Quantum Electronics 40 (10) 907-913 (2010)

©2010 Kvantovaya Elektronika and Turpion Ltd

PACS numbers: 42.50.—p; 42.65.—k; 71.35.—y
DOI: 10.1070/QE2010v040n 10ABEH014404

Peculiarities of two-photon optical nutation
of biexcitons in semiconductors taking
into account elastic interparticle interactions

P.I. Khadzhi, V.V. Vasil’ev

Abstract. The peculiarities of two-photon nutation in a
system of coherent biexcitons in CuCl semiconductors are
considered taking into account the elastic biexciton— biexci-
ton interaction. It is shown that depending on the system
parameters, optical nutation represents a process of periodic
transformation of photon pairs into biexcitons and vice versa.
The possibility of exercising the phase control of the optical
nutation process is predicted.

Keywords: two-photon optical nutation, biexcitons in semiconduc-
tors, elastic interparticle interactions.

1. Introduction

Optical nutation is a periodic variation in the initial state of
the system under the action of the external electromagnetic
wave field, the variation leading to the medium radiation
modulation [1, 2]. Burshtein et al. [3] presented the theory
of optical nutation in a system of two-level atoms
interacting with the finite number of photons in a
resonator. The authors of papers [4-9] developed the
theory of optical nutation in the exciton spectral region.
They showed that at low excitation levels the nutation
frequency is determined by a constant of the exciton—
photon interaction, while at high excitation levels it
becomes dependent on the exciton density. The authors
of papers [7—10] also studied nutation in a system of
coherent excitons, photons, and biexcitons in the region of
the M-band luminescence. They showed that in the limit of
the specified photon (exciton) density, the nutation
frequency is proportional to the electromagnetic (material)
wave amplitude.

The authors of papers [8—14] constructed the theory of
two-photon nutation in a system of coherent biexcitons.
Khadzhi et al. [13, 14] showed that the nutation frequency,
even when the interparticle interaction is neglected, mark-
edly depends on the photon and biexciton density. They
predicted that nutation as a process is determined by the
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initial difference in photon and biexciton phases, which
indicates the possibility of exercising the phase control of
two-photon nutation. However, a natural question arises as
to the effect of interparticle interactions on the nutation
dynamics. This problem is especially urgent at high exci-
tation levels when the biexciton density is rather high and
the processes of elastic biexciton—biexciton interactions
come to the fore. In this connection, we study in this paper
the peculiarities of two-photon nutation in a system of
coherent biexcitons, taking into account elastic interparticle
interactions.

2. Basic equations of the theory
of two-photon nutation

Consider two-photon optical nutation in a system of
coherent photons and biexcitons in semiconductors under
the action of ultrashort resonant laser pulses. We assume
that the pulse duration 7, is much smaller that the biexciton
relaxation time 7, (7, < Ty). In this case, the biexciton
relaxation processes can be neglected because they have no
time to come into action during the pulse. For this reason,
below we take into account only the processes of stimulated
emission and absorption of radiation with participation of
biexcitons. Assuming that the spectral width of the pulses is
much smaller than the binding energy of biexcitons (in the
CuCl crystal it is 30—40 meV [15-17]), we can neglect the
optical exciton—biexciton conversion and exciton—photon
interaction because the above processes are characterised by
a large detuning of its resonance energy with the photon
energy, providing two-photon generation of biexcitons. The
optical nutation phenomenon under study consists in
pairwise transformation of identical photons into biexcitons
and in radiative recombination of biexcitons with the

formation of photon pairs (Fig. 1). The interaction
Hamiltonian has the form
. N 1 JSPSHIPSN
Hy, = hu(b*éé +¢teth) + 3 hvb bbb, ()

where b (15 *yand ¢ (¢) are the operators of biexciton and
photon annihilation (production), respectively; u is the
constant of two-photon excitation of a biexciton from the
ground state of the crystal; v is the constant of the elastic
biexciton —biexciton interaction.

We will use the mean field approximation where the
mean value of the operators is nonzero: (b) =b #0,
(¢) =c#0. Here, b and ¢ are the complex amplitudes of
the material and electromagnetic fields. By averaging the
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Biexciton Q

0

Figure 1. Scheme of quantum transitions from the ground state of the
crystal into the biexciton state.

Heisenberg equations of motion for the operators b and ¢,
we obtain in this approximation the equations of motion for
the corresponding amplitudes » and ¢. We assume that all
photons are coherent. They have the same frequency, wave
vector, and polarisation, these characteristics remaining the
same during the pulse action. The produced biexcitons are
also coherent. Thus, when the system is completely coher-
ent, we can factorise the mean value from the product of
some operators in the form of a product of mean values of
each operator. The system [derived from Hamiltonian (1)] of
nonlinear differential equations, which describes the tem-
poral evolution of the material and electromagnetic field
amplitudes, has the form

ib = Qub + ucc + vb*bb, )

ic = we + 2uc™b, 3)

where Q is the biexciton eigenfrequency; w is the photon
frequency. Because the states of the photons and biexcitons
are coherent and macrofilled, we assume the parameters b
and c¢ to be the time functions. We will supplement systems
of equations (2) and (3) by initial conditions

bl,—o = boexp(igy), ¢l,_g = coexp(iyy), “4)

where each variable is characterised by the initial amplitude
(bo» <o) and phase (¢g, W),

Let us consider the particle densities N = |b|%, f = |c|*
and ‘polarisation’ components Q = i(b*cc — c*c*b) and
R=0>b"cc+c*c*b. Using (2) and (3) we can easily obtain
a system of nonlinear evolutional equations for the intro-
duced functions:

N=—u0, f=2u0, (5
O = (4 —vN)R+2uf(4N — ), (6)
R=—(4-vN)Q, (7)

where 4 = 2w — Q) is the resonance detuning. Using (4) we
can obtain the initial conditions for the particle and
polarisation densities:

Nl = No = 1bol% flico =10 = leols
0l,—o = Qo = 2fo/ Ny sin O, ®)

R[,_y = Ry = 2fy/ Ny cos O,

where ©) = ¢, — 2y, is the initial phase difference.
Solving system (5)—(7) with allowance for (8), we obtain
the integral of motion for the particle density

2N +f=2Ny+ 1y )
and the expression for Q:
0 = 4N(2N, + fy — 2N)?

2

- %(N— Np) — ﬁ (N? = N§) +2fy/Nycos 0y | . (10)
Expression (9) represents the law of conservation of the
number of particles in the system. Then, using the equation
N = —uQ from (5) and expression (10) for Q, we can obtain
the solution for the function N(7). We will be interested
below in the temporal evolution of the biexciton density
N(1t) at different parameters of the system. The temporal
evolution of the photon density f{¢) can be easily found
from (9).

It follows from (5) and (10) that if photons are absent in
the system (fy =0, Ny # 0) at the initial instant of time,
then N(r) = Ny = const and, hence, the two-photon decay
of the biexcitons is impossible. This is caused by the fact that
equations (2) and (3) take into account only induced
transitions. On the other hand, if biexcitons are absent
in the system (N, = 0, f, # 0) at the initial instant of time,
the system evolves in time.

For convenience of further investigations we will use the
normalised parameters

Wy _ 2o

VI +h T 2N+ f T T 2N+ A

o=l =Lt = 22N, + )
2N()+ﬁ) To

_ V(2N +f0)1/2
8v/2u ’

Then, the integral of motion (9) is reduced to the form

B:A‘Co.
X+y=xg+ty =1, (12)

while the basic equation for the temporal evolution of the
normalised biexciton density y(t) can be written in the form

(jf)l W(y) =0, (13)
where
W(y) = —p(1 =)+ [Br = yo) —2(v* = »5)
+ Xo1/Vo €OS @0]2. (14
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Expression (13) can be treated as the equation of
oscillations of a nonlinear oscillator, where (dy/dr)2 and
W(y) are the kinetic and potential energies of the oscillator,
respectively. The behaviour of the function y(r) can be
qualitatively established by studying the dependence of the
potential energy W of the nonlinear oscillator on y at
different values of the parameters. The function y(z) can
vary in the region of y values, where W(y) < 0, and we can
obtain from (5) and (8) the initial condition for the rate of
change of this function. The sign of the derivative
(dy/dr)|,_, is determined only by the initial phase difference
0. At 12k +1) < 0y <2n(k+ 1), we have (dy/d7)|._,
>0, while at 2tk < Oy <n2k+1), k=0,1,2, ..., we
have (dy/dt)|,_, < 0. One can see that the evolution of the
system is determined by the initial particle densities x, and
yo, the initial phase difference ©,, normalised resonance
detuning f8, and nonlinearity parameter o. The case o« =0
was studied in [13]. Consider the peculiarities of the
temporal evolution of the system at o # 0 under conditions
of the exact resonance 5 = 0. The form of the solution of
»(f) depends on the parameters « and y,. Unlike the case
o =0 [13], the potential energy W(y) of the nonlinear
oscillator contains, apart from the term —y(1 —y), a
positively defined term [oc(y2 ) - Xg+/Y0 COS @0]2 whose
presence significantly changes the behaviour of the potential
energy. This term has a minimum at point y = (yi+
xo\/y_ooc_lcos 0,)"/?, where it vanishes and leads to the
fact that at o = 0 the twofold square y = 1 of the equation
W(y) =0, responsible for the motion of the phase point
along the separatrix, splits at o # 0 to two different squares,
thereby ensuring the oscillatory evolution regime. Thus, we
can assert that allowance for elastic interparticle interactions
in the system leads to replacement of aperiodic evolution
regimes by periodic ones.

3. Basic results

We will consider first the case when the initial phase
difference ©(, = nt/2. At small « and fixed y,, the equation
W(y) =0 has four positive roots ypnin < Vmax < V3 < V4,
where Ymin < Vos Yo < Vmax < L, y4> 13> 1. At a — 0 we
obtain ymin = 0710, Ve =1 — (1 —y3), y3=1+o(l~
3, ya= o« 2. As a increases, the root y; increases,
while y, decreases, and it turns out that

y3:y45yc:1+\3/1*y02(3 1+y,+ /1 *yo)

at some critical value of the nonlinearity parameter o = o,
which is determined by the parameter y,:

-3
2l =4[+ + (1 =30) " + (1 =237

As o further increases, there remain only two real roots,
Vmin and yma.c, while the roots y; and y, prove complex-
conjugated: y34 = u £iz. When o~ < %2, i.e., when all the
four roots of the equation W(y) = 0 are real, the solution of
equation (13) has the form:

_ ymin(y4 - ymax) +y4(ymax B ymin)snzq)
V4 — Vmax + (ymax 7ymin)sn2(/)

y ; (15)

where

1
9 =5 24~ Yma) (3 = Ymin)]*1 & Flepo, b):

1/2
(y4 7ymax)(y0 7ymin) / .

(ymax _ymin)(y4 _yO)

@, = arcsin

k2 _ (ymax _ymin)(y4 _y3) .
(y4 _ymax)(y3 _.Vmin)’

sng is the elliptic Jacobi function [18, 19]; F(¢,,k) is the
inexact elliptic integral of the first kind with the modulus &
[18, 19]. The oscillation amplitude A and period T of the
function y(t) are determined by the expressions

T_ 4K(k)
Y0 of(ys4 = Ymax) (V3 = Ymin)]

A:ymax_ymins 1/2° (16)
where K(k) is the total elliptic integral of the first kind with
the modulus & [18, 19]. In the limit o — 0, we obtain from
(15) y = tanh*(t/2 + arctanh,/y;). At some critical values
of the nonlinearity parameter o = o, the solution of (15) is
reduced to the form

: 2
_ ymin(yc B ymax) +yc(ymax B ymin) sm- @

y . ; 17
(yc - ymax) + (ymax - ymin) SIHZ ®
where
1
¢ =5 @l(¥e = Ymin) (Ve = Yinax)) 27 £ 00
_ 12
o arcsin (yc ymax)(y() J/mm)
(ymax - ymin)(yc - yO)
and the oscillation period 7 of the function y(t) is
T 21
— = 7 (18)
To ac[(yc - ymin)(yc - ymax)]
Finally, at o > o, we obtain the solution
:ymaxn”(] —Cngo)—i—ymmn'(l —|—Cn(p)’ (19)

n' +n"+ (n/ —I’l")quD
where

2 1/4
= a{ [(u _ymin)(“ _ymax) + 22] JrZz(ymax _Ymin)z} / T

+ F(@Ov k)7

kzzéx

{1 _ (u_ymin)(u_ymax) };
{[(“ - ymin)(u - ymax)+ 22]2+ Zz(ymax - ymin)2}]/2

n,,(ymax - y()) B f’l/(yo _ymin) .
n”(ymax - yO) + n/(yO - ymin) ’

Py = arccos

/ 1/2, "

n = [(u_ymax)2+22} . on 12,

= [(u_ymin)2 +22] 5
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u and z are the real and imaginary parts of two complex-
conjugated roots. The oscillation period T is determined by
the expression

4K (k)

T= 3 B
O‘{ [(u _ymin)(” _ymax) +22] +Zz(ymax _ymin) }

1/4°

(20
At some critical value of the parameter a = o, when k = 0,
z=0, and u = y., we again arrive to solution (17).
Figure 2 presents the dependences of the temporal
evolution of the normalised biexciton density y(t) on the
nonlinearity parameter o at some values of the initial
biexciton density y, for solutions with the sign ‘—’ in the
argument of the function because the solutions with the sign
‘+’ differ only in the phase shift. The plots of the temporal
evolution at f =0 as a function of the parameter « are
symmetric, i.e., y( — o) = y(«). One can see from Fig. 2 that
at o =0 the evolution of the system is aperiodic. The
biexciton density y(r) rapidly decreases with time. At
7 = 2arctanh,/y;, the density vanishes and then increases,
and at T — oo it asymptotically tends to unity. (Note that
the solution with sign ‘+’ increases with time and at 1 — oo
it also tends to unity.) Thus, at large times the solution y(7)
at o = 0 tends to unity, which indicates that all the photons
are transformed into biexcitons, thereby completing the
evolutional process. At o # 0 the evolution of the system is

periodic with a period dependent on the parameters o and
vo. Therefore, at o # 0 the optical nutation is a periodic
process of pairwise transformation of photons into biexci-
tons and vice versa. Figure 3 shows the periods and
amplitudes of the biexciton density oscillation as functions
of the parameter o at a different initial biexciton density. As
|ot| increases, the amplitude and period of the biexciton
density oscillations decreases at a fixed y,, these changes
being slow at small y. It follows from Fig. 2 that at large y,
(yo < 1) the function y(r) changes most drastically in the
region of small values of the nonlinearity parameters |o|. At
large |¢| and yy <1 the oscillation amplitude 4 of the
function y(7) is approximately expressed by the formula 4 =
(1 —yo)/|, i.e., it decreases with increasing o and y,. At
yo = 1 the oscillation amplitude vanishes, which means that
oscillations are absent. The oscillation period 7, infinite at
o = 0, slowly decreases with increasing |«| (Figs 2, 3). Thus,
we can conclude that at @y = (2k 4 1)n/2 the account for
biexciton — biexciton interactions leads to disappearance of
the aperiodic evolution of the system and to a decrease in
the amplitude of the biexciton density oscillations with
increasing nonlinearity parameter o.

Consider now the case @y =0. At fixed y, and a <
ot = (= 143y + 26,/30)/(4y01/0), the equation W(y) =0
has four real positive roots: yuin < Vo < ¥3 < Js. At o, <
o < og, this equation has four real roots: y,<
Vmax < V3 < y4. Note that the parameter o, is determined

Figure 2. Temporal evolution of the biexciton density N(7) as a function of the parameter o at ©y = (n/2)(2k + 1) (k = £0,1,2,...) and y, = 0 (a), 0.4

(b), and 0.8 (c).
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Figure 3. Dependences of the period (a) and amplitude (b) of the biexciton density oscillations at @ = (n/2)(2k + 1) (k = 1,3,5,...) on the parameter

watyy=0(1),04(2),0.8(3),and 0.9 (4).

from the condition of equality of the first two roots,
Ymin = Yo, and the parameter oy — from the condition of
equality of the last two roots, i.e., y3 = y4. As the parameter
o (o > ag4) increases, the equation has two real positive roots
(70 < Ymax) and two complex-conjugated roots (y;4 =
u £ iz). We will numerically calculate them below. '

If o < o, the solution of equation (13) has the form:

_ Vmin(v4 = ¥0) + ¥4 (Yo = Ymin)sn*0
Y4 =10 = (V0 = Ymin)sn?

y ; @n

where
1 12,
¢ = B a[(¥4 = v0) (V3 = Ymin)] T

K= (Yo = Vmin) (4 — ¥3)

(Y4 =¥0)(¥3 = Ymin)

The amplitude 4 and period T of the function y(7)
oscillations are found from the expressions

T _ 4K(k)
T of(ys = 0) (V3 = Ymin)]

A:y()_ymin’ 12" (22)

When the nonlinearity parameter lies in the interval
o. < a < aq, the solution of equation (13) takes the form:

:yO(y47ymax)+y4(ymax7y0)sn2(/) (23)
Y4 — Ymax + (ymax - yO)Snz(/’

where
1
¢ =5 %[04 = Ymax) (v3 yo)'1;

12 — Umax —0)(Va — »3) .

(y3 _yO)(y4 _ymax) ’

A = Ymax — o> Z: 4K(k) 1/2'

o oc[(y4 ~ Ymax) (V3 _ymax)]
At o = o, the solution of the basic equation, as follows
from (21) and (23), is given by the equality y = y, = const.
This means that when the initial densities of biexcitons and

(24)

photons are nonzero, the particle density stops oscillating at
o = o, and y = y,. In this case, upon passing through some
critical point, the oscillation period changes continuously.
The phase centre corresponds to this regime on the phase
trajectory. As o increases, the phase trajectory (which has
the shape of an ellipse-like closed curve) slowly shrinks and
at o = ¢, collapses to a point. Then, at a > o, a new ellipse-
like trajectory develops from this point, which increases with
increasing o. Thus, at o = o, the system is at rest although
the photon and biexciton densities are nonzero at the initial
instant of time.

At a critical value of the nonlinearity parameter o = o,
when y; = y,, the solution of the basic equation is reduced
to the form

_ 20073 = Vimax) + 13 (Vmax — Y0) sin” ¢
Y3 = Vmax + (ymax _yO) sin? ®

where
1
P=5 o2(v3 = 70) (3 = Ymar)]'/

In this case, the oscillation period is expressed as

T 2n
T of(y3 — Ymax) (V3 — o)

12
Finally, at « > a4 we arrive to the solution

- Ymax" (1 = eng) + yon'(1 + cng)
n'+n"+ (n’ —n")cne

, (25)

where

1/4
/..

>

®» = OC{[(M _yO)(u _ymax) +22]2 +Zz(ymax _yO)}

1
k* =<
2

(u _yO)(u _ymax) +22
o ;
X{ {[(uyo)(uymax)+z2]2+22(ymaxyO)Z}l/z}

n' = (= yma)? + 227 0" = [ po)* + 24
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Figure 4. Temporal evolution of the biexciton density N(7) as a function of the parameter o at @y = nk (k = £0,1,2,...) and yo = 0 (a), 0.2 (b), 1/3

(c), and 0.5 (d).

u and z are the real and imaginary parts of two complex-
conjugated roots. The oscillation amplitude 4 and period T
are expresses as

A = Ymax — Yos (26)
4K (k)

N OC{ [(u _yO)(u _ymax) +22]2 +22(ymax _yO)}]/4 .

Figure 4 shows the normalised biexciton density versus
time and nonlinearity parameter o at the initial phase

difference ®, = 0 and a different initial biexciton density.
Figure 5 presents the period and amplitude of the biexciton
density oscillations as a function of « at different fixed y,.
One can see that at y, = 0 and in the absence of interparticle
interaction (o = 0) the system evolves aperiodically: all
photons transform into biexcitons, thereby terminating
the evolution (Fig. 4a). When y, # 0 the aperiodic oscil-
lation regime is displaced with respect to the zero with
increasing the parameter o (Figs 4b—d and Fig. 5a).
When the parameter of the interparticle interaction is
nonzero, the system behaviour is mainly determined both

T
To

20
15

10

Figure 5. Dependences of the period (a) and amplitude (b) of the biexciton density oscillations at ®, = nk (k = +0, 1,2,...) on the parameter o at

yo=0(1),0.2(2),1/3(3),0.4(4),and 0.8 (5).
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by the initial photon density and «. One can see from
Figs 4b—d that at o < o, the oscillations take place below
the plane y = y,. In this interval the oscillation amplitude
first increases with increasing o and then decreases
becoming zero at o = o, (Fig. 5b). The oscillation period
at o = o, monotonically increases with increasing the
parameter o (Fig. 5a). At « = o, the system is at rest,
i.e., the biexciton density does not change with time. At
o > o, the oscillations take place above the plane y = y.

At yy ~ 1 the equation W(y) =0 has a twofold root
y ~ 1. In this case, the divergence of the oscillation period
emerges at y ~ /¥o/(1 + ), i.e., shifts to the positive o
(Fig. 4a). At yo =1 we obtain « = 0.5. The parts of the
curves with 7/ty — oo approach asymptotically this point.
Therefore, at y, # 0 the aperiodic regime shifts to positive
nonzero o. Thus, at y, — 1 the system evolves in a
complicated manner in the vicinity of o =0, while at
|¢| > 1 the evolution is reduced to small-amplitude oscil-
lations of the biexciton density above or below the initial
density fy,. In addition, one can see from Fig. 5 that the
oscillation amplitudes at different y, have zero values both
at o < 0 and o > 0. Indeed, the position of the amplitude
zero on the o axis is given by the expression o =
e = (1 = 3y9)/(4y9/¥0)- Of interest is also the fact that
at yo = 1/3 the system is at rest when o =0, i.e., in the
absence of interparticle interactions.

4. Conclusions

Account for interparticle interactions in two-photon
nutation of biexcitons leads to the fact that the temporal
evolution of the system changes qualitatively: it transforms
from aperiodic at o = 0 into periodic at o # 0, the nutation
amplitude and period decreasing monotonically with
increasing |«| (see Fig. 2). Note also that as |x| increases,
the biexciton self-trapping is absent in the temporal
evolution of the system. Indeed, the self-trapping typical
of the evolution of Bose-condensed atom density in a two-
well potential is absent here. But nevertheless we can find
some similarities. The atoms are self-trapped in one of the
wells when the values of the interatom interaction
parameter are larger than the critical ones. In this case,
the amplitude of the atom oscillations decreases stepwise
and continues decreasing with increasing this parameter
[20, 21]. In our case we deal only with a monotonic change
in the amplitude oscillation with increasing |o|, which, in
our opinion, is related but not identical to the self-trapping
phenomenon. In this case, the larger the y, the faster
(depending on «) the regime of small-amplitude oscillations
of the system density.
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