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Mossbauer medium with a hidden nuclear population inversion
and negative absorption of gamma quanta

L.A. Rivlin

Abstract. We consider physical foundations of an eventual
experiment aimed at observing stimulated gamma-photon
emission of long-lived Mossbauer isomers through selective
frequency modulation of gamma-resonances establishing
hidden population inversion without exceeding the number
of excited nuclei over unexcited ones and without additional
pumping. The examples of suitable nuclei and numerical
estimates of the parameters are presented.
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1. Introduction

Various schemes of a Mossbauer gamma laser were
repeatedly discussed even in the initial studies half a
century ago. All the variants of stimulated gamma emission
were based on the use of zero-phonon nuclear gamma
transitions with the natural radiation linewidth in combi-
nation with different pump modes to invert the states
populations of isomeric nuclei. However, despite the great
sophistication of some of the proposed approaches, none of
them envisaged a possibility of producing a medium with
the population inversion of nuclei, adequate for this
purpose (see, for example, [1, 2]).

Meanwhile, the concentration of excited nuclei in a
standard Mdssbauer source can reach by no means low
values, even without any pumping. Therefore, there arises a
problem about the possibility to observe stimulated gamma
emission when so-called hidden inversion (discussed earlier
in relation to a gamma-ray laser on free nuclei [3, 4]) is
established in a Mossbauer medium, i.e., when resonant
absorption of gamma quanta by nuclei in the ground state is
eliminated, their number may even exceed the number of
excited nuclei. The analysis of the resulting constraints and
prospects of this approach has motivated the present
research.
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2. Kinetics of accumulation of isomeric nuclei
in a Mossbauer gamma-photon source

In a conventional Mdssbauer experiment, mother isotopes
of the initial concentration n,, decaying along different
channels with a characteristic time t,, give rise to the
excited Mossbauer isomers, which, in turn, spontaneously
emit gamma quanta for a characteristic time t and produce
nuclei in the ground state [hereafter © = 7 >(In 27 Hl.

The kinetics of this process, resulting from integration of
rate equations with zero initial conditions, is as follows: the
relative concentrations of the Mossbauer isomers in the
excited and ground states change with time as
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where 0 =1/t, is the normalised time. Approximate
equalities refer to the case a = t/7, < 1, which is caused,
on the one hand, by the maximum lifetime of the
Mossbauer isomer, consistent with observing a zero-
phonon line of natural width, and, on the other hand, —
by technological constraints of the time of the experiment
from below.

The concentration ¢, of nuclei in the upper isomeric
state, which reaches a maximum

OLemax _ al/(lfa) ~a (3)
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can be maintained at a level o, > oe" /2 ~ @/2 in the time
interval

a/2<0<In2=07. (5)

The concentration of nuclei in the ground state reaches
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ag(()(a;nax)) =1= (1 +a)aa/(1—tt) ~ alna—l > a;nax (6)
by the time 0 = O(a"™*).

3. Hidden population inversion of states under
selective frequency modulation of emitters

Resonant absorption by nuclei in the ground state can be
eliminated at least by two ways: establishment of hidden
population inversion, especially through selective frequency
modulation of the emitters [5], and build-up of inversionless
gain through purposeful creation of quantum coherence of
states [6, 7]. (The third known method for producing
hidden inversion that occurs due to the recoil of free nuclei
in radiative transitions [3, 4] is inapplicable because of the
sense itself of the zero-phonon gamma transition of nuclei
in the crystal.) Below we analyse the prospects of the first
method [5].

If the frequency of the oscillator with the fundamental
frequency w, is modulated harmonically

® = wy[l + Ecos(Q1)] (7)

with the frequency Q < @, and modulation depth ¢&, then its

spectrum exhibits series of doublet resonances with
frequencies
W, =wgtmQ (m=0,1,2...) (8)

and amplitudes, proportional to the squares of the mith-
order Bessel function of the first kind J2(i7). The argument
of the Bessel function (modulation index)

n=Cwy/Q ©)

can be not small because of the large ratio wy/Q > 1, even
at very low modulation depth ¢ < 1 and the lower bound
Q > 2n /7, required for sufficient resolution of the terms of
series (8).

It is important to bear in mind that the spectrum of
resonances of form (8) arises in the case of a simple initial
spectrum consisting of a single line with the frequency w,
i.e., on assumption that splitting of any nature is absent. In
particular, the Zeeman splitting in the field of terrestrial
magnetism should be eliminated by imposing a compensat-
ing field of such a device as Helmholtz coils. In the presence
of splitting the problem becomes more complicated, without
losing the fundamental solvability. The validity of the
assumption about the absence of splitting should be
considered in relation to a particular isomer.

The existence of zeros of Bessel functions stipulates an
important fact: if the argument 7 is equal to the rth root of
the mth-order Bessel function (1 = 1,,.), then at the modu-
lation frequency Q, = ¢wy/n,,, the doublet with the
frequency

(Um = (U()(l j: mi/rlmr) (10)
does fall out of the spectrum. Therefore, if the absorption
resonance spectrum completely lacks the mth-order term of
the series with the arguments #, =17,, and frequency w,,
(10), and the emission spectrum, on the contrary, has the
same term with the argument #,, for which the condition

e =1, is not fulfilled, the hidden inversion will be
established for radiation with the frequency w,, without
actually exceeding the number of excited oscillators over
unexcited ones. The necessary difference in the modulation
indices (1, # 1,) is realised when the modulations depths
(&e # &,) are not equal due to differences in the properties
of excited and unexcited oscillators.

Here are some specific types of such elimination of
absorption resonances of oscillators.

(i) The most attractive (but hardly feasible) case &, = 0,
when there is no modulation of the excited oscillators and
the modulation index of the absorbing oscillators is, for
example, equal to the first root n, =1y ~2.4 and
&, = 2.4(Q/w,). In this case, the absorption at the funda-
mental frequency w, is completely suppressed and hidden
inversion occurs at the fundamental frequency w, with the
relative amplitude of the resonance J¢ = 1 and in complete
absence of higher resonances in the emission spectrum.

(i) The case, opposite to the previous one, when at
¢, =0 and in the absence of modulation of the absorbing
oscillators it is sufficient to modulate the frequency of the
emitting oscillators with the modulation index #, > 0 so that
to establish hidden inversion for the resonances with m > 0.

(iii) A less attractive (but perhaps more realistic) case is
simultaneous modulation of both absorbing and emitting
oscillators with different modulation indices. For example,
complete suppression of absorption at the fundamental
frequency g in the case of deep modulation of the
absorbing oscillators with 5, = 17y; ~ 2.4 and simultaneous
weaker modulation with n, <1y, ~ 2.4 of the emitting
oscillators make the hidden inversion at the fundamental
frequency w, possible, or when 5, ~ 1.84 and 7, < 1.84, the
hidden inversion of resonances with m = £1 is established.

Since the emitting and absorbing oscillators are sub-
jected to extraneous modulation effects of the same nature,
as was already mentioned above, the desired difference in
the values of the arguments # can only be achieved if the
modulation depths ¢ in the excited and ground states differ
because of different properties of the oscillators in these
states, i.e., if the same modulation parameter, subjected to
the same extraneous modulation effects, in the oscillators in
the excited and ground states is different. An example of
such a nuclear modulation parameter is the magnetic
moment u, which is usually different in different states
of the nucleus (p, # p). In this case to establish hidden
inversion it is necessary choose the modulation index n, of
nuclei in the intervals where the derivative modulus
|dJ,,/dng| >0 for &/ = pe/ug > 1 and [dJ,/dn,| <0
for &./&y = ue/py < 1.

4. Selective Doppler frequency modulation

Frequency modulation can be constructed on a different
physical basis. One example is the Doppler frequency
modulation

o = wy[1 + (v/c) cos ¢ cos(21)], (11)
arising by the vibrational motion of the oscillators with the
frequency Q and the amplitude of the velocity modulus v,
and producing a modulation with a depth

&= (v/c)cos¢ (12)
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(where ¢ is the angle between the velocity vector v and the
wave vector, ¢ is the speed of light).

We should emphasise that the Doppler modulation of
the oscillator frequency is a purely kinematic phenomenon,
not affecting the internal degrees of freedom of the oscillator
(in this case — the nucleus). In fact, Mdssbauer methodically
managed to make his discovery for this reason: he used the
Doppler modulation of the resonances of nuclei in a crystal,
moving as a whole, for measuring the width of the gamma
lines with reliable resolution of the resonances of both
emission and absorption. The Doppler modulation of the
resonances of nuclei due to vibrations of atoms inside the
crystal was observed more than half a century ago [8] by
exciting the acoustic waves in the crystal.

If an oscillator is an atom in the crystal lattice, its
vibration amplitude should be much smaller than the
interatomic distance d in the lattice, which sets the limit
on the ratio of the velocity to the modulation frequency:
v/Q < d= 0.1 nm. Therefore, in the case of the Doppler
modulation the allowable value of the modulation index is
also limited:

n=E&wy/RQ) = (v/c)(wy/R)cos¢p < 2n(d/i)cos¢p (13)

(A = 2mc/wy), i.e., although n cannot exceed a few units for
the gamma quanta with the energy of the order of tens of
keV, this wvalue is sufficient for selective frequency
modulation discussed in Section 3.

The desired value of the modulation index # is defined by
two parameters — the amplitude and direction of the velocity
vector v with the wave vector of gamma waves lying on the
surface of the cone around the vector v and the angle ¢ at
the top. Varying the values of v and ¢, this allows for the
required 7 = const to optimise (taking into account proper-
ties of the crystal lattice) the quantity ¢ = ¢,.

Here an important reservation must be done. The
adopted concept of the Doppler modulation is based on
the assumption of preservation of selective excitation of
vibrations of atoms with different modulation parameters in
a real crystal. However, each of these atoms, which vibrates
under the influence of an external force, also serves in a
crystal as a source of phonons with a frequency @, which
increases their content in the phonon spectrum in compar-
ison with the existing thermal background. Therefore, there
is a danger that the presence of excess phonons can lead to
levelling of the selective effect of the external modulation
force on the atoms with different modulation parameters.
Assessment of the extent of the threat, depending on the
relaxation rate of excess phonons and other factors, requires
a separate analysis, which is beyond the present discussion;
the final conclusion can be seemingly drawn only using the
results of the experiment. With this caveat in mind, further
consideration here is based on the assumption that hypoth-
esis about the preservation of the selective character of
atomic vibrations is valid.

5. Doppler modulation in an alternating
magnetic field

The effect of selective modulation on the nuclei can be
implemented, in particular, by applying an alternating
magnetic field to the nuclei with unequal magnetic moments
in the ground and excited states (i, # p). In an alternating
magnetic field with the frequency Qp, the modulus of the

magnetic induction vector B(z,t) = By(z)cosQpt that is
parallel to the axis z, and with the gradient dB,/dz # 0, the
force F = grad(uB) = u(dB,/dz)cosQpt is applied on a
nucleus (i = pypy, and py =5 x 10 erg G™! is the
nuclear magneton).

When placing the nuclei at a point of the magnetic field,
where B =0 and the gradient dB,/dz is maximal, the zero
value of B helps to prevent unwanted additional Zeeman
splitting of the spectrum of gamma-resonances (this point is,
for example, the centre of the structure of the type of
Helmholtz coils with alternating currents of opposite signs
in coils).

If in accordance with the above assumptions we leave
aside the strict phonon description of dynamics of atoms in
the crystal and consider the motion of a single externally
modulated atom as forced oscillations of an isolated
classical linear vibrator, the maximum steady-state oscil-
lation amplitudes and velocities

,uBmaxTa )~B
A —= =2 d
1 an

2Mc b= ALy

(14)

are established in the resonance with a small relative
detuning of three frequencies, i.e., when the frequency of
the alternating magnetic field, Qp = 2nc/1p, the eigenfre-
quency Q, of the vibrator with a sufficiently high Q factor
[(2,7,)* > 1], and the required modulation frequency Q (7)
practically coincide (Qp = Q, = Q) (M is the atomic mass;
7, 1s the vibrator relaxation time; A is the spatial period of
the magnetic field, which at low frequencies can be much
smaller than A, i.e., 4 < Ap).

In view of the practical equality of the masses, vibration
eigenfrequencies and Q factors of the atomic vibrators with
the nuclei in the ground and excited states, expressions (14)
are valid for the atoms of both species. Therefore, the ratios
of their vibration amplitudes and velocities are practically
equal to the ratios of the corresponding magnetic moments
of the nuclei:

(15)

The amplitude of the alternative magnetic induction
Bax (in Gauss) required to reach the desired value of the
modulation index 7 = 1, is calculated for any of the states
of the nucleus:

B~ 2Mc*(A) )
max MO#gACTawO Cos ¢ &e
Mo(A/2p)

~ 5 x 108 — 0B
* (hw()):ug,eTa Cos ¢ e

(16)
where M, is the mass number of the atom; u,. is the
magnetic moment of the nuclear normalised to the nuclear
magneton (in the numerical formula /iw, is taken in keV,
7, — in seconds). The value of B,,, can be substantially
reduced at A/, < 1.

6. Acting value of stimulated emission cross
section in the case of frequency modulation

Under conditions of hidden inversion, the cross sections of
stimulated emission
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are proportional to the square of the corresponding Bessel
functions J,i(ne) and J,,z,(ng). Here, fpw < 1 is the Debye —
Waller factor; f is the ratio of natural radiation linewidth
to its value, taking into account both the homogeneous and
inhomogeneous broadenings [for the Mdssbauer transition
p— (1+a)"!, where « is the coefficient of internal
electronic conversion] [2].

7. Threshold conditions

The threshold condition wg — wys > wy of the stimulated
gamma emission consists in exceeding the probability of
stimulated emission of photons wy = co,n, over the sum of
the probabilities of their resonant absorption
Wyes = COpesNg (21 + 1)(21, + 1)"! and nnonresonant losses
wq:

) 21+ 1
o‘g‘]m(ng) 21, + 1

o (1) — > 2nw, A ffow] s (19)

oQ

where I, and I, are the spins of the nuclei in the excited and
ground states. The value of w, consists of photon losses
inside the crystal and on its surface.

Upon successful combination of the parameters, the
Mossbauer crystal itself can serve as a gamma-ray cavity.
The resonance condition in a single-crystal cavity [9] is the
intersection of the Ewald sphere in the reciprocal lattice
space by at least two nodes, not accounting for the node at
the origin of the coordinates, except for the limiting case of
intersection with a single node if the latter and the origin of
the coordinates lie at the ends of the sphere diameter. The
simple meaning of this condition is that the multiple Bragg
reflections of photons, belonging to the resonance mode,
prevent their escape from the entire volume V" of the crystal
through its surface with the area S. The possibility to escape
is inherent only in photons from a thin layer (adjacent to the
surface) with an effective thickness kd in which almost
complete Bragg reflection occurs on k atomic planes. In this
case, the photons escape per unit volume of the crystal at a
rate sg = c(N/V)kd(S/V)* that is proportional to the
number of photons per unit volume N/V.

The rate of loss of photons per unit volume of the crystal
is s = c(N/V)aghn, where n~3 x 102 cm™® is the total
concentration of atoms of all types; g, is the average acting
value of the cross section of photon losses; b is the
attenuation loss coefficient due to Borrmann effect. The
total loss probability, proportional to the sum of the rates
Sg =+ Sy, iS

wy = (55 +59)(N/V) " = capbn[1 + (kd/aobn)(S/ V)], (20)
and the threshold condition (19) is

e {Jm(ng) } 22 +1
g

2naob(n/ng)
O =0
Jm(”e) 2Ig +1

22 Bfowd 2 (1)

losses.

Due to Borrmann effect [10], when the nodes of the
electric component of the standing wave of the cavity mode
coincide with the lattice knots, we can expect a noticeable
decrease in the nonresonant losses without a fall of the
interaction efficiency of the gamma-wave with a nuclear
transition, whose multipolarity is higher than the electric
dipole one [11-13]. According to the estimates of [13], the
Borrmann effect can reduce the loss by approximately two
orders of magnitude, which is taken into account above in
the coefficient b. In this case, the modulation angle ¢ = ¢,
should be equal to the Bragg sliding angle of the highest-Q-
factor ‘Borrmann’ mode of the cavity.

The orders of magnitude and their desirable values can
be inferred from the estimates resulting from the threshold
condition (21). If we assume the loss cross section o of the
photon with energies of the order of 100 keV to be
~ 107 cm? [14], even for optimistic values of other factors
B~ 1, fpw ~ 1, ny/n ~ 1), the right hand side of (21) is
~ 0.1, and taking into account the possible Borrmann effect
it is ~107. If J2(n) <J’() =~ 1, then oM ~a=
/1y > 107, Under less optimistic view, the latter inequality
should be increased: a =1t/7y > 107 — 107>, These esti-
mated values, despite all their uncertainties, indicate the
direction of a search for a nucleus for a possible experiment.

8. Search for a suitable isotope

If we assume that the experiment measurements require at
least about 10 minutes, then the inequality a = 7/7, > 107
leads to the need to use a nucleus with a lifetime of 7 ~ 10 s
for the Mdssbauer experiment.

At first glance at the table of the Mossbauer nuclei [15],
it becomes apparent that out of 135 nuclides included in it in
1991, the only one of them — an isotope of silver J97"Ag
(t = 63.3 s) — could claim to the role of the working nuclei;
the second possible candidate, which was added after 1991,
is 1°"Ag (t=57s). Just this observation of gamma
emission with the zero-phonon Mossbauer line of natural
width by such long-lived isomers, performed in a series of
unique experiments at the Institute for Theoretical and
Experimental Physics ([16, 17], etc.), motivated the present
analysis. Unfortunately, both isotopes are not optimal for a
solution of the problem under study, in particular due to a
high rate of the internal electronic conversion (~ 20).

Although, as far as is known, successful Mdssbauer
experiments were carried out only for the above two
isotopes of silver, they are not the only possible candidates.
The short list of the candidates can include, for example,
JomKr, Wimpq, 125mXe and 139" Ce. Despite the paucity and
incompleteness of the available experimental data, it is
useful for purely illustrative purposes only to make calcu-
lations for the isomer 1" Kr, which looks most attractive.
The calculation results are presented below; some unavail-
able reliable data are substituted by interpolating values
from [14, 15, 18] or postulated plausible values marked by

).
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MOSSDAUET ISOMET . . . o\ oottt ettt e e e e e mKr
MOther iSOtOPE . . v v\ vt e et e PRb
Type and time of decay of 7, / min (electron capture). . .......... 32.8
Transition energy h(uo/keV .............................. 129.8
Transition time T/s .. ... .. 71.5
Spins of the states (/,, 1),

multipolarity of transition ... ................ 1/27;7/2"; E3
Magnetic moments of ground (,)

and excited (go)states. . ...... .. ... 0.1,40(
Internal electronic conversion coefficient o .. ................. 2
Ratio of the lifetimes a = 7/7,....................... 3.65x 107
Modulation index of excited nuclein, . ...................... 1.84
Modulation index of nuclei in the ground state

Mg = Me(fa/He) - v vovee 4.6 x 1072
Amplitude of emission resonance Jy (1) - ..o vvoeiiiii .. 0.582
Amplitude of absorption resonance Jy (1) - ..o .viiii 0.023
Ratio of the squares of resonance amplitudes

i1/ Tl - 640
Maximum concentration of excited nuclei

Y 3.65x 107
Time to reach maximum concentration

0= 0(™) 0.0205
Concentration of nuclei in the ground state

g (O™ )~ 0.0205
Averaged cross section of nonresonant

108S€8 79 /CM> . . ..o o i 1072 (9)
Coefficient of ‘Borrmann’ attenuation

OF10SSES B . o oo v ee e 0.25 x 1072 (?)
Width ratio of the emission line f = (1 +a)™ . ................ 0.33
Relative content of the mother isotope ng/m .. ........ ... ... .... 1
Debye—Waller factor ........... ... ... . ... 0.5(?)
[ Jn (1) /()] L+ D) 2L+ 1) oo 0.127 x 1073
2raob(n/ng) 2B owda)l ™ 3.05x 1073
Threshold concentration of excited nuclei ate“" ........... 318 x 1073
Modulation frequency 9/21'c/s’1 ............................ 0.1
Ratio of the spatial period to the wavelength

of the magneticfield A/A, . ....... ... . ... . ... ... 10710

Amplitude of the alternating magnetic
induction By /G ..o
Ratio o™ /alM 1.13

Thus, under adopted assumptions the threshold con-
ditions are fulfilled and a nuclear negative absorption of
gamma quanta is established in the Mdssbauer medium with
hidden population inversion.

9. Conclusions

The considered concept of a Mdssbauer source with hidden
population inversion looks suitable for observation of
stimulated gamma emission by nuclei and can be treated as
an important step towards creation of a nuclear gamma
laser. The concept has an important strategic advantage
because it does not need a heavy arsenal of such
experimental tools as relativistic electron-beam X-ray
generators, reactor neutron sources, etc., which makes it
attractive in an attempt to implement a demonstration
experiment. However, realisation of this concept requires a
complex Mossbauer experiment with very long-lived
isomers (which, as far as we know, was carried out only
in unique experiments [16, 17, etc.]) and selective frequency
modulation of nuclear resonances.

Despite the encouraging results of illustrative calcula-
tions, their discussion using the above data indicates
extreme critical conditions for the fulfilment of the threshold
inequality o™ /" > 1 not only to parameters of the nuclei
itself (which, after the selection of the isomer are actually
already fixed), but also to other characteristics of the
experiment. In fact, even a slight deterioration in values
of the parameters relative to their favourable values adopted
rather arbitrarily (b =0.25 x 1072, fpw = 0.5, ny/n = 1),
immediately violates the threshold condition. Therefore,
the obtained result (¢™*/al™ > 1) should be considered
as an indication of the feasibility of the concept under
condition of exclusively fine tuning of 'non-nuclear’ factors
of the experiment.

At the same time, from the illustrative calculation we can
draw the following important conclusions about a very
minor contribution of resonant absorption to the threshold
condition (upon absorption suppression by the modulation
method) and about the loss of gamma photons through the
surface of a macroscopic crystal cavity. Thus, the key ‘non-
nuclear’ experimental parameters are the nonresonant
photon absorption and its ‘Borrmann’ attenuation as
well as the Debye—Waller factor.

With all the strategic advantages of the concept, the
specific tactics of a possible experiment requires not only a
sophisticated laboratory technology, but also a deep and
detailed preliminary study of a number of issues, including:

(1) a targeted search for new long-lived Mdossbauer
isomers and their introduction into the experimental prac-
tice;

(ii) theoretical and experimental verification of the
assumptions about preserving the selectivity of nuclear
modulation in the crystal,

(iii) study of the possibility of suppressing unwanted
splitting of the gamma-ray emission line (it is worth noting
that in the long-lived isomers }3"" Ag, the expected dipole—
dipole splitting of the line was not observed [17]);

(iv) theoretical and experimental study of the ways to
improve ‘Borrmann’ attenuation of nonresonant absorption
of gamma quanta in the crystal;

(v) development of optimal crystalline matrices with a
high content of the mother isotope ny/n, a large Debye —
Waller factor fpw, and the minimum value of the ‘Borr-
mann’ coefficient b, which are suitable for the formation of a
single crystal gamma cavity or waveguide;

(vi) study of the possibility of solving the listed problems
by constructing composite structures by the methods of
nanophysics as an alternative to natural crystalline matrices.
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