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Filamentation of high-power laser radiation in air and water:

Comparative analysis

Yu.E. Geints, A.A. Zemlyanov

Abstract. The propagation of high-power femtosecond laser
pulses is considered in the self-focusing and filamentation
formation regime. Similarities and differences in the charac-
ter of the laser beam filamentation are analysed qualitatively
and quantitatively in the atmospheric air and water. Based
on the numerical results, the most important parameters
(radius, intensity, free electron density) in light and plasma
filaments produced by ultrashort laser pulses are shown to
depend strongly on the optical parameters of the propagation
medium, and, first of all, on the Kerr nonlinearity coefficients
and the photoionisation rate of the medium molecules.

Keywords: femtosecond laser radiation, beam filamentation, non-
stationary self-focusing of pulsed laser radiation, medium photoioni-
sation.

1. Introduction

The propagation of ultrashort high-power laser radiation in
gas and condensed media is accompanied by its filamen-
tation and considerable changes in the energy, spatial,
spectral, and angular parameters. The state of the art of this
problem is presented in detail in reviews [1—4].

The physical reason behind the filamentation effect is the
cubic nonlinearity of the medium refractive index, which
causes the self-focusing of a light wave, thereby leading,
during the propagation of light pulses, to their progressive
compression over the spatial coordinates. Radiation dif-
fraction and some physical mechanisms, among which
plasma formation dominates in gases and condensed media,
counteract the developing spatial pulse compression. The
medium photoionisation causes nonlinear energy losses in
the radiation channel and stops the further growth of its
intensity in the filament region.

Filamentation of ultrashort laser pulses leads to signifi-
cant changes in their frequency spectrum. Due to the self-
phase modulation of the light wave, radiation with an
anomalously broad spectrum — supercontinuum — is pro-
duced. The spectral width of this radiation substantially
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exceeds the initial width and, as a rule, covers the UV and
near-IR regions. This spectral broadening is mainly caused
by the Kerr and plasma nonlinearities of a medium.

The angular spectrum of ultrashort pulses also experien-
ces drastic changes during the nonlinear propagation of the
pulse in the medium. The initial spatial profile of the laser
beam broadens during self-focusing and, thus, acquires a
number of new intense angular components to which, in the
beam cross section, rings surrounding the higher-intensity
regions correspond.

It is important to emphasize that despite serious differ-
ences in the physical and optical properties of media in
which filamentation of ultrashort laser pulses (condensed,
gaseous) is observed experimentally, the above-described
scenario of the process is on the whole universal. The
peculiarity of each medium is manifested in the character-
istic scales of the nonlinear radiation conversion and in
specific values of the filamentation parameters in the beam.
It is obvious that in the practical research in the field of
femtosecond atmospheric optics, it is very important to have
a clear idea of how the physical properties of the laser beam
propagation medium will affect the quantitative character-
istics of the beam filamentation. Despite the impressive
number of presently available scientific papers on the
femtosecond subject, we have failed to find a single-minded
analysis of similarities and differences in the laser beam
filamentation in physically different media.

In this paper, based on the numerical calculations
performed within the framework of the conventional model
of the nonstationary self-focusing of high-power ultrashort
pulses, we have performed a comparative analysis of the
filamentation properties of femtosecond laser pulses in two
most widespread natural media — atmospheric air and water.
We pay the main attention to comparison of scale, energy,
and spectral characteristics of light and plasma filaments
produced in the beam channel during the propagation of
radiation in the media under study.

2. Theoretical model of ultrashort pulse
self-focusing

As a mathematical basis for simulating the propagation of
ultrashort pulses in a transparent medium, we will use the
formalism of the nonlinear Schrodinger equation (NSE).
This equation, apart from the linear effects of the beam
diffraction and frequency dispersion of air, also takes into
account the nonlinear polarisability of the medium in an
intense optical field. The most significant nonlinear optical
effects include the electronic and molecular Kerr effects,
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nonlinear refraction and absorption in plasma produced in
the beam channel as well as the nonlinearity of highest
orders over the field.

In the coordinate system bound with a pulse (r,,z; ¢ =
t— 2/vy) moving with the group velocity v,,, the NSE has
the form [5, 6]:
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Here, U(r,,z;t) is a slowly varying complex electric-field
amplitude of the light pulse; V7 is the transverse Laplacian;
n, is the ‘plasma’ refractive index of the medium;
ko =2m/J, is the wave number; k! =0%k/dw® is the
dispersion coefficient of the group velocity of the light pulse
in the medium; i, = (m,/2) [ de'A(t — ) |U")|*; ny is
the coefficient taking into account the Kerr nonlinearity of
the medium refractive index; T, =1+ iw(,*la/@t is the
operator taking into account the spatiotemporal focusing
(T5'V?) and self-steepening of the temporal front (7hii,) of
the radiation pulse; A(?) is the intertrial polarisability of the
medium. Due to the presence of this operator in equation
(1), it correctly describes the self-focusing dynamics even for
few-cycle optical pulses.

The coefficients of nonlinear absorption «,; and refrac-
tion n, are coupled with the processes of the medium
photoionisation and plasma formation and are represented
by the expressions:
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where W(I) is the photoionisation rate (probability) of the
molecules in the medium; 7 = |U|%¢cny/87 is the radiation
intensity; ny is the linear refractive index of the medium; p,
is the density of neutral atoms (molecules); o. and AE; are
the cascade ionisation cross section and ionisation potential
of a molecule, respectively; p, is the concentration of free
electrons in the beam channel (plasma density) depending
on the spatial and temporal coordinates; t. is the
characteristic time of collisions of free electrons with
heavy particles; w, = le%p./(m. 60)]1/2 is the plasma fre-
quency; e and m are the electron charge and mass; w is the
light wave frequency; €,= 8.8 x 107> F m™' is the univer-
sal electric constant.

The instantaneous density of free electrons p.(r,,z,?) in
the medium is usually found by using the rate equation,
which, on the one hand, yields an increase in the electron
density due to the cascade and multiphoton ionisation of
molecules and, on the other hand, takes into account the
decrease in the electron concentration due to their recombi-
nation with ions and neutral atoms. Under condition of the
plasma quasi-neutrality and quasi-equilibrium (we deal here
with a thermodynamic equilibrium), this equation for the
free electron concentration p, has the form:
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where v,, v, are the coefficients of the recombination and
attachment rates of the electrons by the neutral molecules,
respectively [7].

In the case of the cascade ionisation of atoms, the seed
free electrons, which are always present in the medium,
acquire the energy in the electromagnetic field of the wave
due to the mechanism inverse to the bremsstrahlung and,
when colliding with the neutral atoms, can ionise them. The
energy of the newly produced electrons during their inter-
action with a light field also increases, which leads to the
appearance of new portion of free charges, etc. Thus, an
electron avalanche, during which the concentration of free
electrons increases exponentially in time, develops in the
medium.

The cascade ionisation cross section in the approxima-
tion of the instantaneous energy exchange between an
electron and an atom (Drude model) is expressed as follows

[7]:
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The electron recombination rate, which, in essence, is
inverse to the ionisation process, is proportional to the
concentration of positive ions and the collision frequency of
electrons and ions in the plasma: v, = to'. The typical
values of v, in the plasma with the subcritical concentration
of electrons are equal to ~ 10" s™! [7] for atmospheric air
and ~ 10" s7! [8] for water. In this case, the coefficient of
the recombination rate v, is equal to 2.2 x 107" m* s7! (0,)
and 2.0 x 107" m? 7! (H,O) [8, 9]. For the characteristic
time of the electron attachment t,, = v, , there exist the
following estimates: Ty, ~ 4 x 107> s (0,) and ~10"'"'s
(H,0). One can see that the decrease in the number of
free electrons by their attachment to the neutrals is a much
slower process compared to the recombination with ions.
Therefore, in the further analysis, this channel of the
electron concentration decrease will not be taken into
account.

Let us discuss the issue of calculating the ionisation rate
W(I) of the medium molecules by radiation. According to
the classical theory of the multiphoton ionisation [10], an
atom can be ionised due to the series absorption of several
radiation quanta by this atom during a short interval. The
probability of this multiphoton process is proportional to
the instantaneous laser radiation intensity to the K power,
where K is the integer part of the expression (AE;/hwy + 1)
and 7 is Planck’s constant.

Unlike the cascade ionisation, the multiphoton ionisa-
tion requires a rather high radiation intensity, but develops
significantly faster.

At rather high intensities of radiation affecting the
medium (for air, 7 ~ 10" — 10'> W cm™?), one more photo-
ionisation mechanism is possible, namely, tunnel ionisation
[10, 11]. The electron in the atom can tunnel through the
potential barrier, i.e. become free by absorbing fewer light
quanta than in the case of the multiphoton ionisation. In the
theory, the boundary between the multiphoton and tunnel
ionisation regimes is set by the so-called adiabatic parameter
(Keldysh parameter).

To take into account a change in the escape rate of
electrons in different photoionisation regimes in the intense
light field, there were developed several models; however,
one of the most widely used models is the Perelomov—
Popov—Terent’ev ionisation theory (PPT theory) [12]. This
theory generalises the approach used by Keldysh [10] and
takes into account the Coulomb interaction between the ion
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residuals and the ionised electron, which reside at any bound
energy level of the atom or ion. The specific expressions for
calculating the photoionisation rate by the PPT model are
presented in many papers (see, for example, reviews [1, 2]);
however, below we will use the semiempirical expression
W(I) = Ay(DI K proposed in [13], where the coefficients 4y,
and K are calculated in accordance with the medium type
and the laser wavelength. This dependence is obtained by
approximating the measured ionisation rate of molecular
gases by laser radiation [14], is simple to use, and allows one
to determine the quantity W(I) with an accuracy sufficient
for practical calculations. Thus, according to [13], for
atmospheric gases at the laser radiation wavelength Ay =
800 nm, we obtained the functional dependence of the
coefficient Ay
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where K =744, lgdy=—119378 s ' m X wX 4, =
13.445, A, =2.041, 1gI, =20.616 W m > (for O,) u K =
10.165, lgAdy=—168.530 s ' m X WK 4, =19.223,
Ay =2.012, 1g A3 =20.688 W m > (for N,). We will use
below the corresponding expression from paper [10] to
calculate the ionisation rates of the water molecules.

It is obvious that the high optical power densities at
which the ionisation regime change over can be achieved
under real conditions predominantly in gaseous media
rather than in the condensed matter. Indeed, in the femto-
second pulse field an optical breakdown [15], which stops
self-focusing and blocks the further increase in the laser
radiation intensity in the beam channel, develops in water
already at 7 ~(2—35) x 10" W ecm™.

The inertial component in the optical Kerr effect is
associated with the finite time of anisotropic molecule
orientation in the matter along the electric field vector
and, in its physical nature, is the Raman self-scattering
process of spectral components inside the light pulse spectral
width. This inertia of the cubic nonlinear response is usually
taken into account in accordance with the damped oscillator
model [16] having its own frequency Qr and characteristic
time 74 of the oscillation damping. In this case, the full
function of the cubic response of the medium to the action
of the light field taking into account the instantaneous
(electron) and inertial (molecular) polarisability can be
represented in the form: A(r) = (1 — )3(7) + pO(1)Q2r
x exp (—t/tq) sin Qg ¢, where 3(¢), 6(z) are the delta function
and Heaviside function, respectively; f is the specific
fraction of the inertial part of the Kerr effect. The fitting
parameters Qr and 74 in the oscillator model are chosen
based on the medium type. The specific fraction f§ of the
Raman effect in the cubic nonlinear polarisation is usually

selected at the 0.5 level for atmospheric gases and equal to
zero for water.

Table 1 lists the most frequently used values of the
parameters of the ultrashort pulse self-focusing and filam-
entation model (1), (2) for air and water. The analysis of the
presented data allows a conclusion about the peculiarities of
the light pulse self-focusing in the media under study.

One can see that compared to air, the femtosecond pulse
self-action in water is characterised by a significantly lower
parameter of the critical self-focusing power P, =
Jo/(ngkon,). This is caused by the corresponding difference
in the values of the nonlinear coefficient #n, in water and air.
In addition, the significant difference in the chromatic
dispersion coefficients k) in the media under study also
draws our attention. This circumstance proves to be very
important in studying the radiation self-focusing in media
with a strong dispersion, because the account for it increases
the effective critical power P with increasing the laser pulse
duration [17, 21].

In studying the ultrashort pulse filamentation, it is
important to know the characteristics of the filaments being
produced: characteristic intensity of the optical field in the
filament, its radius, concentration of free electrons in the
plasma. We will consider these parameters in water and air
by using the numerical simulation of radiation propagation
in these media.

3. Discussion of the numerical results
of filamentation simulation

The calculations were performed by using equations (1), (2)
and the values of the optical parameters of each of the
medium (see Table 1). The initial laser beam was set in the
form of a weakly focused radiation with a Gaussian
envelope over the spatial and time coordinates:

Ulr,,z=0,1) = Upexp[—|r.|*/(2Ry)* = 1*/(21,)*]

x exp(—ikono|r, |/ F).

We considered pulsed radiation from a Ti:sapphire laser
with the central wavelength 7, = 800 nm, pulse duration (at
the e! level) 7, =100 fs, and the initial beam radius
Ry =1 mm. The initial radius of the phase front curvature
F was selected for definiteness equal to 0.1Lg, where
Lp :%(nOkOROZ) is the Rayleigh beam length. The initial
peak power P, in the radiation pulse corresponded to the
ten-fold excess over the critical self-focusing power:
Py=10P,, ie., was 32 GW and 38 MW for air and
water, respectively.

Figure 1 shows the evolution of the laser beam radius
along its propagation path. The beam is characterised by the
geometrical radius R; determined by the beam energy
density profile w(r,,z) = [ I(r,,z;¢")dt" at the 1/e level
with respect to its maximum, and the effective radius Ry,

Table 1. Values of the parameters of the ultrashort pulse filamentation model for atmospheric gases and water (4 = 8§00 nm).

Medi- n,/ ke/

L ®/Wi=5)

" Wl Sl Po/W  AE eV 1o/s K (- o, /m? v/m?s7t p/m? Qp /Hz /s B P.JW
32x1072 2.1x107% 12.1 3.5x1071 ) 8x1071% 1.1x10"2  5.0x10% 20x10"%  7.7x107'% 0.
Gas 10 32710 X107 e (0,) 35x107"7 8(0,) 7.8x10 7179(02) 552502 L1107 50x 075(02) 0x10%  77x107 05
[17,18]  [19] 15.6(Ny)  [7,8] 11(Ny) 6.04x107' (N,) [8,20] 2.1x10% (N,) [16] [16] [16]
2.0x107% 3.0x 1077 3.0x1071 2.05%107" 0
Water 1.33 6.5x10° 6.5 2.5%107% 6.29x107% 3.3x10% - - 3.8x10°
N FAL L) * [7,8] x x 8, 20] * fe) >
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which is calculated as the time-integrated normalised
second-order moment of the light wave intensity:

Ranle) = || o J[ @itz

—00

211/2
x|(r, —rg) 72,

where r, is the radius vector of the centre of gravity of the
beam intensity distribution over its cross section; W is the
total energy in the radiation pulse; R, is the spatial
integration region. The parameter R,y turns useful in
analysing the beam intensity profiles because, according to
the definition, the effective radius determines the dimension
of the spatial region in which no less than 50 % of the total
light beam energy is concentrated. For the Gaussian
transverse profile, the intensities R; and R, have one
and the same value.
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Figure 1. Dependences of the relative geometrical (a) and effective (b)
laser beam radii during the filamentation in air (solid curve) and in water
(dashed curves) on the normalised distance.

One can see from Fig. 1 that the initial stages of the
beam radius evolution in air and water proceed similarly,
the beam being compressed in a self-induced manner and its
geometrical radius R; decreasing in the filamentation region
down to Ry ~ 10 and 70 pum, respectively. However, in air
the filament is produced somewhat closer to the path
beginning and is substantially longer over z compared to
that in water. The additional calculations of the filamen-
tation dynamics, we performed for a longer path (not
presented here), show that for the given radiation param-
eters the filament length in air is comparable with the
Rayleigh beam length, i.e., is of the order of several meters.
In water, as one can see from Fig. la, the length of the
extremely high radiation localisation region was only equal
to 15 cm.

The evolutional dependence of the effective beam radius
R during its self-focusing, unlike the spatial dynamics of
the central part, i.e., the region, in which a light filament is
produced, has a pronounced focal waist. This waist, as is
seen from Fig. 1, is located in the filamentation region and
corresponds to the position of the so-called global nonlinear
focus of the beam [13]. In water, the global nonlinear focus
is located more to the right on the evolutional variable than
in air and virtually coincides with the geometrical focus of
the beam. After propagating through the global nonlinear
focus, the effective beam radius starts increasing stably, the
beam acquiring the effective nonlinear angular divergence
Ougrn = lim (1d?R3/dz?)"/?, which both in air and water
exceeds “the initial beam divergence 0,. Besides, in water
O 1s 1.5 times higher than in air (Oug /09 = 2.27 versus
1.5).

Note that the appearance of the additional nonlinear
beam divergence during the its filamentation is caused by
the accumulation of the amplitude — phase distortions of the
initial light wave profile due to its self-modulation in the
Kerr medium as well as due to the multiphoton absorption
and the plasma nonlinearity.

Figure 2 presents the maximum values of the free
electron densities p, ,,, and radiation intensity /,,, realised
in the beam channel during the action of the laser pulse at
different points of the path. One can see that in the region of
the filament existence the values of these parameters weakly
change with distance. In this case, the characteristic intensity
in the filament in air is an order of magnitude higher than in
water: Iy ~ 30 — 40 TW cm 2. The maximum plasma den-
sity in the filament produced in air is, on the contrary,
smaller than the free electron density in the filament
produced in water (Fig. 2a).

lg < pemix}

0 0.1 0.2 0.3 z/Lg

1072 L 1 1 1

0 0.1 0.2 0.3 z/Lg

Figure 2. Dependences of the maximum density of the free electrons in
the beam channel (a) and the maximum laser pulse intensity (b) on the
normalised longitudinal distance for air (solid curves) and water (dashed
curves).




Filamentation of high-power laser radiation in air and water

125

It follows that the cascade mechanism of the medium
ionisation plays an important role in the development of the
plasma bunch. In the condensed medium, the cross section
of the cascade ionisation process is two orders of magnitude
larger than in the gas (see Table 1). Due to this, in air,
unlike water, this mechanism gets actively into the action
already at the electron densities ~ 102 m’a, i.e., the
ionisation of the atoms during their collision with free
charges begins to dominate over the direct photoionisation,
thereby favouring the exponential rise in the electron density
even in the case of an insignificant increase in the light wave
intensity in the filament region.

The characteristic values of the radiation intensity /¢, the
free electron density p; in the filament, as well as its radius
R achieved in air and water for the given parameters of the
laser pulse are shown in Table 2.

Table 2. Characteristic parameters of the filamentation region.

Medium L/TWem™  R/um pp/m~3
Air 44-65 3040 2 x10%' — 6 x 10
Water 6-7 5-10 (3 —35) x 107

Consider one more characteristic of laser radiation
which is fundamentally important for femtosecond optics,
namely, the spectral composition of radiation experiencing
filamentation on the path. The spectral power density of the
laser pulse

P(z,) = “ d?r |S(r,, 2z 2)|
R,

(S is the Fourier transform of the temporal field envelope)
after propagating some distance in air and in water is
shown in Fig. 3.

P (rel. units)
10" |
1072 F
107 |
10°* //; : - I I I
600 800 1000 1200 2/nm
Figure 3. Laser pulse spectra at the point z=0.4Lg during the

filamentation in air (solid curve) and in water (dashed curve). The dotted
curve shows the initial laser radiation spectrum.

The presented spectra have the features of the self-phase
modulation of the ultrashort pulses, which proceeds in the
presence of the strong Kerr and plasma nonlinearities. One
can see the spectrum broadening, the shift of its maximum
to the red, the formation of the supercontinuum wings in the
blue and red spectra.

Unlike air, where the spectral broadening is more or less
symmetric on the both sides of the spectrum, in water the
filamentation leads to the formation of an extended wing in
the long-wave region. This is caused by the action of the
inertial part of the Kerr nonlinearity (stimulated Raman

scattering), which is manifested stronger in water than in a
gaseous medium. On the whole, the effective (root-mean-
square) spectral widths [22] are by ~ 15 % larger in the case
of water.

This fact is explained within the framework of the
classical model of the one-dimensional propagation of
the light wave in an optically nonlinear medium [23].
The frequency change of this wave, dw = w — w,, at a
distance z due to the self-modulation is determined by the
nonlinear component of the wave phase ¢, as follows:
dw(z, 1) = —0¢@,(z,1)/0t. By using expressions (1)—(3), we
obtain

o(én
Sw("L,Z, t) — *koZ (at )
~ ny ol V<K> © Jm
~ kyz ny Ot + 2mp AE, 17 exp | Veas 7001dz . (4
where
YK — Put WAEiI’K; (5)

Veas 18 the coefficient of the cascade ionisation rate. It
follows from this expression that the self-phase modulation
of the pulse leads to its spectral broadening proportional,
first of all, to the light wave intensity. Because the beam
filamentation region 1is characterised by the highest
intensity, the main spectrum transformation of the pulse
occurs in this region. Therefore, to increase the spectral
width 4, of radiation average over the light beam cross
section on the filamentation path, we can write approx-
imately:

JJg doo(r iz, 0)dr R}
A,(z) = 2R ~ kol LG (1),
( ) ‘UIL d'l 0 l'Roz ( f)

where /; is the filament characteristic length and G([y) is the
coefficient specified by the expression in square brackets in
the right-hand side of (4), whose quantity is determined by
the parameters of the medium optical nonlinearity. At the
identical initial relative power of the laser pulse in water,
the filament is approximately an order of magnitude shorter
than in air, and in addition, two orders of magnitude
thinner in the transverse cross section (see Fig. la and
Table 2). In this case, it is easy to see that in water the
coefficient G is almost three orders of magnitude higher due
to the large constants of nonlinear interactions. As a result,
the total spectral broadening of the pulse in both media
under study has the same order. The numerical calculation
yields 4,(L)/4,(0) = 6.2 (air) and 7.3 (water) for this
parameter.

4. Conclusions

Therefore, we have considered the filamentation properties
of the ultrashort pulses with the carrier wavelength
Ao = 800 nm in two natural media — water and air. Within
the framework of the universal scenario of the nonsta-
tionary radiation self-focusing, we have performed a
qualitative and quantitative comparative analysis of the
basic parameters of the beam filamentation region and the
transformation degree of its characteristics. The analysis
has shown that the drastic differences in the optical
parameters of water and air, and, first of all, in the
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coefficients of the Kerr nonlinearity and the ionisation of
the medium molecules, lead to changes in the key
characteristics producing light and plasma filaments in
the beam channel.

It follows from the calculations that when selecting the
initial laser pulse power with the identical excess of the
critical self-focusing power in each of the media under study,
the filaments appearing in water are 4—6 times thinner on
average than in air. The average radius of the light filament
in water does not exceed 10 um and its length is almost an
order of magnitude smaller than in air. The characteristic
radiation intensity in the filament produced in air is
~ 50 TW cm 2, which is an order of magnitude greater
than the intensity in the filament appearing in water.
However, the peak density of the free electrons in the
plasma channel of the filament in air is two orders of
magnitude smaller than in water and lies in the region
10" — 102 m ™.

The average angular divergence of laser radiation
propagated through the filamentation region, which is
determined by the evolutional dependence of the effective
radius of the light pulse in water, proves to be almost twice
higher than in air, which results in a higher increase in the
effective transverse area of the beam after the global
nonlinear focus. In this case, the average width of the
supercontinuum spectrum produced during the beam filam-
entation has close values both in air and water, which is
caused by its complex dependence on the filament length
and on the ‘force’ of the optical nonlinearity of the medium.
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