etc.
[1 ë 3]. But the parameters of such structures are éxed, which
complicates their use. In practice, one can use periodic
structures induced in nonlinear media by modulating the
linear and nonlinear parts of the refractive index. The
parameters of such induced lattices can be easily adjusted
by changing the parameters of the reference signal. As a
nonlinear medium, photorefractive and liquid crystals are
often selected [4 ë 8]. However, they have a rather long
relaxation time and, hence, media with an electronic non-
linearity are required to realise superfast switching of optical
waves. These media include noncentrally symmetric optical
crystals with a quadratic nonlinearity, for example, lithium
niobate crystal, etc. The use of quadratically nonlinear
crystals as a media for generating optical matrices makes
it possible to achieve stability of the latter. In quadratic
media, cubic nonlinearity can be imitated by the cascade
interaction of three waves with different frequencies: low-
frequency pump, signal and sum wave. The cascade mech-
anism is described in paper [9] by the example of parametric
reêection in the case of noncollinear three-frequency inter-
action.

In this paper, we describe the formation of a cascade
lattice and consider the dynamics of discrete diffraction, in
particular, for signal beams with the inclined wave front. We
show that the cascade lattice is produced in two stages.
First, a volume lattice is produced at the fundamental
frequency by the interference of two inclined beams.
Then, a narrow signal beam enters the medium, which,
together with the pump, excites the wave at the sum
frequency. This wave is conéned in the region of the
wave superposition at the fundamental and signal frequen-
cies; as a result, the induced lattice becomes clearly apparent
as the signal wave spreads: the wider the diffracting beam,
the larger the transverse size of the lattice. This effect is well
manifested in the discrete diffraction of the signal beam
overlapping only one ë two waveguides at the medium input.
In the case of a large cascade modulation depth of the
refractive index, the signal propagates in a waveguide
manner, by preserving its shape. As in éxed lattices, in
the cascade-induced periodic structure there exists the
regime of diffractionless beam propagation with a certain
wave-front inclination.
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2. Mathematical model

Consider noncollinear three-frequency interaction of wave
beams in a one-dimensional quadratically nonlinear crystal
placed along the z axis. The pump wave has the frequency
o1, the signal wave ë the frequency o2, and the idle wave ë
the sum frequency o3 � o1 � o2. We assume that scalar
phase matching is fulélled along the z axis: o3n3=c �
o1n1=c� o2n2=c, where n1;2;3 are the refractive indices at
the corresponding frequencies. The low-frequency pump is
assumed highly intensive; and therefore, the inverse
inêuence of weak signal and idler waves can be neglected.
Then, the parametric interaction of the beams with
allowance for the diffraction effects can be described by
three equations for slowly varying amplitudes Aj:

qA1

qz
� iD1D?A1 � 0; (1)

qA2

qz
� iD2D?A2 � ÿig2A3A

�
1; (2)

qA3

qz
� iD3D?A3 � iDkA3 � ÿig3A2A1; (3)

where D? � q 2=qx 2 � q 2=qy 2 is a transverse Laplacian;
Dj � L=2kja

2
1 is the diffraction coefécient of the jth beam

with the wave vector kj; a1 is the transversal scale; L is the
longitudinal scale; gj � bj

������
I01
p

L is the nonlinearity coefé-
cient; bj � 2pe1ŵ

�2�e2e3oj=(cnj); e1; e2; e3 are the unit vectors
of the coordinate axes; ŵ �2� is the tensor of the quadratically
nonlinear susceptibility; nj is the linear refraction coefé-
cient; c is the speed of light; I01 is the pump wave intensity;
Dk � k1z � k2z ÿ k3z is the mismatch of the wave vector
projections on the z axis.

3. Generation of a cascade-induced lattice

In the large mismatch approximation of the wave vectors
Dk4 g3A1, we can obtain from (3) an approximate
coupling of the amplitudes DkA3 � ÿg3A2A1. By substitut-
ing this relation into (2), we will pass from system (1) ë (3)
to one equation for the signal beam with account for the
cascade-induced inhomogeneity [9]:

qA2

qz
� iD2D?A2 � ik2nnlA2;

nnl � ÿ g2g3=�k2Dk�� � A1�x; y; z�j j2; (4)

where the inhomogeneity proéle nnl(x; y; z) repeats the
pump intensity distribution in a nonlinear medium. In a
defocusing medium, the mismatch is Dk < 0, and in the
focusing medium, it is Dk > 0.

Consider the one-dimensional case when there is only
one transverse coordinate x. The cascade process of the
lattice formation starts with the interference of two pump
waves crossed at the angle 2j,

A1 x; z� � � 2A �0�1 cos�k1jx� exp�ik1j2z=2�: (5)

The modulated pump wave (5) together with the sum
wave, according to (4), induce the refractive index lattice at
the signal frequency

nnl � ÿ4�g2g3=�k2Dk���A �0�1 �2 cos2�k1jx�: (6)

In the numerical simulation, the lattice period L �
p=(k1j) is chosen so that a standing wave not subjected
to diffrational distortions be produced in the cross section.
The peculiarity of the cascade-induced lattice consists in the
fact that it is manifested in a nonlinear medium only in the
presence of a signal wave. This is explained by the fact that
the érst step in the cascade involves the generation of the
sum wave with the amplitude A3 � ÿ(g3=Dk)A1A2. Then,
the sum wave together with the pump changes the refractive
index at the signal frequency [see (4), (6)].

Therefore, a signal beam of width a2 � L=2 is delivered
to the medium input:

A2 x� � � A
�0�
2 exp�ÿx 2=a 2

2 �: (7)

In the case of average modulation depth of the cascade-
induced lattice, we observe discrete diffraction of the signal
beam. The éeld distribution of the signal wave at large
distances resembles the distribution in a éxed lattice, which
is described by the Bessel function: A2n(z) � E2i

nJn(2az),
where n is the waveguide number and a is the waveguide
coupling coefécient [1]. This distribution is close to the
pattern observed in induced lattices [5]. The modulation
depth of the lattice increases with increasing the pump
intensity and the signal beam is captured into the waveguide
whose walls are the channels with the minima of the pump
amplitude (Fig. 1). Therefore, by varying the power of the
reference beams, we can change the coupling strength
between the adjacent channels and obtain the required
number of excited channels at the crystal output.
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Figure 1. Degeneracy of discrete diffraction of the signal beam on a
cascade-induced lattice to a waveguide trap (a); same in the case of four-
fold magniécation of the power of reference signals (b).
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4. Inclined propagation of a signal beam

So far, we considered only symmetric redistribution of the
signal beam energy over the channels with respect to those
waveguides, which were excited at the crystal input. In this
case, the wave vector of the signal beam will be directed
along the axis of the waveguide structure. If this wave
vector is directed at the angle y to the lattice symmetry axis,
the discrete diffraction anisotropy appears and the energy
distribution over the channels at the output becomes
asymmetric. The signal beam amplitude, in this case, is
given by the expression:

A2�x� � A
�0�
2 exp

�
ÿ
�
x

a2

�2
� ik2yx

�
: (8)

Similarly, a dispersion relation k2z � cos (k2xL) can be
written for induced lattices in a system of coupled wave-
guides [5]. For an inclined signal beam, k2x � k2y. Thus, the
diffraction coefécient depends on the propagation direction
of the signal wave:

D � q 2k2z=qk
2
2x � D0 cos�k2yL�: (9)

By analysing expression (9), we obtain that if the angle
of inclination is

y � �p=(2k2L); (10)

the discrete diffraction coefécient (9) vanishes, D � 0. This
implies the diffractionless propagation of the inclined signal
beam at the frequency o2, when its width does not change
with distance (Fig. 2). This is the regime of the transverse
Bragg resonance, when the eféciency of the signal switching
is maximal. Figure 3 demonstrates the dependence of the
signal beam broadening in the case of diffraction on the
angle of the waveguide front inclination at the medium
input. One can see that the minimum of the beam spreading
in the case of the discrete diffraction is achieved when
condition (10) is fulélled.

The anisotropic character of the discrete diffraction
provides additional possibilities for controlling the excita-

tion of the channels and energy distribution in them. All this
can be used to design all-optical optical switchers for
telecommunication systems.

5. Two-dimensional cascade-induced lattices

In quadratically nonlinear media, not only one-dimensional
lattices of coupled waveguide but also two-dimensional
optical matrices with different symmetries can be generated
with the help of three-frequency cascade interaction. In
such systems, the effects of signal wave switching between
the waveguides are also observed. The character of the
discrete diffraction signiécantly depends on the structure or
the symmetry of the optical matrix.

Consider square lattices which are generated with four
reference beams:
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Figure 2. Diffractionless propagation of the signal beam (transverse
Bragg resonance) in a one-dimensional system of induced waveguides.
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Figure 3. Relative broadening of the signal beam D in the case of
diffraction on a one-dimensional induced grating as a function of the
inclination angle of the wave front at the input to the medium.

0.0032
0.0028
0.0024
0.0020
0.0016
0.0012
0.0008
0.0004

b

0.010
0.009
0.008
0.007
0.006
0.005
0.004
0.003
0.002
0.001

a

A2 (rel. units)

ÿ8

ÿ4

4

8

y

ÿ8 ÿ4 0 4 8 x

0

ÿ8

ÿ4

4

8

y

ÿ8 ÿ4 0 4 8 x

0

A2 (rel. units)

Figure 4. Discrete diffraction on a two-dimensional quadratic optical
matrix: the signal beam at the input to the medium (a) and at the crystal
output (b).
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A1�x; y� � 4A
�0�
1 cos�k1jx� cos�k1jy� exp�ik1j 2z=2�: (11)

In analogy with the planar case, in the case of cascade
interaction, periodic modulation of the pump leads to the
appearance of the periodic modulation of the refractive
index at the signal frequency (6):

nnl � ÿ16
g2g3
k2Dk

�A �0�1 �2 cos2�k1jx� cos2�k1jy�: (12)

When the central waveguide is excited, the discrete
diffraction phenomenon is observed (Fig. 4). By increasing
the pump intensity, we can decrease the number of excited
waveguides at the output from the medium.

The speciéed waveguides at the output from the medium
are excited by the anisotropic discrete diffraction, similarly
to the planar case described above. The signal displacement
in the case of inclined propagation of the beam is shown in
Fig. 5.

6. Conclusions

We have studied the cascade generation of the periodic
lattice in the medium with a quadratic nonlinearity. The
lattice was produced by crossed waves at the fundamental
frequency and then was transferred by the sum wave to the
signal frequency. By using the numerical simulation, we
have observed different regimes of discrete diffraction upon
initial excitation of one or several waveguides of a cascade-
induced lattice. We have considered the anisotropic proper-
ties of discrete diffraction of a narrow signal beam at
different modulation depths of the parametric lattice, in

particular, we have determined the propagation directions
along which the discrete diffraction is not manifested in
one-dimensional lattices. The advantages of the cascade-
induced lattice consist in its stability, simple adjustment of
its parameters by varying the amplitude and the inclination
angle of the reference waves. By using discrete diffraction it
is possible to multiplex a signal in optical processing and
information transfer systems. This method allows one to
achieve the switching rate of the order of several terahertz.
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Figure 5. Displacement of the inclined signal beam on a two-dimensional
quadratic optical matrix due to the discrete diffraction anisotropy at the
input to the medium (a) and at the crystal output (b).
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