
Abstract. Transition from generation of the fundamental
mode to generation of the fundamental and érst modes is
studied numerically under the action of nonstationary
asymmetric perturbations of pump rate and loss distributions
in the active medium layer. It is shown that emergence of
perturbations directly leads to excitation of the érst mode
with signiécant amplitude. The regime of two-mode lasing in
the presence of perturbations is shown to appear at a pump
rate that is smaller than the threshold one for two-mode
lasing in the absence of perturbations. It is found that the
érst-mode amplitude has a maximum at a frequency of
intermode beatings of an unélled Fabry ëPerot resonator. It
is also determined that emergence of nonstationary asym-
metric perturbations leads to an increase in the average
intensity of the fundamental mode. Various transition regimes
to two-mode lasing are compared in different types and
periods of perturbations. The operability of the scheme
controlling the mode composition of laser radiation is
considered.

Keywords: laser, Fabry ëPerot resonator, lasing dynamics, nume-
rical simulation, control of mode composition of radiation.

1. Introduction

Nonstationary perturbations of the laser parameters are
one of the ways to inêuence the laser dynamics. Harmonic
modulation of the pump rate or resonator losses is used to
enable chaotic generation in a single-mode laser [1].
Nonstationary perturbations of the parameters can result
from the processes proceeding in the active medium of a
laser, for example, radiation self-action in the medium,
shock waves appearing because of a pulsed energy input to
the active medium of gas lasers, turbulent pulsations of the
gas-êow density [2 ë 4]. The numerical model of multimode
generation in Fabry ë Perot lasers was developed in paper
[5]. The authors of paper [6] studied numerically transition
from generation of one fundamental mode to generation of

the fundamental and érst modes in the case of a step-wise
increase in the uniform pump rate and showed that there
appear nonstationary asymmetric perturbations of the
active-medium gain distributions. The presence of such
perturbations or their artiécial simulation can substantially
change the characteristics of transition to multimode lasing.
It was assumed in [6] that perturbations of the laser
parameters are absent. In this paper we study transition
from single-mode lasing to two-mode lasing under the
action of nonstationary asymmetric perturbations of the
pump rate and loss distributions in the active medium layer.
We also study the scheme controlling lasing which makes it
possible to determine the mode composition of radiations in
the presence of the above-mentioned perturbations.

2. Generation model in the presence
of perturbations

We studied transition from single-mode lasing to two-mode
lasing by using the numerical model [5, 6] where the active
medium represented a thin layer located near a highly
reêecting resonator mirror. In the plane geometry in the
small-angle approximation of the scalar diffraction theory,
the electric éeld inside the resonator was represented in the
form of a sum of counterpropagating plane waves
modulated by smooth envelopes:

E�x; z; t� � �F�x; z; t� exp�ik0z�

�B�x; z; t� exp�ÿik0z�� exp�ÿio0t�. (1)

Here, o0 is the carrier frequency; k0 � o0=c. The z axis is
directed along the resonator axis while the x axis ë along
the highly reêecting mirror (see Fig. 1). The envelope
dynamics of forward [F (x, z, t)] and backward [B (x, z, t)]
waves was described by the equations
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where g(x; 0; t) is the medium gain; rL(x; 0; t) is the function
describing radiation losses in the medium layer. On the
resonator mirrors the waves met the reêection conditions

F�x; 0; t� � ÿB�x; 0; t�r1, (4)
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B�x;L; t� � ÿF�x;L; t�r2, (5)

where r1 and r2 are the reêectivities of the highly reêecting
and output mirrors.

The equation for the gain in the active medium included
the processes of stimulated emission and relaxation with
constant time t:

t
qg
qt
� g0 ÿ g�1� I �;

(6)

I�x; 0; t� � jF�x; 0; t�j2 � jB�x; 0; t�j2.
Here, I(x; 0; t) is the radiation intensity in the active
medium layer averaged over the interference beatings of
counterpropagating waves and normalised by the saturation
intensity [7].

The initial conditions for distributions F(x; 0; 0�,
B(x;L; 0) and g(x; 0; 0) corresponded to the established
generation of the fundamental mode at a given pump
rate g0 � g0v. Perturbation of the pump rate or losses in
the active medium layer were introduced at the time instant
t � � 5 ms and represented by the periodic function

f �x; t� � Am sin

�
2px
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�
cos

�
2p�tÿ t ��

Tm

�
, (7)

where Tm, Am are the perturbation period and amplitude of
the pump rate or losses in the medium layer. One
perturbation wave étted inside the diameter of the medium
layer. The pump rate varied as g0(x; t� � g0v � f (x; t� and
the losses in the medium were described by the function
rL(x; t� � rL0 � f (x; t�.

Calculations were performed for a Fabry ë Perot reso-
nator with the Fresnel number NF � 6:25, plane mirrors of
radius a � 1 cm, the mirrors being spaced by 150 cm. The
radiation wavelength was l � 10:6 mm, the reêectivities of
highly reêecting and output mirrors were r1 � 1 and
r2 � 0:8, and the relaxation time was t � 6:0� 10ÿ6 s.
The parameter L � 153� 1 cm and l � 10:6 mm corre-
sponded approximately to the parameters of the
experimental setup [8, p. 1459]. The laser [9] had a stable

resonator with a mirror radius of 5 cm and a constant beam
radius of 0.4 cm [8, p. 1461]. At a � 1 cm, the radius of the
fundamental-mode intensity distributions on a highly
reêecting mirror at a 0.5 level was 0.5 cm, which is also
close to the beam radius in the active medium in paper [8].
The authors of this paper performed calculations at t �
1:0� 10ÿ6 s [8, p. 1461]. Test calculations where the relax-
ation time varied from 3:0� 10ÿ6 to 1:0� 10ÿ5 s showed
that the behaviour of the time dependences does not
experience any noticeable changes. Note also that the value
of t is noncritical in studying the scheme controlling
generation.

The system of equations (2) ë (6) was solved with the
help of the splitting method in terms of physical processes of
diffraction and ampliécation [10]. We used the spectral
approach to solve the diffraction part of the problem. The
number of network elements was 8192, and the number of
elements on the mirror was 512. The system of equations
(2) ë (6) was time integrated by using an implicit second-
order approximation.

In numerical experiments with the pump rate modu-
lation we used the value of g0v below the two-mode lasing
threshold by 1.5% and more, the losses in the medium being
absent. The threshold gain gth of the fundamental mode was
1:532� 10ÿ3 cmÿ1 and for the two-mode lasing it was
gth � 2:023� 10ÿ3 cmÿ1.

In numerical experiments with the loss modulation, the
pump rate modulation was absent in the medium layer,
constant losses in the medium were rL0 � 5:0� 10ÿ4 cmÿ1,
the loss perturbation amplitude AL did not exceed
5:0� 10ÿ4 cmÿ1. The threshold gain of the fundamental
mode in the absence of modulation and in the presence of
constant losses in the medium was gth � 2:027� 10ÿ3 cmÿ1.
In the case of two-mode lasing, the threshold gain was equal
to gth � 2:514� 10ÿ3 cmÿ1.

Excess of the pump rate g0 over the threshold was found
from the ratio k � g0=gth (at gth � 1:532� 10ÿ3 cmÿ1).

Two sensors measuring the radiation intensity, whose
readings were used in the scheme controlling the mode
composition of radiation, were placed symmetrically with
respect to the resonator axis in the plane z � L in the region
jxj > a (Fig. 1). We assumed that the radiation intensity was
measured periodically, the period between them being much
shorter than the perturbation period Tm. We determined
numerically the intensity with the help of the sensors during
each round-trip transit of radiation in the resonator.

3. Investigation of transition to two-mode lasing

Transition from single-mode lasing to two-mode lasing was
studied by projecting the intensity distributions and the
gain on the érst two Hermite ëGaussian polynomials
c0;1(x) in expressions

Ii�t� �
� a

ÿa
I�x; 0; t�ci�x�dx

�� a

ÿa
ci�x�ci�x�dx,

(8)

gi�t� �
� a

ÿa
g�x; 0; t�ci�x�dx

�� a

ÿa
ci�x�ci�x�dx,

where i � 0, 1 and the parameter g is normalised to the
double length of the resonator. The dimensional distribu-
tion projections on c0(x) (amplitudes of the fundamental
modes) yield information on the dynamics of symmetric
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Figure 1. Fabry ë Perot laser and the system controlling the mode
composition of laser radiation: ( 1 ) highly reêecting mirror; ( 2 ) absor-
bing layer and active medium layer; ( 3 ) output mirror; ( 4, 5 ) sensors
measuring the éeld intensity I4 and I5; ( 6 ) processor with circuits
transforming the sensor signals; Dpl is the total signal from the sensors;
Dmin is the difference signal from the sensors; F(x; 0; t), B(x; 0; t) are the
forward and backward waves in the active medium layer; L is the
resonator length.
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parts of the distributions, while the projections on c1(x)
(amplitudes of the érst modes) ë on the dynamics of the
asymmetric parts of the distributions, which is related to
transition to two-mode lasing and beatings.

The investigations allowed us to énd some (signiécant
for practice) peculiarities of transition from single-mode
lasing to two-mode lasing. First, transitions under the action
of perturbations (7) took place at pump rates below the two-
mode lasing threshold in the case of the uniform pump rate.
Second, the appearance of the pump rate perturbations or
losses in the active medium layer (7) evokes a response in the
dynamics of I1 and g1 with a delay, signiécantly smaller than
the perturbation period (Fig. 2). In this case, oscillations of
I1 and g1 turned shifted in-phase by p/2 (as in paper [6]) and
already during the érst period had substantial amplitudes
(Fig. 2). Third, the time required for establishing oscillations
I1 after their emergence was shorted than in the case of a
step-wise increase in the uniform pump rate [6]. As for the
perturbations of the spatial pump-rate distribution, the
establishment time decreased on average by 80% and
was minimal during the perturbation period equal to the
period of the fundamental- and érst-mode beatings in an
unélled resonator (Fig. 3a). Perturbations of the spatial loss
distribution in the medium layer lead to establishment of
oscillations I1 with more signiécant changes in the ampli-
tude and less pronounced dependence of the establishment
time of the perturbation period (Fig. 3b). In perturbations
with the periods Tm in the range (2:1ÿ 2:3)� 10ÿ7 s, the
dynamics of I1 proved chaotic and we failed to observe
transition to harmonic modulations at times � 150 ms in the
case of loss modulation (Fig. 3c). Note in this connection
that the frequencies of the chaotic dynamics are determined
in this case by the beating frequency of two transverse
modes, i.e., eigenvalues and the round-trip transit time for
radiation in the resonator, and are not linked with the

relaxation time of the active medium, which is important for
practice. However, the investigation was performed using
the second-order approximation and the conclusion drawn
are only preliminary. Fourth, the calculations showed that
two-mode lasing appears under the action of perturbations
in the active medium layer (7) at pump rates below the
single-mode lasing threshold (for the uniform pump rate)
(Fig. 4). In this case the initial conditions for the distribu-
tions F(x; 0; 0), B(x;L; 0) and g(x; 0; 0) had maximal values
at the noise level (�10ÿ14) and transition processes con-
tinued within hundreds of microseconds.

The oscillation period of the intensity projection I1
coincided with the period of introduced perturbations.
The amplitude of the established oscillations of the intensity
projection I1 had a maximum during the perturbation
period equal to the period of the fundamental- and érst-
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Figure 2. Dynamics of normalised intensities I1n�t� and the mode gain
g1n�t� at the beginning of two-mode lasing development {I1n�t� �
I1�t�=I1max and g1n�t� � g1�t�=g1max, where I1max and g1max are the
maximal values of jI1�t�j and jg1�t�j on the interval [0, 5.16 ms]} in the
case of modulation of the pump rate distribution at g0v �
1:992� 10ÿ3 cmÿ1, Tm � 1:3� 10ÿ7 s, Am � 0:996� 10ÿ3 cmÿ1 (a)
and modulation of loss distributions at g0v � 2:387� 10ÿ3 cmÿ1, Tm �
1:3� 10ÿ7 s, Am � 5:0� 10ÿ4 cmÿ1 (b).
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Figure 3. Dynamics of I1�t� within the érst 20 ms after switching on
modulation of the pump rate distribution at g0v � 1:992� 10ÿ3 cmÿ1,
Am � 0:996� 10ÿ3 cmÿ1, Tm � 3:8� 10ÿ7 s (a) and after switching on
modulation of loss distributions in the medium layer at g0v � 2:387�
10ÿ3 cmÿ1, Am � 5:0� 10ÿ4 cmÿ1 (b, c) [Tm � 3:8� 10ÿ7 s (b) and 2:2�
10ÿ7 s (c)].
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Figure 4. Dependences of the amplitude A of established oscillations
I1�t� on the given pump rate g0v at Am � 1:0� 10ÿ4 (1), 3:0� 10ÿ4 (2)
and 5:0� 10ÿ4 cmÿ1 (3); Tm � 3:8� 10ÿ7 s.
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mode beatings in an unélled resonator Tempt (Figs 5a, c) and
increased with increasing the perturbation amplitude
(Figs 5b, d).

The appearance of oscillations I1 and g1 under the action
of nonstationary inhomogeneous perturbations of the pump
rate and loss distributions in the medium layer lead to a
change in I0 and g0 (Fig. 6; only the dependences of I0 are
shown). Especially noticeable were changes in the case of
loss modulation in the medium layer. Here, at t < t �, I0
could increase by an order of magnitude from the level
I0 � const (érst peak in Fig. 6b). During relaxation oscil-
lations of I0 established and the time-average fundamental-
mode intensity increased.

4. Control of the mode composition of radiation

In the previous section we showed that emergence of
nonstationary inhomogeneous perturbations of the pump
rate or loss distributions leads to the appearance of two-
mode lasing. The scheme controlling the mode composition
of radiation should indicate the emergence of the érst mode

and evaluate the projections I0;1(t) by the sensor signals. As
in paper [6] we can determine the emergence of the érst
mode by the difference signal Dmin(t) � jI4(t)ÿ I5(t)j5 0.
More difécult, however, is to lay down rules according to
which the scheme controlling the mode composition should
assess the dependences I0;1(t). In paper [6], the determi-
nation of I0;1(t) was based on calculations of the process of
beating establishment at a known excess of the pump rate
over the threshold k. Similarly, we can determine it in this
case. We assume that the perturbation (7) has the known
amplitude A (for example, it is simulated artiécially) and
the process of beating establishment is calculated. Then, the
total [Dpl(t) � I4(t� � I5(t)] and difference [Dmin(t) � jI4(t)ÿ
I5(t)j5 0] signals can be approximated to I0(t) and I1(t)
with the help of linear transformations aDpl(t)� d0 and
bDmin(t)� d1: Operations performed by the processor [6]
are supplemented with additions, which should not increase
signiécantly the calculations time, and the values of a; b; d0
and d1 are extracted from the database. Such an
approximation of I0;1(t) was used for different perturbations
with various periods and amplitudes. The results are shown
in Fig. 7; one can see that I0(t) � aDpl(t)� d0 and I1(t) �
bDmin(t)� d1 with good accuracy. When the perturbation
characteristics are unknown, it is impossible to obtain the
coefécients a; d0; b; d1. Nevertheless, the control scheme can
provide us with important qualitative information on the
emergence of beatings, on a relative increase in the
amplitude, and on the appearance of relaxation funda-
mental-mode oscillations.

5. Conclusions

Generation in lasers that are used in modern technological
processes and are under the action of mechanical vibra-
tions, perturbations in the electric pump circuits, and
complicated processes in the active medium can differ
signiécantly from model theories. Numerical investigations
performed in this paper have shown that the characteristics
such as the thresholds of single-mode and two-mode lasing

3

1

0 2 4 6 8 Tm

�
10ÿ7 s

A

a

b

c

d

2

0 0.04 0.08 0.12 0.16 Am

�
cmÿ1

A

0 2 4 6 8 Tm

�
10ÿ7 s

0.04

0.08

A

A

0.04

0.08

0.2

0.4

0 1 2 3 4 Am

�
10ÿ4 cmÿ1

0.2

0.4

1

2

3

Figure 5. Dependences of the amplitude A of established oscillations
I1�t� on the perturbation period Tm in the case of modulation of the
pump rate distribution, g0v � 1:992� 10ÿ3 cmÿ1, Tempt � 3:9� 10ÿ7

[Am � 0:199� 10ÿ3 (1), 0:996� 10ÿ3 (2) and 1:992� 10ÿ3 cmÿ1 (3)] (a)
on the perturbation amplitude Am in the case of modulation of the pump
rate distribution g0v � 1:992� 10ÿ3 cmÿ1 and Tempt � 3:9� 10ÿ7 s (b),
on the perturbation period in the case of modulation of the loss
distribution in the medium layer, g0v � 2:387� 10ÿ3 cmÿ1, Tempt �
3:8� 10ÿ7 s [Am � 1:0� 10ÿ4 (1), 3:0�10ÿ4 ( 2 ) and 5:0� 10ÿ4 cmÿ1]
( 3 ), constant losses in the medium are equal to 5:0� 10ÿ4 cmÿ1] (c), and
on the perturbation amplitude in the case of modulation of loss
distribution in the medium layer, g0v � 2:387� 10ÿ3 cmÿ1 and Tempt �
3:8� 10ÿ7 s.
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Figure 6. Dynamics of I0�t� within the érst 75 ms after switching on
modulation of the pump rate distribution at g0v � 1:992� 10ÿ3 cmÿ1,
Tm � 3:8� 10ÿ7 s, Am � 0:996� 10ÿ3 cmÿ1 (a) and after switching on
modulation of the loss distributions in the medium layer at g0v �
2:387� 10ÿ3 cmÿ1 [Tm � 3:8� 10ÿ7 s, Am � 5:0� 10ÿ4 cmÿ1 ( 1 ) and
without switching on modulation of the loss distribution ( 2 )] (b).
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for unperturbed pump and stationary losses have a limited
applicability. We have found the possibility of lasing
transition to the chaotic regime in the case of asymmetric
spatial modulation of radiation losses in the medium layer
according to the harmonic law (7). Investigations of the
control scheme with two sensors have shown that its
possibilities are sufécient to determine the characteristics of
two-mode lasing in the presence of perturbations.
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a � 5:04, d1 � 0:184 (a) and g0v � 2:387� 10ÿ3 cmÿ1, Tm �
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