
Abstract. It is shown that when an s-polarised wave is mixed
with a wave of the same frequency, which is incident along the
normal to the metal surface, three frequency-doubled waves
are generated. Two of them are p-polarised and one is s-
polarised. The effect of the electron and lattice temperature
evolution on the SHG eféciency is described quantitatively.
An anomalously strong change in the generation eféciency of
an s-polarised harmonic is found during temperature varia-
tions, which leads to a noticeable change in the electron
collision frequency.

Keywords: second harmonic generation, wave mixing, femtosecond
pulse, heating of metal electrons.

1. Introduction

Many papers are devoted to investigation of the SHG by
metal electrons (see, for example, [1 ë 15]). In metals,
harmonics are generated in a comparatively narrow skin-
layer; therefore, the conversion coefécient of radiation with
the frequency o into radiation with the frequency 2o is
rather small. At the same time, in the simplest description
within the framework of the perturbation theory the
radiation êux density of the second harmonic is propor-
tional to the square of the radiation êux density at the
fundamental frequency o. In this connection to achieve a
noticeable SHG effect it is desirable to use radiation with a
rather large intensity, which does not lead, however, to the
damage of the metal surface. This radiation can be obtained
with the help of femtosecond laser pulses. When ultrashort
laser pulses are used already at a moderate radiation êux
density of the fundamental wave, the SHG is accompanied
by the electron heating leading to a change in the
generation eféciency. The necessity to account for the
electron and lattice heating during the SHG was demon-
strated in papers [7, 9, 11 ë 15]. The metal heating is
accompanied by a noticeable increase in the electron ë
electron and electron ë phonon collision frequencies. Under
conditions of an efécient SHG, the electron collision
frequencies can be comparable with the radiation frequency
and even exceed it. The theoretical description of the SHG

suitable at relatively large electron collision frequencies was
performed in [15]. It is based on the simultaneous solution
of Maxwell's equations, equations for the electron density
and average electron velocity as well as equations for the
electron and lattice temperatures. The authors of paper [15]
described the inêuence of the metal heating on the SHG
eféciency of an s-polarised wave.

In this paper, we develop the approach of paper [15] by
presenting the SHG theory based on the same equations
under conditions of mixing of an s-polarised wave and a
heating wave (with the same frequency) incident normal on
the metal surface. We show that when these waves are
mixed, three waves with the frequency 2o are generated: two
p-polarised harmonics and one s-polarised harmonic. One
of the p-polarised harmonics is emitted in the reêection
direction of the s-polarised wave with the frequency o. This
harmonic appears due to the nonlinear current generation
by an incident s-polarised wave. The second p-polarised
harmonic is generated upon mixing the s-polarised wave
with the wave heating a metal. This wave is emitted at the
metal-surface angle exceeding the angle at which the initial
s-polarised wave is reêected. At the same angle, one more
second harmonic appearing upon mixing the same waves is
emitted, the harmonic being s-polarised. This harmonic
appears only when we take into account the electron
collisions resulting in lifting the ss prohibition under studied
conditions ë generation of only p-polarised second har-
monic upon irradiation of the metal surface by an s-
polarised wave (see, for example, [10]).

We will show below that the electron heating due to
absorption of the wave incident normally to the metal
affects the generation eféciency of all the three harmonics.
We also describe the conditions under which the rise of the
electron or lattice temperature leads to a relatively small
decrease in the generation eféciency of p-polarised harmon-
ics while the electron cooling due to the heat transfer deep
into the metal leads to an increase in their generation. On
the contrary, the inêuence of the heating and subsequent
cooling of the metal on the s-polarised harmonic generation
is rather large and accompanied by the change in its
generation eféciency by an order of magnitude. The latter
property makes this harmonic a convenient tool for exper-
imental investigation of electron collision frequencies in a
thermodynamically non-equilibrium metal.

2. Model description of a metal

We will describe the conductivity dynamics of electrons by
using the equation of motion in the form
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where n is the conduction electron density; u is the velocity
of their directed motion; e and m are the charge and mass
usually close to their values for a free electron; c is the
speed of light; p � p(n,T ) is the electron pressure; T is the
electron temperature; E � E(r, t) and B � B(r, t) are the
electric and magnetic éelds in a metal; n � v(n,T,Tlat) is the
characteristic electron collision frequency depending on n,
T, and the lattice temperature Tlat. Assuming the collisions
of the electrons with the impurities to be insigniécant, we
will represent the frequency v as a sum of electron ë phonon
(neph) and electron ë electron (nee) collision frequencies:
n � neph � nee. If the electron distribution is strongly
degenerate and Tlat is larger than the Debye temperature
YD, the approximation [16, 17]

v � veph�T0�
Tlat

T0

� a
k 2
BT

2

�heF
(2)

is possible for v, where kB is the Boltzmann constant; �h is
Planck's constant; T0 is the initial metal temperature in an
equilibrium state; eF is the Fermi energy; a is the numerical
factor whose quantity depends on the type of the energy-
band structure of the metal.

The electric and magnetic éelds in a metal are described
by Maxwell's equations

rotE � ÿ 1

c

qB
qt

, (3)

rotB � e0
c

qE
qt
� 4p

c
enu , (4)

where e0 is the the static dielectric constant caused by the
coupled electrons and the lattice.

Collisions of the electrons lead to their heating and
dissipation of the electromagnetic éeld energy. The absorp-
tion power is determined by the Joule heat Q � jE � enuE
released per unit time per unit volume. The inhomogeneous
electron heating caused by the éeld absorption is accom-
panied by the heat transport and cooling of the electrons
due to the energy transfer to the lattice. The electron-
temperature equations, taking these processes into account,
have the form [18, 19]

Ce

qT
qt
ÿ div�lHT� � Qÿ G�Tÿ Tlat�, (5)

where Ce � p 2k 2
BnT=2eF is the heat capacity of the

electrons; G is the constant of electron coupling with the
lattice. In (5) the heat conductivity has the form
l � Cev

2
F=3nl, where vF is the Fermi velocity; vl is the

electron collision frequency determining the heat conduc-
tivity process. The effective electron ë phonon and
electron ë electron collision frequencies entering nl �
neph;l � nee;l differ in the quantity from those determining
the conductivity but have the same dependence on the
lattice and electron temperatures:

vl � veph;l�T0�
Tlat

T0

� b
k 2
BT

2

�heF
, (6)

where b 6� a. Finally, the lattice temperature variation is
described by the equation

Clat

qTlat

qt
� G�Tÿ Tlat�, (7)

where Clat ' 3kBN is the heat capacity of the lattice at
Tlat > YD; N is the lattice atom density. The presented
equations are basic for describing the properties of the non-
equilibrium metal in the electromagnetic éeld at temper-
atures larger than the Debye temperature. In this case, the
lattice temperature is assumed small compared to the
melting temperature, while the electron temperature is
assumed small compared to the degeneracy temperature.

3. Field penetration into a metal

Consider the interaction of the s-polarised electromagnetic
wave with a metal occupying the half-space z > 0. We will
represent the wave éeld in the form

1

2
Elas exp�ÿiot� iklasr� � c:c:, (8)

where Elas � (0,Elas, 0); Elas is the electric éeld strength
amplitude slowly varying in time 2p=o; o is the frequency;
klas � (kx, 0,kz) is the wave vector. Taking into account the
fact that the éeld amplitude of the incident wave (8) slowly
changes in time, it is natural to search for the solution of
equations (1) ë (7) in the form

A � A0 �
1

2

X1
s�1
�As exp�ÿisot� � c:c:�, (9)

where A denotes n, T, Tlas or one of the vector components
u, E, or B. In expression (9), the functions A0 and As

depend on x and z and slowly change in time,���� q lnA0

qt

����, ���� q lnAs

qt

����5 so, s � 1, 2, . . . . (10)

Taking into account this inequality and in accordance with
expression (8) for the magnetic éeld of the incident wave
from expression (3), we have

1

2
Blas exp�ÿiot� iklasr� � c:c:, (11)

Blas � �ÿkz; 0; kx�
c

o
Elas.

Assuming that the characteristic velocity of the electrons in
the éeld is small compared to their thermal velocity, we will
restrict below our consideration to the approximate
solution of equations (1) ë (7) with an accuracy up to the
terms quadratic in the éeld strength. In such an approx-
imation it is sufécient to retain the terms with s4 2 in
expansion (9). In this case, being interested in the change of
the quantities at the frequency o, we can neglect the
electron temeperature and density perturbations quadratic
in the éeld as well as pressure (p) and frequency (v)
perturbations caused by them. In the studied approxima-
tion for harmonics with s � 1 we have a system of linear
equations. In the linear approximation over the external
éeld, the éeld in the metal can be expressed as
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1

2
E1 exp�ÿiot� � c:c:, (12)

E1 � �0;E1�z�; 0� exp�ikxx�.
It follows that divE1 � 4pen1 � 0, i.e. n1 � 0, as well as
p1 � 0 and v1 � 0. As a result, taking into account
inequality (10) from linearised equation (1) we énd

u1 �
e

m
E1

i

o� iv0
, (13)

where v0 depends on n0 and T0 ë the electron density and
temperature slowly varying in time. Accounting for
inequality (10) and relation (13), we obtained from (3)
and (4) the equation for the function E1�z�:

d2E1�z�
dz 2

�
�
o 2

c 2
e�o� ÿ k 2

x

�
E1�z� � 0, (14)

where

e�o� � e1�o� � ie2�o� � e0 ÿ
o 2

pl

o�o� iv0�
(15)

is the dielectric constant of metal at the frequency o;
opl � (4pe 2n0=m)1=2 is the plasma frequency of the
electrons. At o 2

pl > (o 2 � n 20 )e0, the solution of Eqn (14)
decreasing inside the metal has the form

E1�z� � E1�0� exp�ÿK�o; kx�z�, (16)

where
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c 2

�2s
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c 2
ÿ k 2

x

�����1=2

, l � 1; 2. (18)

The solution of form (16) takes place if the dependence e(o)
at the scales � Kÿ1l (o) can be neglected (see details in
[20, 21]). By using inequality (10) and expressions (12), (16),
we énd from expression (3) the magnetic éeld in the metal:

1

2
B1 exp�ÿiot�� c.c.,

(19)

B1 � �ÿiK�o; kx�; 0; kx�
c

o
E1�z� exp�ikxx�.

The wave incident on the metal is partially reêected from
it. In the conditions under study, the electric and magnetic
éelds of the reêected wave can be expressed as

1

2
E r exp�ÿiot� ikxxÿ ikzz�� c.c.,

(20)

1

2
B r exp�ÿiot� ikxxÿ ikzz�� c.c.,

E r � ElasRs�o; k�, B r � �kz; 0; kx�
c

o
ElasRs�o; k�, (21)

where Rs(o, k) is the complex reêectivity of the s-wave
having the frequency o and propagating in the direction of
the k vector. According to the deénition

E1�0� � Fs�o; k�Elas (22)

we will introduce the complex coefécient of the s-wave
penetration, Fs(o, k). The relation Fs(o, k) � 1�Rs(o, k)
follows from the continuity condition of tangential electric
éeld components. Taking into account the continuity of the
tangential component of the magnetic éeld from (8), (11),
(12), (16), and (19) ë (22), we énd the explicit expression for
the s-wave penetration coefécient:

Fs�o; k� �
2kz

kz � iK�o; kx�
. (23)

Relations (12), (19) and (22), (23) completely determine the
éeld in the metal at the frequency o.

The above-described peculiarities of the s-wave pene-
tration and reêection allow us to write the éeld in the metal
in a more general case when the second wave incident
normally together with the s-wave affects it. Let us assume
that the total éeld of two waves has the form

1

2
Elas exp�ÿiot� iklasr�

� 1

2
Ep exp�ÿiot� ikpr�� c.c., (24)

where Ep � (Ep cosf,Ep sinf, 0); Elas � (0,Elas,0); klas �
(k sin y, 0, k cos y); kp � (0, 0, k). Then, in the linear approx-
imation with respect to the intensity of the interacting
waves, in accordance with the above-mentioned, we have

E1 � E�klas� � E�kp�, B1 � ÿi
c

o
rotE1, (25)

E�klas� � Fs�o; klas�Elas exp�ikx sin yÿ K�o; k sin y�z�,

E�kp� � Fs�o; kp�Ep exp�ÿK�o; 0�z�
(26)

from (3), (12), (16), and (22). These relations are basic for
calculating the nonlinear current in the metal.

4. Nonlinear current and susceptibility

Consider the electron dynamics at the second harmonic
frequency 2o, using the motion equation (1). According to
inequality (10), in describing the oscillations of the electrons
with the frequency 2o the time derivative jq ln u2=qtj can be
neglected. In addition, under conditions of normal and
high-frequency skin effect discussed in this paper, we can
neglect the weak inêuence of Hp2. Taking into account
these simpliécations and using relation (9), we derive from
Eqn (1)

�v0 ÿ 2io�u2 �
c

m
E2 �

e

2mc
�u1B1� ÿ

1

2
�u1H�u1. (27)

With allowance for relations (13) and (25), we énd from
(27) a slow current-density envelope at the second harmonic
frequency:
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j2 � enu2 �
ine 2

m�2o� iv0�
E2 � jnl, (28)

where the nonlinear current is

jnl �
ine 3

4m 2�o� iv0�2�2o� iv0�
HE 2

1

ÿ ne 3

2m 2�o� iv0�2�2o� iv0�
v0
o
�E1rotE1�. (29)

In accordance with the deénition jnl � qP nl=qt, the non-
linear polarisation at the frequency 2o

P nl
i �2o; k1; k2� � wijk�2o; k1; k2�Ej�k1�Ek�k2� (30)

corresponds to the nonlinear current (29). Here,
wijk(2o, k1, k2) is the nonlinear susceptibility tensor. Accord-
ing to (30) and (29), the components of the nonlinear
susceptibility tensor corresponding to the éeld (25), (26)
and determining the tangential components of the nonlinear
polarisation vector have the form

wxyy�2o; klas; klas� � wxyy�2o; kp; klas�

� ÿ ieo 2
pl sin y

16pmco�o� iv0��2o� iv0�
, (31)

wyxy�2o; kp; klas� � ÿ
iv0

o� iv0
wxyy�2o; kp; klas�

� ÿ eo 2
plv0 sin y

16pmco�o� iv0�2�2o� iv0�
. (32)

Expressions (26) and (30) ë (32) determine the polarisation
of the metal at the doubled frequency and allow us to
consider the SHG.

5. Radiation éeld produced by induced
polarisation

Assume that in metal there exists induced polarisation

Pst�O; qx; x� �
1

2
Pst (33)

� exp�ÿiOt� iqxxÿ xz� � c:c, z > 0,

where O is the frequency of polarisation variation; qx is the
wave vector component along the x axis; 1=x is the
characteristic dimension of the polarisation localisation
region. We will érst consider radiation by a metal of an s-
polarised wave whose electric éeld is directed along the y
axis. Then, outside the metal the electromagnetic éeld of the
emitted wave has the form

1

2
Erad exp�ÿiOt� iqxxÿ iqzz�� c.c.,

(34)
Erad � �0; 1; 0�Erad, z < 0,

Brad � �qz; 0; qx�
c

O
Erad, (35)

where O � qc; q �
���������������
q2x � q2z

p
. As before, the electromag-

netic éeld in the metal is described by equations (3), (4), but
now the right-hand side of equation (4) contains the
induced-polarisation source:

rotB � e0
c

qE
qt
� 4p

c
enu� 4p

c

qPst�O; qx; x�
qt

. (36)

We will seek the electric éeld in the metal in the form

1

2
E�z� exp�ÿiOt� iqxx�� c.c.,

(37)

E�z� � �0;Ey�z�; 0�, z > 0.

Because, when the s-polarised wave is emitted,
divE � qEy=qy � 0, we have

d2Ey�z�
dz 2

ÿ K 2�O; qx�Ey�z� � ÿ
4p
c 2

O 2Pst;y exp�ÿxz� (38)

from Maxwell's equations for the Ey(z) function. Here,
K � K(O, qx) is described by expressions (17) and (18), valid
at o 2

pl > (O 2 � n 20 )(e0 ÿ q 2
x=q

2). The solution of the nonuni-
form equation (38) decreasing at z!1 has the form:

Ey�z� �
�
Ey�0� �

4pO 2

c 2�x 2 ÿ K 2� Pst;y

�
exp�ÿKz�

ÿ 4pO 2

c 2�x 2 ÿ K 2� Pst;y exp�ÿxz�. (39)

The magnetic éeld

1

2
B�z� exp�ÿiOt� iqxx�� c.c.,

(40)

B�z� � c

O
�iE 0y�z�; 0; qxEy�z��, z > 0

corresponds to the electric éeld described by expressions
(37) and (39).

Using the continuity condition of the tangential electric-
éeld components on the metal surface, we énd from
expression (34), (35), (37), (39), and (40) the relationship
for the electric éeld strength of the emitted wave with the y
components of induced polarisation:

Erad � Ey�0� � Fs�O; qx; x�Pst;y, (41)

where we introduced the notation for the complex radiation
coefécient:

Fs�O; qx; x� �
4ip

�x� K�O; qx���qx � iK�O; qx��
O 2

c 2
. (42)

Consider now radiation of a p-polarised wave. In this
case, the magnetic éeld of the emitted wave has only one
component along the y axis:

1

2
Brad exp�ÿiOt� iqxxÿ iqzz�� c.c.,

(43)
Brad � �0; 1; 0�Brad, z < 0,

Erad � ÿ�qz; 0; qx�
c

O
Brad. (44)
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We will seek the magnetic éeld in the metal in the form

1

2
B�z� exp�ÿiOt� iqxx� � c:c:,

(45)
B�z� � �0;By�z�; 0�, z > 0.

Let us eliminate the polarisation component Pst;y(O, qx, x),
which is a source of an s-polarised wave, from equation
(36). We will restrict our consideration to the conditions
when two other components of the polarisation vector
Pst;y(O, qx, x) meet the condition �rotPst(O, qx, x)�y � 0.
Then, from expressions (1), (3), and (36) we derive

d2By�z�
dz 2

ÿ K 2�O; qx�By�z� � 0. (46)

The solution of this equation decreasing at z!1 has the
form

By�z� � By�0� exp�ÿKz� � Brad exp�ÿKz�. (47)

The electric éeld is derived from equations (1), (36) and is
described by the expressions

1

2
E�z� exp�ÿiOt� iqxx�� c.c.,

(48)

E�z� � �Ex�z�; 0;Ez�z��, z > 0,

Ex�z� �
icK

Oe�O� By�z� ÿ
4p
e�O� Pst;x exp�ÿxz�,

(49)

Ez�z� �
cqx

Oe�O� By�z� ÿ
4p
e�O� Pst;z exp�ÿxz�.

From the continuity condition Ex on the metal surface with
the allowance for relations (45), (47) and (49) we énd the
magnetic éeld of the emitted wave

Brad � Erad � Fp�O; qx; x�Pst;x, (50)

where

Fp�O; qx; x� �
4p
c

O
e�O�qz � iK�O; qx�

(51)

is the complex radiation coefécient of a p-wave. Relations
(42) and (51) allow us to énd éelds of the s- and p-waves
emitted by a metal with induced polarisation.

6. Radiation at the second harmonic frequency

Consider now the waves emitted by a metal irradiated by an
s-polarised wave incident at an arbitrary angle and by a
wave incident normally with the same frequency. When
these waves interact together in the metal, there appears
induced polarisation at the sum frequency 2o � o� o,
which is described by relations (30) ë (32). The induced-
polarisation vector has three components. The component
P nl
z normal to the metal surface does not lead to generation.

On the contrary, tangential components P nl
x and P nl

y are the
sources of p- and s-polarised waves. According to relations
(43), (47), (50), and (51), the quantities Pnl

x (2o, klas, klas) and
P nl
x (2o, kp, klas) determining polarisation along the x axis

are the sources of two p-polarised waves with the frequency

2o and the wave vectors k 0 � 2k( sin y, 0, ÿ cos y) and
k 00 � k( sin y, 0,

��������������������
4ÿ sin2 y
p

), respectively. The wave with
the wave vector k 0 propagates in the same direction as the
reêected s-polarised wave at the frequency o, i.e. y 0 � y,
where y 0 is the angle between n 0 � k 0=2k and n ë the vector
of the normal to the metal surface. The magnetic éeld of the
p-polarised wave emitted in the direction of the n 0 vector
has the form

1

2
Bp�2o; k 0� exp�ÿi2ot� ik 0r� � c:c:,

(52)

B p�2o; k 0� � �0;Bp
y �2o; k 0�; 0�, z > 0.

In accordance with relations (24) ë (26), (30), (43), and (50),
the nonzero y component of the magnetic éeld has the form

B p
y �2o; k 0� � Fp�2o; 2kx; 2K�o; kx��

�F 2
s �o; klas�wxyy�2o; klas; klas�E 2

las, (53)

where wxyy(2o, klas, klas) is the nonlinear susceptibility (31);
Fs(o, klas) is the complex penetration coefécient (23);
Fp(2o, 2kx, 2K(o, kx)) is the complex radiation coefécient
of the p-wave (51). Expression (53) corresponds to the
conditions under which the frequency of the generated wave
satisées the inequality

o 2
pl > �4o 2 � v 20 ��e0 ÿ sin 2 y�. (54)

Generalisation to the case of higher frequencies 2o is trivial
(see, for example, [15]). The electromagnetic wave (52), (53)
appears due to the nonlinear response of the metal to the
action of the s-polarised wave. The Poynting vector
S � (c=4p)�EB�:

S p�2o; k 0� � 32pk 4e 2o 4
pl sin

2 y cos 4 y
m 2c 5�o 2 � v 20 ��4o 2 � v 20 �

n 0I 2las

� 1

f�k cos y� K2�o; k sin y��2 � K 2
2 �o; k sin y�g2

���2ke1�2o� cos y� K2�2o; 2k sin y��2

��2ke2�2o� cos y� K1�2o; 2k sin y��2
	ÿ1

(55)

corresponds to the wave (52), (53). Here, Ilas � (c=8p)E 2
las is

the êux density of the s-polarised wave incident on the
metal.

The second p-polarised wave with the wave vector k 00

propagates in the direction n 00 � k 00=2k at the angle y 00 to
the normal vector n smaller than y 0:

tan y 00 � sin y��������������������
4ÿ sin 2 y
p < tan y 0, y 00 < y 0. (56)

This wave appears due to the nonlinear mixing of the s-
polarised wave with the wave vector klas � (kx, 0, kz) and
the wave with kp � (0, 0, k) having the same frequency but
incident along the normal to the metal surface. The
magnetic éeld of this wave is described by expression
(52) which contains k 00' instead of k 0, while the y
component of the magnetic éeld has the form
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B p
y �2o; k 00� � Fp�2o; kx; K�o; kx� � K�o; 0��

�Fs�o; klas�Fs�o; kp�wxyy�2o; kp; klas�Elasep sinf, (57)

where the frequency 2o satisées inequality (54). Expression
(57) describes the simplest mixing of two waves emerging
when they have components along the y axis. The latter
takes place at sinf 6� 0 or f 6� 0, p. By using expressions
(23), (31), and (51), we énd from (57) the Poynting vector

S p�2o; k 00� � 32pk 4e 2o 4
las sin

2 y cos 2 y sin 2 f
m 2c 5�o 2 � v 20 ��4o 2 � v 20 �

n 00IlasIp

� 1

�k cos y� K2�o; k sin y��2 � K 2
1 �o; k sin y�

(58)

� 1

�k� K2�o; 0��2 � K 2
1 �o; 0�

nh
ke1�2o�

��������������������
4ÿ sin 2 y

p

�K2�2o; k sin y�
i2
�
h
ke2�2o�

�������������������
4ÿsin 2 y

p
� K1�2o; k sin y�

i2oÿ1
,

where Ip � (c=8p)E 2
p is the êux density of the wave incident

on the metal normally to its surface. The origin of radiation
of both p-polarised harmonics has the same physical reason
ë the presence of the nonlinear polarisation along the x
axis, proportional to the éeld energy density gradient in the
metal [see (29)]. Therefore, in expressions (55) and (58) the
dependences of the factors in the product at the êux
densities from the metal parameters and mixed waves are
qualitatively similar. Generation of only p-polarised second
harmonic is retained during the mixing of two waves, if the
electric éeld of the wave incident normally onto the metal is
collinear to the s-polarised wave éeld.

However, the situation changes when the electric éelds of
the mixed waves are not collinear. Then, if the normally
incident wave has the electric éeld component Ep;x �
Ep cosf, orthogonal to the electric éeld of the s-polarised
wave Elas � (0,Elas, 0), due to the simultaneous action of
Ep;x and the magnetic éeld component (produced by an s-
wave) normal to the metal surface, there appears a periodic
motion of electrons with a doubled frequency in the
direction of the electric éeld of the s-wave, collinear to
the metal surface. One more surface-collinear nonlinear
polarisation component P nl

y , which is a source of the s-
polarised second harmonic, is induced in the metal skin-
layer. In this case, due to the mixing of the waves under
study, there appears the possibility to lift the ss-prohibition.
According to expressions (24) ë (26), (30), (34), and (41), the
electric éeld of the s-polarised second harmonic has the form

1

2
E s�2o; k 00� exp�ÿi2ot� ik 00r� � c:c:,

(59)

E s�2o; k 00� � �0;E s
y�2o; k 00�; 0�, z > 0,

E s
y�2o; k 00� � Fs�2o; kx; K�o; kx� � K�o; 0��Fs�o; klas�

�Fs�o; kp�wyxy�2o; kp; klas�ElasEp cosf. (60)

As before, inequality (54) is assumed fulélled. Then, using
explicit expressions for Fs (23), wyxy (32), and Fs (42), we
énd the Poynting vector of the s-polarised second harmonic

S s�2o; k 00� � 128pk 6e 2v 20o
4
pl sin

2 y cos 2 y cos 2 f

m 2c 5�o 2 � v 20 �2�4o 2 � v 20 �

� n 00IlasIp
nh

k
��������������������
4ÿ sin 2 y

p
� K2�2o; k sin y�

i2
� K 2

1 �2o; k sin y�
oÿ1
f�K1�o; 0� � K1�o; k sin y�

� K1�2o; k sin y��2 � �K2�o; 0� � K2�o; k sin y�

� K2�2o; k sin y��2gÿ1f�k cos y� K2�o; k sin y��2

� K 2
1 �o; k sin y�gÿ1f�k� K2�o; 0��2 � K 2

1 �o; 0�gÿ1.(61)

According to (61), the s-polarised harmonic is emitted in
the direction of the vector n 00, i.e., at an angle y 00, which is
closer to the normal vector than y ë the angle of the
fundamental s-polarised wave reêection. The êux density of
the s-polarised harmonic (61) is proportional to the square
of the electron collision frequency. Within the framework of
the proposed description of the nonlinear response of the
metal without regard for the electron collisions, the effect of
the ss-prohibition lifting is absent. This SHG property
points at the new possibility of measuring the effective
electron collision frequencies.

7. Effect of electron heating
on harmonic generation

Electron collisions lead to electromagnetic éeld absorption.
According to (9), (12), (13), the density of the power
absorbed per unit volume is

Q � 1

4
enu �1E1 � c:c: � o 2

pl

8p
v0

o 2 � v 20
jE1j2. (62)

When two éelds of type (24) interact, the square of the
electric éeld moduli has the form

jE1j2 � jElasj2jFs�o; klas�j2 exp�ÿ2K1�o; k sin y�z�

�jEpj2jFs�o; kp�j2 exp�ÿ2K1�o; 0�z� � �ElasE
�
p �Fs�o; k�

�F �s �o; kp� exp�ikx sin yÿ K�o; k sin y�zÿ K ��o; 0�z�

� �E �lasEp�F �s �o; klas�Fs�o; kp�

� exp�ÿikx sin yÿ K ��o; k sin y�zÿ K�o; 0�z�. (63)

According to (62), (63), simultaneous absorption of the
éelds of type (24) results in electron heating inhomogeneous
along the metal surface, with the period 2p=k sin y along the
x axis. This heating leads to the inhomogeneity along the
surface of the effective dielectric constant of the metal. Due
to this there appears the necessity to construct a modiéed
theory of éeld penetration into a metal and, as a result, to
revise the heating properties. To avoid this complication of
the theory, we will restrict our consideration to the
discussion of the heating properties due to the absorption
of the wave incident normally to the metal surface and will
neglect the absorption of the s-polarised wave, assuming the
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inequality jE(klas)j5 jE(kp)j to be fulélled. Note that this
restriction is not required if (E �lasEp) � 0.

Taking the above-said into account in considering the
electron heating we have

Q ' 1

c

v0o
2
pl

o 2 � v 20

4k 2

�k� K2�o; 0��2 � K 2
1 �o; 0�

�Ip exp�ÿ2K1�o; 0�z�. (64)

Relations (2), (6), (64) and expressions (5), (7) make it
possible to consider the change in the electron and lattice
temperatures due to absorption of a normally incident laser
pulse. We assume that the êux density of the laser pulse Ip
heating the electrons changes in time according to the law
Ip(t) � Ip exp (ÿ t 2=t 2pulse), where the time tpulse character-
ising the pulse duration is much larger than the period
2p=o corresponding to the fundamental frequency of the
pulse. Consider the numerical solution of expressions (5),
(7) when the pulse interacts with a gold target. For gold
eF ' 5:5 eV, n0 ' N ' 5:9� 1022 cmÿ3, opl '1:4�1016 sÿ1,
G � 3:5� 1010 W Kÿ1 cmÿ3, Clat ' 2:4� 107 erg Kÿ1. The
initial electron and lattice temperatures are assumed
identical: T0 � Tlat � 300 K. In this case, neph' 0:93�
1014 sÿ1 and neph;l ' 3:7� 1013 sÿ1. The laser pulse param-
eters are as follows: o � 1:5� 1015 sÿ1, tpulse ' 60 fs, Ip '
5� 1012 W cmÿ2. These values are typical of the experi-
ment and realised when using a Cr : forsterite laser. Note
that with this frequency o, we can neglect the contribution
of interband transitions to the dielectric constant of gold
and use simple relation (15). The numerical solution of
equations (5), (7) corresponding to the mentioned param-
eters of gold and the heating pulse is presented in Figs 1
and 2, respectively. The explicit form of the solution
depends on the parameters a and b determining the
electron ë electron collision frequencies. Figure 1 presents
the time dependence of the electron temperature T0(z � 0, t)
on the metal surface. The solid curve in Fig. 1 corresponds
to a � 1, b � 2, while the dashed curve ë to a � 0:5, b � 1.
The larger the parameter a, the stronger the electron
heating. An increase in b leads to a decrease in the heat
conductivity and to a slower cooling of the electrons in the
skin-layer. The function T0(z � 0, t) érst increases, achieves
a maximum and then monotonically decreases. According
to Fig. 2, the lattice temperature on the metal surface,
Tlat(z � 0, t) monotonically increases at short times. The
two curves in Fig. 2 correspond to the same values of the
parameters a and b as in Fig. 1. For the given laser pulse

parameters, Tlat(z � 0, t) increases only by 10%ë15%,
which does not lead to deformation of the crystal lattice
during the pulse action.

The temporal variation of the electron and lattice
temperatures is accompanied by a change in the electron
collision frequency v. In the course of v evolution, the
harmonic generation eféciency changes. We will describe
these changes by introducing the functions Hs;p(2o, k):

S p�2o; k 0� � n 0I 2lasHp�2o; k 0�,
(65)

S p�2o; k 00� � n 00IlasIpHp�2o; k 00�,

S s�2o; k 00� � n 00IlasIpHs�2o; k 00�. (66)

Figure 3 presents the time dependences of the functions
Hp(2o, k

0)=Hp0(2o, k
0)ÿ1 and Hp(2o, k

00 )=Hp0(2o, k
00)ÿ1

demonstrating the change in the generation eféciency of p-
polarised harmonics described by expressions (55) and (58).
The quantities Hp0(2o, k

0) Ë Hp0(2o, k
00 ) correspond to the

values of the functions at T0 � Tlat � 300 K. The curves
were plotted for the case, when the angle of incidence of the
s-polarised wave, y, is equal to p=4. The angle f is also
assumed equal to p=4. According to Fig. 3 the electron and
lattice heating is accompanied by a decrease in the
harmonic generation eféciency. On the contrary, electron
cooling leads to its increase. The relative minimum of the
generation eféciency takes place at those times when the
electron temperature is close to its maximum. As the
temperature proéles in Figs 1 and 2, the shape of the curves
in Fig. 3 noticeably depends on the parameters a and b. At
Ilas ' 1012 W cmÿ2, when the inêuence of the s-polarised
wave on the electron heating can be neglected, the absolute

T0�z � 0; t��K
a � 1, b � 2

a � 0:5, b � 1

ÿ200 ÿ100 0 100 200 300 t
�
fs

15000

10000

5000

Figure 1. Time dependences of the electron temperature on the gold
surface.
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Figure 2. Time dependences of the lattice temperature on the gold
surface.
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Figure 3. Temporal evolution of the relative generation eféciencies of p-
polarised waves at the frequency 2o.
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values of the radiation êux densities (55) and (58) at the
second harmonic frequency in the order of the quantity are
equal to � 102 W cmÿ2. Note that the difference in the
curves (Fig. 3) corresponding to harmonic generation in the
directions k 0 and k 00' is insigniécant. At a � 1 and b � 2,
this difference is no more than 0.5%, and at a � 0:5 and
b � 1 ë no more than 0.1% and the curves in Fig. 3 are
indiscernible.

The generation eféciency of the s-polarised harmonic
(61) emitted in the direction of the n 00 vector changes quite
differently. The function Hs(2o, k

00), according to Fig. 4,
increases with increasing electron and lattice temperature
and then decreases due to a relatively rapid cooling of the
electrons. Because Hs(2o, k

00) (61), (66) is proportional to
the square of the collision frequency, its quantity changes
signiécantly during the heating and the subsequent cooling
of the electrons. In particular, in the conditions under study,
the effect of the electron heating leads to a change in the êux
density of the s-polarised harmonic from � 0:5� 10ÿ2 to
� 2 � 10ÿ1 W cmÿ2 at a � 1 and b � 2. Under the same
conditions, as is seen from Fig. 3, the êux density of the p-
polarised harmonic changes by several percent only. Such a
sharp dependence of the êux density of the s-polarised
harmonic on the electron heating makes this radiation a
convenient tool in investigations of the hot electron kinetics.

8. Conclusions

The above-proposed comparatively simple theory of the
second harmonic generation makes it possible to see the
abundance of the outcomes of the nonlinear theory of
optical properties of metals which appear upon wave
mixing. Appearance of differently polarised harmonics
propagating at various angles expands the possibilities of
obtaining information on the properties of a nonequili-
brium metal. In particular, investigation of the s-polarised
harmonic generation could help to study experimentally the
hot electron kinetics. At the same time, the further
development of the theory of the nonlinear response of
metals irradiated by several femtosecond pulses allows one
to anticipate the prediction of new nonlinear optical effects.
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Figure 4. Temporal evolution of the relative generation eféciency of the
s-polarised second harmonic.
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