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Efficient cascade quasi-synchronous parametric generation

with up-conversion

V.M. Petnikova, V.V. Shuvalov

Abstract. We report efficient cascade up-conversion gene-
ration due to two simultaneous quasi-synchronous processes
of parametric decay w3 — »; + @, of pump quanta at the
frequency w3 and up-conversion of one of the generated waves
o1 + 03 — 04 > o3 at the frequency o; in a medium with a
quadratic nonlinearity. It is found that the necessary
condition for this generation is the requirement |y|\2 >
(w3/®1) |71]7, where 712 are the averaged constants of the
nonlinear coupling for the processes w;+ w33 — w3g4,
respectively. If this requirement is fulfilled, the plane
monochromatic pump wave is completely depleted, while
the limiting (the noise seed intensity is ;)59 — 0 at the input)
efficiency of the energy conversion into radiation at the
frequency o, is independent of I;,, and determined only by
the relations between |y;,|* and the frequencies of the
interacting waves. '

Keywords.: quadratic nonlinearity, quasi-synchronous interaction,
efficient cascade parametric generation with up-conversion.

1. Introduction

The authors of paper [1] showed that the problem of
interaction of three plane collinear monochromatic waves
(modes) in a medium with a quadratic nonlinearity [2] can
be described in terms of the effective cubic nonlinearity [3].
In this case, the initial problem is reduced to three
independent stationary nonlinear Schrddinger equations
(NSEs) relative to the wave amplitudes participating in the
processes. Later, the authors of paper [4] managed to
reduce, in a similar way, the problem of cascade [5] quasi-
synchronous [6] quadratic nonlinear conversion to a system
of two stationary NSEs with respect to the amplitudes
involved in both nonlinear processes. It was found in [4]
that this system is transformed into two identical inde-
pendent NSEs, which determines its solution in the form of
a sum and difference of two identical solutions of the same
NSE with shifted arguments and allows optimisation of the
process efficiency in any concrete situation.
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By using the approach developed in [I, 4], we will
consider the problem of efficient cascade quasi-synchronous
parametric generation with up-conversion (with respect to
the pump wave frequency) and the peculiarities of the
analytic solutions corresponding to this process. Generation
of this type can proceed in a quadratic nonlinear medium
due to two simultaneous processes: parametric decay w; —
w; + w, of pump quanta at the frequency w; and up-
conversion j, + w3 — wy > w3 of the frequency w;, of
one of the waves generated owing to this decay. According
to numerical calculations performed in paper [7] for the
process of the degenerate decay (photons at the frequencies
w; » are indiscernible), conversion of the pump energy flux
into radiation at the frequency w4 can be almost complete in
this case. However, because the degeneration regimes
correspond to singularities of the system phase space in
which the properties of its evolution change qualitatively,
the possibility to account only for the degenerate modes in
interactions for the generation problem casts some doubt.
Therefore, we will be interested below in the non-degenerate
(w; # w,) case and in the search, among the variants of its
realisation, for the analogues of ‘soft’ excitation regime [8] in
which the conversion efficiency of the pump energy flux at
the frequency w, can be large at any arbitrarily small input
noise seeds at the frequencies 5.

2. Cascade parametric generation

Consider collinear propagation of four (subscripts
i=1,...,4) plane monochromatic waves (modes) with
multiple (for simplicity of notation) frequencies w;,
Wy, =2wy, w3 = +wy, = 3w, and wy = 0| + w3 = 4wy,
wave vectors k;_,, and complex amplitudes 4,_, along the
z axis in a medium with a non-resonance quadratic
nonlinearity. We assume that their interaction is caused
by two nonlinear processes, w; + w,; — 34, with the
wave detunings Ak, = k| + ky3 — k4. Suppose that in a
nonlinear medium (half-space z > 0) there is a spatial
structure in which the signs of the nonlinear coupling
constants f8;, for the processes w; + w,3 — w34 change
periodically along the z axis, and in analogy with [4—7], we
will write in the quasi-synchronous interaction regime

d_zl =~y A2 A3 — iy, A3 A4y, (1a)
dA .
—— = —i2y, A{ 4, (1b)

dz
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dA4 - . .

— = i3y A, 4y — 39,47 A4, (Ic)
dz

dA4 .

d—; = —i4y34, A45. (1d)

Here, y,, = (2 exp (—iAk, »2)). are the averaged nonlinear
coupling constants for the processes w; + Wy3 — W3y
respectively. '

System (1) has five second-order integrals, Jy_4 = const,
corresponding to the law of conservation of the total energy
flux and the so-called Manly—Row relations [2]

Jo=h+L+15L+1, (2a)
1 1 1
Ji=L-5L *5137 J=1 *512+Z[4>
(2b)

21
Jo=hL+=L+ 1,

1 1
Ji=h+3L+51, 3 3

3 2

However, only two of these integrals are independent, and
we can write, for example, that

1
L — Iy = (I, = I)p) —§(13 — Iy),
3)

2
Iy — Iy = =2(I, — 1) *5(13 —Iy),

where I, = A;A; are proportional to the wave intensities
and Jy = ApAjp = A A7 |-

It follows from (3) that within the framework of the
formulated problem, it is sufficient to consider only the
situation in which the mode at the frequency w; plays the
role of the pump, i.e. the case I3y # 0 and ;2949 = 0 (more
exact, Ijg040 < I39). Indeed, this role cannot be assigned to
the modes at the frequencies w; ,, because I, < 0 at [}, # 0,
12021302140:03nd14<03t120#0,11021302140:0
respectively. If the highest-frequency mode (with the fre-
quency wy) is the pump, the increase in its frequency due to
two above-mentioned nonlinear processes is impossible.

Further passage from (1) to second-order equations
yields, in analogy with [4], a closed system of equations
for 4,3 in the form

d’4
dz21 = _3G+|A1 |2A1 + 30|G—||A3|2AI + 3J13AI’ (43)
d’ 4, 2 2
?:—9G+|A1| Az +0|G_|[A3] A3 + 3,343 (4b)
with the boundary conditions
dA4 . N . "
Ail.—o = 410, d_z] = —iy Ay Az — 17,4344, (52)
z=0
dA4 ok . "
Az, = Az, T; = —i3y149 A2 — 137,470 449, (5b)
z=0
2 2. 2 2.
where  Go = |y | X205 Ji=nlh +2nlJ; o=

sign(G_) is a sign-alternating function taking the values
+1 at [y, > 2|p,* and |y, < 2|y,|*, respectively. In this

case, the wave intensities /,4 can be found from relations
3).

It is easy to verify that in the situation of interest to us,
when 130 7é O, 110 = ]20 = 140 = O, 3.]13 = *O'lG,‘Iy), and
taking into account the boundary conditions

dA4,
A = —_— =
l|z:0 07 dZ 0 Oa (63.)
dA,
A3|::o = A3, dz o =0 (6b)
system (4) has the only trivial solution:
A1(z) =0, A3(z) = A3 (7)

However, this solution is unstable with respect to small
perturbations. We will assume below that small
(I30 > 1102040 # 0) noise (see below) seeds A;g2949 7# 0 for
the amplitudes A4;,4 of those modes, which should be
finally generated in a nonlinear medium, play the role of
such perturbations. As will be shown below, this allows one
to realise efficient cascade parametric generation with up-
conversion.

Below, we will restrict our consideration to the analysis
of constant and optimal (from the point of view of the
generation development rate) initial phases ¢, = ¢, (see
below) of all the four interacting modes. In fact, this is
equivalent to the assumption that the source of the seeds
ensuring the development of generation is the input noise in
which the necessary spectral components with such optimal
initial phases are always present. In this case, selecting by
the substitution

A;(z) = X;(z) exp(igy) )

real and non-negative [in the input plane (X;|._, = X;o = 0)]
amplitudes X; of the interacting modes for the optimal
relation for ¢y, specified by the conditions

T
P10+ P30 — P3040 — Py, £ 5= 0, )

which provide the maximum growth rate of X,4 due to
transformation of equations (1b) and (1d) into relations

dXx, dXx,
¥:2|7’1|X1X37 $:4|V2|X1X3a (10)
we will reduce problem (4) to the system
d’x
dzzl = —3G, X{ +30|G_| X3 X, + 3J13X], (11a)
d’X; P 3
?:—9G+X1X3+U|G_|X3 +3J13X3 (llb)
with the boundary conditions
dXx,
Xil.—o = X0, rEie +711X20X30 = [721X30 X0, (122)
z=0
dx
X3|.—o = Xa0, T; = =3[ X10X20 — 3[72]X10X40- (12b)
z=0
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In (9), the phases ¢, are determined by the relations
712 = 112l exp (g, ,)-

It is easy to check that the further analysis can be
restricted by two situations only in which either I3, # 0,
Lig#0, DLy=1p=0 (case I), or Ly #0, I#0,
Lo =1;0=0 (case II). Indeed, at Ly #0, I1o=1,=0
the trivial solution of (7) proves stable with respect to
small fluctuations of I, (at least, in the first approximation)
because

=0.

: =0, X34]._9 = X3040, and —=

X020 =
020 =" & |,

3. Exact analytic solutions

Consider first case I when X35 # 0, Xjop # 0, X590 = X4 = 0.
In this case, 3Jj3 = 3G [y — |G _|I3, and system (11) has
the boundary conditions

dX1'3

X1 3]0 = X1030 = /110,30, W

—0. (13)
z=0

Although the authors of paper [4] did not consider the
situation with the boundary conditions of type (13), the
exact solutions for this case can be found by using the same
method of separation of variables. At 0 = —1 (ie. |y’ <
2\y2|2) system (11), by wusing substitutions Y;(z) =
X1(2) F X5(2) and Y,(2) = X;(2) £ X5(2), is still reduced
to two identical independent NSEs with the nonlinearity
of focusing type. Therefore, Y| ,(z) should be proportional
to the same fundamental solution of the NSE [4, 9] (i.e. one
of two possible elliptic Jacobi functions: cn(yz, k) or
dn(yz, k) [10]) but with the arguments shifted relative to
each other (see [4]). The proportionality coefficient, param-
eter y, and modulus 1 > k > 0 of this elliptic Jacobi function
are determined by the coefficients of the NSE obtained in
this way, and the shift of the arguments Y ,(z), taking into
account (13), should be set by the conditions

le,Z

Yiol.og = Yip20 # 0, Yyg # Yo and e

=0.
z=0

These three conditions can be fulfilled only when
Y15(2) < dn(yz, k),  and Y, (z) < dn(yz + K, k) = k'x
dn~'(yz,k), where k' =+1—k? K(k) is the complete
elliptic integral of the first kind [10]. Therefore, at
|y1|2 < 2|y2|2, system (11) with boundary conditions (13)
has two types of solutions, which will be written by using
the identities dn(z, k) +dn(z + K, k) = (1 + k")dn(Z, k) and
dn(z, k)— dn(z + K, k) = (1 — k")en(Z, k), which follow from
the so-called ascending Landen transformation [11]. Here,
F=(1+kz, k=0—-k"/1+k".
Taking into account the above assumptions, at

121" = Il
In|? < 2y, and 1y < |2|1|2 30

3 2|”>’2|2 + 7

system (11) has the solution

X, = VLen(yz, k), X3 =+/I3dn(yz, k), (14a)

1

]2 = 5130[1 — dnz(yz, k)] - I]()Snz(“/za k)7
(14b)
2 2 2
14 = §I30[1 —dn ("/Zyk)] + 2[105n ('})Z, k)

Here, the values of the parameters k& and y are determined
by the relations
k2% =62l + o, 77 =2l = k. (19)
It is easy to verify that the positions of the maxima z = z,,
on the dependence I4(z) correspond to the condition
en(Yzmax, k) = 0; from whence,
Zmax = (2m = 1)y~ K(K), (16)
where m=1,2,...
case,

is an arbitrary positive integer. In this

2
82—|sz110 — 0for 7;p — 0,

17)
721" = [71]

Lymax = 14(Zmax) =

which is unsuitable for creating an efficient generator
operating in the soft excitation regime.
At

112 < 2Jp and 1 > EM%
32|"/2|2 + \y1|2

the functions, which are fulfilled by the modes with the
frequencies @, and wjs, in fact interchange their places. This
yields at once

X, = V56odn(yz, k), X3 =+/Ien(yz, k), (18a)
b = 3 Igll — dn(32,K)] ~ Lgsn’ (72, &),

(18b)
T =2 Tll — A0 (g2, )] + 2 g8 (2, K).

Here, the values of the parameters k and y are determined
by the relations

2% =202 = 1)z, 72 = 6210 + 111 ho- (19)

In this case, solution (18) corresponds to the hard excitation
regime of the system because the seed intensity /;, at the
nonlinear medium input should be large. Moreover,
analysing the character of the dependences of /;(z) specified
in (14a) and (18a), we can conclude that in these two
solutions the noise seed itself, I}y, in fact plays the role of
the second component of the pump because 1,(z) < Ij.
At first glance, solutions (14) and (18) are new and were
not derived in paper [4]. However, this is not so and at
sn(Bzo, k') = (1 + k""" (Bz, = K/2, see notations in [4]),
both these solutions, taking into account the possible
permutation of subscripts 1 < 3, can be obtained from
the relations similar to expressions (33) from paper [4] with
the help of the Landen transformation [11] and the shift of
the transformation result by a quarter of the period K along
the z axis. Moreover, by all appearances, many stationary
solutions of a system consisting of two NSEs, known from
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the literature, can be presented due to the Landen trans-
formation and the mentioned identities in a simpler form.

At ¢=+1 (le. at |y1\2 > 2|y2\2), the only possible
solution of system (11) is also determined by the expressions
(47) [4] shifted along z axis by K at sn(2fZ),k’) =0
(Bzy = K/2, see notations in [4]), which allows one to write
it in the form

1 en(yz, k)
Xi=V65ho—F—~, Xz=VV65Ei—F—= 20
1 10 dn(yz, k)’ 3 30 dn(yz,k)’ (20a)
1 dn?(yz, k) / ldn2(yz7 k) —cn’(yz, k)l
2T dnl(yzk) T3 dn?(yz, k) 0
(20b)

1 —dn*(yz, k) zdn2 (yz,k) — en®(yz, k)
dn’(yz,k) "3 dn?(yz, k)

14 = — 130.

Here, the values of the parameters k& and y are determined
by the relations

k2% =2 * = 2y,*) o,
(2D

2 =203y + 202 o + (I = 2092 o).

In this case, localisation of the maxima z = z,,, on the
dependence  I;(z) corresponds to the condition
cen(yzmax, k) = 0, i.e. is set by expression (16) in which y
and k are determined by relations (21). It is easy to see that
now

8 Y 2
= 14(Zmax) = | 2‘

=5—> ——>13 (22)
3 |“/1|2 +2\V2|2

L 4 max

does not change with varying the seed intensity I;, at the
nonlinear medium input and, hence, at I;, — 0 the quantity
Lymaxapy, o p = 213 can be large.

Note that, unlike numerical calculations [7] performed
for the case of the degenerate decay (photons at the
frequencies w;, are indiscernible), the conversion of the
pump energy flux into radiation at the frequency w, in non-
degenerate situations is never complete. At points z = z,,,,
where the pump wave is completely depleted, a part of its
energy flux Jy — Iy 1S redistributed between two other
generated modes

1 |7’1|2 - 2\V2|2
L (Zmax) = Do + §ﬁ1307
1™+ 2(pal 23)
2 |“/1\2
Bean) = 2 ) = 0,
T3P 2, -

Note also that although in the case under study I, 1S
independent of I;,, the presence of the seed for the
generation process is crucial. The matter is that the position
of those points z = z,,,, at which the maximum energy
efficiency is realised, depends on I;, and, because

2 2
_3|?1| +2[y, @_}1

k2~ 1
[P = 207, T30

24

% = 2(In |7 = 209, for Iy — 0,

Zmax and the nonlinear medium length L ~ z,,, required for
efficient conversion grow infinitely at 7;o — O.

Consider now case II when X3y #0, X5y #0, Xip =
X4 =0. In this case, 3J;3 = f3|y1|2120 —0|G_|l3, and
system (11) has the boundary conditions

dx,

Xil.—o =0, s

= 1 1X20X30 = 11|V holy,  (252)
—0

z

dx
X3|.—g = X30 = VL3, d—z3 =0,

z=0

(25b)

corresponding to the situations considered previously in [4].
Therefore, all the searched-for solutions are reduced to
expressions (32), (33), and (44) from paper [4] corrected
taking into account the concrete choice of relations between
the frequencies w;_4 of the interacting modes.

At

1 (2 =21y, )2
|V1\2 < 2|“/2\2 and Iy < ﬁw
ol

the form of the solution of system (11) corresponds to
expressions (33) from paper [4] and

/I Lo Lyosn(yz, k)en(yz, k)

C 292 — (p2%k2 = 3ly Pho)sn(yz, k)

(26a)
X, = 2“/2\/Edn(yz, k) ’
T 22— (22 = 3y P ho)sn(yz, k)
o 2T a2 2
b [1 T (;:2 —1325;1 gylj;)ks)nz(vz, Kl
(26b)
I = 16]y, [yl Lo Zosn® (yz, k)

2% — (2k? = 3|y, [ Lo )sn (yz, k)]

Here, the values of the parameters k& and y are determined
by the relations

k9% = /301 P ooy 301 P oo + 2 + 2P o
1
1 = 3{ ol = )t + P

V3P 4 200 + 205 0~ 3P| .

@7

It is easy to check that the positions of the maxima z = z,,
on the dependence I4(z) still correspond to condition (16) at
y and k specified by expressions (27). In this case,

Limax = 14(Zmax)
|“/1|2|Vz|2
= lémlﬂ) — 0 for 120 — 07 (28)
20 711

which, as in the previously considered case of solution (14),
is not suitable for realising an efficient generator operating
in the soft excitation regime.

The case when
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1 (o2 — 207, 12)2 B 2 2 >
20 Mw] x \/3 N1l Do + 21717 + 20, )130—\/3\V1| I | ¢
Vil7172 (32

at any relation |p,|* and 2|y,|* is reduced, in the form, to
solution (32) from paper [4], and

2y4/ 71 [* Lo Laosn(yz, k)dn(yz, k)

72+ 3y ‘2]20 + (2 =3 \zlzo)cnz(VZ, k) ’

(29a)
2%V pen(yz, k)
72 43I Do + (22 = 3|y, P I )en?(yz, k)
2+ 3 Ly + (v 1| ho)en® (yz, k)

2y |21305n2(7/27 k) r
P2+ 3|’/1|2120 + (72 =3Iy \2120)Cn2(“/27 k)
(29b)

L=15h|l+

I = 16[71* 7] Bosn® (v, &)
2+ 3191 Lo + (02 = 3|01 [ Lo )en?(yz, k)]

The values of the parameters k and y are set by the relations

1
k2V2 = 5[72 - 3|"/1\2[20 - (|“/1‘2 - 2|V2|2)130],

(30)

y? = \/3|Vl P Io[3171 P T + 2(191 7 + 2172 ) o)

72

It is obvious that solution (29) also corresponds to the hard
excitation regime of the system because the seed intensity
Iy at the nonlinear medium input should be large.

And finally, at

2 2,2
|"/1‘2>2|"/2‘2and120<i(‘/1| 22|/§‘ )

24 |yl

system (11) has one more solution, which is reduced to
expressions (44) from paper [4]. This solution, as solution
(20) considered above, provides the possibility of realising
an efficient cascade generator operating in the soft
excitation regime,

24/7%n Lo Losn(yz, k)

| = ,
292 = (In1 | = 2lya ) Bosn (y2, k)

(31a)
2y2en(yz, k)dn(yz, k
Xy = /I — 2( ) : ( 2) 7
29% = (1™ = 22 ) 30807 (yz, k)
1y = 1y 222 (il + 20l o’ (2, )
292 = (In |2 - 2|V2|2)1305n2(3’27 k)]z
(31b)

= 16717l Fao Bosn® (v, k)
272 = (In |2 - 2|V2|2)1305n2(3’27 k)]2

The values of the parameters k and y are determined here

by the relations
2 2
M0 — /31 o

1
€7 =3 { (" - 20

1
y:= 3 {(\V1|2 - 2|"/2|2)[30 + 3|V1|2120

X [\/3|“/1 g + 2(171 [ + 202 ) B0 + \/3\3’1 |2120] }

In this case, the condition cn(yz,y, k) =0 also corre-
sponds to localisation of the maxima z = z,,,; therefore
their positions are still determined by expression (16) into
which we should substitute y and k specified by relations
(32). It is easy to verify that although

16
3

I4max = 14(Zmax) =

2,2
« 121" I3 (33)

2
(V301 P + 200 + 2052P) 0 = /3001 Po |

and depends on the seed intensity I, at the nonlinear
medium input, all the limiting (/,y — 0) characteristics of
the converter remain the same as those for solution (20).
Retained in this case is both limiting (/,, — 0) conversion
efficiency (20) and those fraction in which, unlike the
numerical results [7], the remaining part of the pump energy
flux Jy — Iynax 18 redistributed between other generated
modes (23).

As in the case of solution (20), the presence of the seed at
the nonlinear medium input is also crucial because the
position of those points on the z axis, at which the maximum
conversion efficiency is realised, depends on I, and because
at [20 —0

2
67| Iy

Kl =y — 20
2 2
711"+ 2[72| 30

)

(34

1

2 2 2

Y _’E(h’l‘ = 292130,

Zmax and the nonlinear medium length L = z,, required for
efficient conversion also grow infinitely at I,y — 0.

4. Conclusions

By using the approach of paper [4], we have considered
analytically the problem of realisation of the efficient
cascade (simultaneous processes of the decay w; — w; + w,
of the pump quanta at the frequency w; and up-conversion
W5+ w3 — wg > w3 of one of the waves generated in
quadratic nonlinear medium at the frequency w,,) quasi-
synchronous parametric generation with up-conversion
(amplification) (with respect to the pump wave frequency).

Unlike the numerical calculations performed in [7] for
the case of the degenerate decay (a singularity of the system
phase space at which photons at the frequencies w;, are
indiscernible and the possibility of taking into account only
degenerate mode in the problem of the generation type casts
some doubts), we have shown that in non-degenerate cases
(w; # w,) the conversion of the pump energy flux into
radiation at the frequency w, cannot be complete. We have
found that the necessary condition for realising the ‘soft’
excitation regime of the system is the requirement |y1\2 >
(v, /w1)|y2\2. If this requirement is fulfilled, the plane
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monochromatic pump wave is completely depleted, and the
limiting (the noise seed intensity ;5 — 0 at the nonlinear
medium input) efficiency of conversion of its energy flux
into radiation at the frequency w, is independent of I
and determined only by the relations between the nonlinear
coupling constants y; , and the frequencies of the interacting
waves. It is these parameters that determine those fraction in
which the pump energy flux is redistributed between the
waves [ » 4 generated in the nonlinear medium. At the same
time, the presence of the noise seeds at the nonlinear
medium input is obligatory because the nonlinear medium
length (required to realise efficient conversion), which
depends on [y and at ;55 — 0 tends to infinity.

Note that the solutions, describing the ordinary para-
metric generation on a nonlinear medium (i.e. the process
w3 — ® + my) [2], which can be obtained from the above
expressions at |y,|* — 0, behave in this manner.
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