
Abstract. The propagation of ultrashort 10-lm laser pulses
of power exceeding the critical self-focusing power in xenon
and air is numerically simulated. It is shown that the pulse
duration in certain regimes in xenon can be decreased by 3 ë 4
times simultaneously with the increase in the pulse power by
2 ë 3 times. It is found that the average energy of electrons in
a élament upon élamentation of 10-lm laser pulses in air can
exceed 200 eV. The features of the third harmonic and
terahertz radiation generation upon élamentation are dis-
cussed.

Keywords: élamentation, laser radiation self-action, pulse compres-
sion, hot electrons.

1. Introduction

An investigation of phenomena taking place in superstrong
optical éelds is one of the rapidly developing éelds in
modern physics. Progress in this éeld is determined to a
great extent by advances in the methods of generating near-
IR femtosecond pulses which provided the observation of
principally new phenomena in nonlinear optics and plasma
physics and opened up new prospects in the technology of
X-ray sources, the acceleration of charged particles, and
other éelds. Note that the development of high-power
femtosecond laser systems in our country was initiated by
S.A. Akhmanov at the Moscow State University [1].

Many studies with the use of intense laser radiation are
devoted to analysis of the extreme states of matter, which
can be obtained both in vacuum [2] and by the transport of
laser radiation through gases [3, 4] or condensed media [5].
In addition, the propagation of ultrashort light packets of
powers exceeding the critical self-focusing power in the
atmosphere and other media are being actively investigated.
One of the main phenomena observed in this case is the
élamentation of radiation, which is used in spectroscopic
lidars of a new generation and in the remote spectroscopy of
solid objects [6]. The self-action of near-IR ultrashort light

packets in gas media, in particular, in the atmosphere
attracts great attention due to the possibility of radiation
channeling over large distances, the transformation of the
pulse spectrum and duration, and other phenomena related
to the dependence of the refractive index on the radiation
intensity [7].

It is reasonable that similar processes can proceed in the
case of 10-mm ultrashort pulses generated by high-pressure
CO2 [8, 9] or N2O [10] lasers. The power of such pulses is
sufécient for obtaining the self-action regime and their
duration is usually somewhat longer than a picosecond,
but can also be subpicosecond [8].

Obviously, the character of self-action effects should
depend considerably on the radiation wavelength l. The
self-focusing of light packets changes with increasing the
radiation wavelength in the following way. Because the
compression of a light beam during self-focusing in gases is
mainly limited by the éeld ionisation, we can expect that the
radiation intensity obtained in the élamentation regime
weakly depends on the wavelength.

The critical self-focusing power is proportional to l2,
and therefore the increase in the wavelength by an order of
magnitude should result in the increase in the élament cross
section by two orders of magnitude. The maximum power of
a beam which can be channelled without the passage to
multiple élamentation should also increase by two orders of
magnitude [11]. For l � 1 mm in air, this power is close to 5
GW [12], so that it will be � 0:5 TW in the 10-mm region.
The electron oscillation energy in the light éeld is also
proportional to l2. The average value of this energy
(`pondermotive energy') is l2reI=2pc (re � e 2=mc 2 �
2:82� 10ÿ13 cm is the classical electron radius and I is
the radiation intensity), so that the increase in l by an order
of magnitude will result in the increase in the pondermotive
electron energy in a élament by two orders of magnitude.
This should lead to a drastic increase in the eféciency of
processes involving `hot' electrons. Thus, the propagation of
the high-power 10-mm radiation in gases (in particular, in
the atmospheric air) is characterised by speciéc features
requiring a detailed analysis.

In this paper, we studied numerically the self-action of
picosecond 10-mm radiation packets in air and xenon and
their applications.

2. Calculation model

We described a light wave in calculations by the equation
[13]
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Here, A(r; z; t) is the amplitude of the electric éeld strength
E � A exp�i(kzÿ ot)� � c:c:;
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the amplitude; k(o) � on0(o)=c; n0 is the linear refractive
index; u is the group velocity of light; t � tÿ z=u; t is the
time in the laboratory coordinate system; ja is the amplitude
of the nonlinear component of the current density
jnl � ja exp�i(kzÿ ot)� � c:c. The amplitudes A and ja are
treated as scalar quantities, and the light beam is assumed
axially symmetric. Equation (1) is solved by the method of
splitting over physical parameters. By neglecting the érst or
second terms in its right-hand side, we obtain two
equations. The érst equation describes only dispersion
and diffraction, while the second one describes only
nonlinear processes. They are solved in each interval dz
by turn (the solution of the érst equation is transferred to
the beginning of the interval and is used as the initial value
in the solution of the second equation). The equation
describing dispersion and diffraction has in the spectral
representation the form
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The solution of this equation (Schr�odinger equation) and
the passage from the time representation to the spectral one
and vice versa are performed comparatively simply and do
not require a special discussion. In the equation describing
nonlinear processes, we neglect the difference of operators�
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because the group and phase velocities in conditions under
study almost coincide. As a result, the equation takes the
form

q
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c
ja: (3)

Nonlinear currents. The amplitude ja of the current
density is written as the sum ja � je � jn2 � jf. The term
je (the free carrier current density) is calculated in the Drude
model from the expression

je � i
Nee

2

m�o� iv�A; (4)

where Ne is the free electron concentration and v is the
elastic collision frequency. The latter depends, generally
speaking, on the electron temperature, but this dependence
is comparatively weak [14] and was neglected in calcu-
lations. It was assumed that v � 1013 sÿ1 in air and

5� 1012 sÿ1 in xenon at a pressure of 0.25 atm used in
calculations (information on the elastic cross sections for
collisions of electrons with atoms and molecules is
presented in [14]). The term jn2 takes into account the
Kerr nonlinearity of the refractive index and can be
expressed in terms of the polarisation amplitude pn2:
jn2 � ÿio�1� (i=o)(q=qt)�pn2:

The operator (i=o)(q=qt) in this expression is omitted
hereafter because expressions for the amplitude pn2 used
below are determined in the adiabatic approximation by
neglecting the quantities of the order of oÿ1(q=qt)pn2
[expression (2) is written in the same approximation].
Note also that the Kerr nonlinearity of the refractive index
in molecular gases contains the `instant' and `inertial' terms.
But the characteristic inertia time of the Kerr nonlinearity in
air is small (about 60 fs [15]), and therefore we will neglect
this inertia. As a result, we obtain

jn2 � ÿi
o
2p

n0n2IA; (5)

where I is the light intensity; n2 is the coefécient
determining the Kerr addition to the refractive index
dn � n2I. For such a deénition of n2, we have the critical
self-focusing power Pcr � l2=4pn0n2 (see [7, 16]). The term
jf describes the absorption of light related to the éeld
ionisation. It follows from phenomenological considera-
tions (the law of conservation of energy) that

jf �
cn0
4p

W�Uion �Uosc�
I

; (6)

where Uion is the ionisation potential; Uosc � l2reI=2pc is
the pondermotive potential; and W is the éeld ionisation
rate (in cmÿ3 sÿ1). Because the radiation frequency is small,
ionisation has the tunnelling nature. Its probability W(I) is
calculated by expressions obtained in [17].

Evolution of plasma density. The electron concentration
Ne also changes in collision processes. However, the
rigorous description of these processes is too cumbersome.
We will consider the role of these processes by using a rough
average electron model and the rate equation for the
electron concentration

_Ne �W� �wav ÿ 1=tdec�Ne; (7)

where wav is the rate of avalanche ionisation and tÿ1dec is the
total rate of processes reducing the electron concentration
(recombination, attachment, etc.). Estimates show that this
rate is very small (in particular, due to the large ponder-
motive electron energy), and we neglect it below. The
avalanche ionisation rate in the general case is not small,
and, strictly speaking, it should be calculated as the average
by the expression wav � Na

�
V(e)s(e) f (e)de, where Na is the

atomic or molecular concentration; V, s, and f are the
ionisation rate and cross section and the electron energy
distribution function, respectively. The electron concen-
tration used in calculations could achieve the values
affecting considerably radiation only when the ponder-
motive energy greatly exceeded the ionisation potential of
atoms or molecules. In this case, the product V(e)s(e)
comparatively weakly depends on energy [14] (decreasing
approximately as eÿ1=2 with increasing energy). Within the
framework of this paper, we assumed that the product
V(e)s(e) is constant. The variation of this quantity near its
maximum value in air (� 1:7� 10ÿ7 cm3 sÿ1 [14]) showed
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that avalanche ionisation weakly affects the results
discussed below. The rate wav was set equal to 4�
1012 sÿ1. The elastic collision frequency in (4) is calculated
by using similar expressions. It also depends on temper-
ature, but this dependence is relatively weak [14] and was
neglected in calculations. The cross section for collisions of
electrons with xenon atoms is approximately twice that for
collisions with oxygen and nitrogen molecules [14]. How-
ever, the processes in xenon were simulated at a lower
pressure of the latter at which the role of collisions was
insigniécant (the value of n2 was estimated from the
expression n2 � PXe8� 10ÿ19 cm2 Wÿ1 [18], where PXe is
the xenon pressure in atmospheres).

3. Noble gas in a cell

Experiments with gases in a cell differ from experiments in
the atmosphere by a small path length and a great number
of freely varied parameters (gas pressure and composition,
etc.). One of the aims of such experiments is the develop-
ment of methods for reducing pulse duration. For this
purpose, we simulated the propagation of radiation wave
packets in xenon by varying the gas pressure, the pulse
power and duration, and input beam parameters. It was
assumed that the gas pressure in a cell was 0.25 atm and the
input parameters of the wave packet were such that a
Gaussian transform-limited pulse with the FWHM
tp � 1:2 ps and A(z � 0)! exp (ÿ r 2=r 20 ) arrived to the
point z � 0 in vacuum. The input window of the cell is
located at the point zin � ÿ5zd, where zd � pr 20 =l is the
diffraction length. By varying the peak pulse power Pp (in
the region Pcr 4P4 3Pcr) and the diffraction length zd; we
observed two different self-action regimes allowing the
reduction of the pulse duration.

The élamentation regime is observed at large diffraction
lengths and high peak intensities and is characterised, in
particular, by the formation of the shock waves of the
envelope at the trailing edge of the pulse. This is explained
as follows. Because the electron density at a éxed point in
the axial region of the beam increases with time, the rear
layers of a light packet propagate in a medium with the
higher electron density and, hence, with the smaller group
velocity than front layers. Under theses conditions, a shock
wave can be formed at the trailing edge of the pulse [7].
Obviously, this wave is formed érst of all in the axial region
of the beam, where the electron density is maximal. A short
pulse can be selected in such a regime by using an aperture.
This regime is illustrated in Figs 1 and 2. As a rule, the pulse
formed in the axial region (selected by an aperture) contains
a long pedestal and its power is lower than the initial peak
power Pp. The pulse duration can be considerably (almost
by an order of magnitude) shorter than its initial duration,
but its control is complicated because of the chaotic
structure of a élament (Fig. 1). Unfortunately, this regime
can be simulated only for limited lengths. In the case of large
lengths, calculations produce beats with a period determined
by the time step of the computational scheme. Under our
calculation conditions, the trailing edge duration at such
lengths was already close to half the optical period, so that
the slowly varying amplitude method and various averag-
ings assumed in the calculations of currents and other
quantities in equations (1) ë (7) lose their validity. To study
this stage of the light packet evolution correctly, it is
necessary to develop more perfect methods.

The single focusing regime is observed for small dif-
fraction lengths zd and powers Pp only slightly exceeding the
threshold power. The nature of single focusing at super-
critical powers was discussed in [19] (see also [16]). In such a
regime, the ionisation of matter sufécient to limit focusing

Ne=Ncr �10ÿ5�
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ÿ4 ÿ2 0 2 z=zd

Figure 1. Normalised electron density on the laser beam axis as a
function of the normalised coordinate z. The solid curve is the élamen-
tation regime (calculated for the input power P � 2:5Pcr), the dotted
curve is the single-focus regime (P � 1:5Pcr). The letters a, b, c, d, and e
denote points with coordinates Za � ÿ2zd, Zb � ÿzd, Zc � 0, Zd � zd,
and Ze � 2zd.
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Figure 2. Light beam powers calculated in cross sections Za, Zb, Zc, Zd,
and Ze. The dashed curve is the total beam power; the solid curve is the
power propagating through an aperture of radius 0:12r0 (the aperture
cross section is 0.03 of the initial beam cross section in the beam focus in
the absence of self-action); toc is the time in light éeld periods.
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occurs only over a small length, while the spatial structure of
a beam and the dependence of the beam power on time
behind the focus weakly differ from those realised in
vacuum. The self-action is mainly reduced to the self-phase
modulation. The central part of the pulse proves to be
chirped in the positive direction and can be compressed in a
medium with the anomalous group velocity dispersion (for
example, in a NaCl plate [8, 10]. This regime is illustrated in
Figs 1, 3, and 4. According to calculations, in this regime
the pulse duration can be easily shortened by 3 ë 4 times and
its peak intensity can be increased by 2.5 ë 3 times. As the
initial power Pp is increased, these parameters increase, but
up to a certain limit, which is caused by almost a jump-like
passage to the élamentation regime. For the wave packet
structure indicated above, the single-focus regime was
realised in calculations for input powers not exceeding
2Pcr. This range was expended at tighter focusing.

The rough estimate of the width of the spectrum
obtained in the single-focus regime at nearly critical powers
can be performed analytically. In this case, the éeld
amplitude can be written in the form A � A0e

ij, where

A0 is the éeld amplitude in the absence of nonlinearity.
Then, by neglecting ionisation, we obtain the relation
qj=qz � kn2I. By integrating this equation in inénite limits,
we obtain the phase at the beam axis

j�t� � pP�t�=Pcr: (8)

By deéning the instantaneous frequency as oinst � ÿ _j and
assuming that the resulting width do of the spectrum is
close to the difference between the maximum and minimum
values of oinst, we obtain after simple algebraic trans-
formations (for a Gaussian pulse)

do � �������������
32 ln 2
p

eÿ1=2�Pp=Pcr��p=dt�;

which is approximately 3Pp=Pcr times larger than the width
of a transform-limited pulse of duration dt. This estimate,
as the time dependence of the phase (8), agrees with
numerical calculations for Pp � Pcr. In the region
P > 1:5Pcr, ionisation makes a noticeable contribution to
the broadening of the spectrum, and the consideration
presented above proves to be too rough. Formally, thus
consideration is valid only for small phases (8). At the same
time, this result is independent of the wavelength, and
therefore the self-phase modulation in the single-focus
regime can be probably used for reducing near-IR pulse
durations (and increasing their power). Note that the pulse
duration can be also reduced by using the two-stage
compression scheme [20].

4. Light packet in air

The propagation of a wave packet in air was simulated by
assuming that n2 � 5:7� 10ÿ19 cm2 Wÿ1 [18]. The power
Pp was varied in the region 1:5Pcr 4Pp 4 2:5Pcr, the
diffraction length zd was 40 m, the input parameters of the
packet were speciéed at the point zin � ÿ2zd in the same
way as in the case of a cell with xenon. The aim of the
simulation was to elucidate whether it is possible to obtain
the high radiation intensity (and thereby the high electron
density and temperature) at a large distance from a
radiation source. The properties obtained in calculations
are qualitatively similar to those described above. For
Pp � 1:5Pcr, a élament does not appear. For Pp � 2:5Pcr, a
élament of length � 15 m with a peak electron density of
� 2:2� 10ÿ5Ncr (Ncr � mo 2=4pe 2 � 1019 cmÿ3 is the criti-
cal power) is formed near the beam focus (i.e. at a distance
of � 80 m). The evolution of radiation in the axial region in
a éxed cross section is characterised by a pulse selected with
a small-diameter aperture. The general properties of the
behaviour of pulses observed in different cross sections in
air weakly differ from those observed in xenon (Fig. 2). The
parameters of these pulses change along the z axis not so
regularly as for small zd. The radiation intensity exceeding
1013 W cmÿ2 is maintained in a éxed region for no more
than 300 fs. A small duration of this stage allows one to
neglect avalanche ionisation [the term wavNe in (7)] in
analytic estimates.

To roughly estimate the maximum radiation intensity in
a élament, we will use the following system of assumptions:
the Kerr term in the refractive index and the term taking
into account the contribution of free electrons compensate
each other, i.e.

F (rel. units)

o=o0

1.0

0.5

0
0.95 1.00 1.05

Figure 3. Spectra of a laser beam at the input (solid curve) and output
(dashed curve) of a cell with xenon in the single-focus regime (the input
power is P � 1:5Pcr). The frequency o is normalised to the central
frequency o0 of initial laser radiation.

2

0 25 50 75 toc

4

P=Pcr

Figure 4. Light pulse subjected to self-action in front (solid curve) and
behind (dashed curve) a 3.5-cm-thick NaCl plate.
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Ne=2Ncr � n2I; (9)

The electron density can be estimated from the expression

Ne �W�I �dt=2; (10)

and the ionisation probability averaged over the éeld period
(see [21]) can be written in the simpliéed form

W�I� � O exp

�
ÿ 2

3

�
U

UH

�3=2
AH

A

�
; (11)

where UH � 13:6 eV; AH � e=r 2B is the éeld strength
produced by a proton at a distance equal to the Bohr
radius; and O � 2

�������������
AH=A

p
U=�h. By using these relations, we

can obtain the expression for the radiation intensity

I � 4

9

�
U

UH

�3
IH

�
ln

�
U

�h
dt

NaI
1=4
H

Ncrn2I
5=4

��ÿ2
; (12)

where IH � cA 2
H=8p � 3:5� 1016 W cmÿ2 and Na is the

density of ionised particles (in air, oxygen molecules).
Because the argument of logarithm in this equation is very
large (� 1010), the equation can be easily solved by the
method of successive approximations. For the same reason,
even great errors in the estimate of this argument (for
example, by one-two orders of magnitude) lead only to
comparatively small (20%ë 40%) errors in the estimates of
I, which justiées the use of rough but simple expressions
(9) ë (11). According to equation (12), the maximum radia-
tion intensity in a élament in air (for oxygen, U � 12:2 eV)
is � 2:2� 1013 W cmÿ2 and almost coincides with that
obtained in calculations. For such intensity of the 10-mm
radiation, the pondermotive electron energy exceeds
200 eV, while the oscillation energy amplitude exceeds
400 eV. It is known that the energy of the random (thermal)
electron motion increases in each collision, on average, by
the doubled pondermotive energy [14], so that an electron
can acquire the energy � 1 keV already after two collisions.
Clearly the presence of high-energy electrons should be
accompanied by bremsstrahlung X-rays and excitation of
molecules, in particular, to their deeply lying states. All this
can lead to the development of new schemes for probing the
atmosphere. Note that radiation intensity (12) weakly
depends on the nonlinear refractive index n2 and strongly
depends on the ionisation potential.

5. Nonlinear transformations of high-intense
10-lm laser radiation in gases

In connection with the consideration performed above, we
can also make the following comments concerning non-
linear transformations of high-intense 10-mm laser radiation
in gases.

The propagation of ultrashort near-IR intense laser
pulses (I � 1013 W cmÿ2) in gases is accompanied by the
third harmonic generation (THG) [22]. The theoretical
calculation of the THG process in the élamentation regime
is a rather complicated problem. However, it is known from
experiments with the 0.8-mm femtosecond laser radiation
that the THG eféciency in the plasma formation [22] and
élamentation [23] regimes achieves 0.1%. Note that we
studied earlier THG during the resonance interaction of 10-
mm picosecond pulses with polyatomic molecules [24],

however, we have failed to obtain so high THG eféciency.
It should be expected that in the élamentation regime the
10-mm, 1-J pulses can be converted to the 3-mm range with
energy more than 1 mJ. Such parameters become also
practically important for the remote probing of the atmos-
phere.

It is known that élamentation of the near-IR femto-
second laser radiation in gas (air) is accompanied by conical
terahertz emission [25]. The model of conical emission
developed in [25] seems to be applicable in the case of
élamentation of the 10-mm radiation. According to this
model, conical emission is produced by wake oscillations
excited by a laser pulse in a élament. The oscillation
frequencies are determined by the electron concentration.
According to calculations performed for the 10-mm range,
these frequencies lie in the 1011-Hz region. A rough analysis
based on the results obtained in [25] shows that the energy
emitted by wake waves is directly proportional to the
product E 2l2, where E is the laser pulse energy. From
this point of view, the passage to the longer-wavelength laser
radiation seems advantageous. Note also that, by control-
ling the spectrum and focusing of laser radiation, it is
possible to create a terahertz radiation source in a speciéed
spatial region, in particular, in the region where an object
being probed is located [25].

6. Conclusions

The propagation of ultrashort 10-mm laser pulses of power
exceeding the critical self-focusing power in air and xenon
has been simulated numerically. It has been shown that the
pulse duration in xenon can be shortened by 3 ë 4 times and
their power simultaneously increased by 2 ë 3 times in
certain regimes. The method of shortening of ultrashort
10-mm laser pulses also allows the multistage (at least, two-
stage) pulse conversion. In this case, the pulse shortening
occurs with weak energy losses, i.e. the pulse peak power
considerably increases.
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