
Abstract. We have studied numerically the evolution of the
light éeld intensity and induced refractive index of a medium
upon élamentation of femtosecond laser radiation in air. It is
shown that the intensity clamping results from the dynamic
balance of optical powers of nonlinear lenses, induced by
radiation due to the Kerr nonlinearity of air, and laser plasma
produced during photoionisation. We have found the relation
between the peak values of the light éeld intensity and the
electron density in laser-produced plasma, as well as the
transverse sizes of the élament and the plasma channel.

Keywords: élamentation, femtosecond pulse, intensity clamping,
laser plasma, nonlinear lens, Kerr self-focusing, plasma defocusing.

1. Introduction

When femtosecond laser radiation propagates in trans-
parent dielectrics, the light éeld is localised in a narrow
extended élament, whose formation is the result of the
nonlinear optical interaction of short-duration radiation
with a medium [1 ë 4]. A élament is a continuous set of
nonlinear foci, which are formed due to Kerr self-focusing
in temporal slices of the pulse, starting from the slice
corresponding to the peak power, and then subsequently in
other slices of its leading edge. The region of energy
localisation in the nonlinear focus `êies' forward with the
pulse, thereby producing an extended élament. The
collapsing growth of the intensity in nonlinear foci is
limited by radiation defocusing in the induced laser plasma,
which is generated when the intensity exceeds the medium
photoionisation threshold. Restriction of the Kerr increase
in the laser radiation intensity was érst found for a
picosecond pulse at optical breakdown in glass [5], and
subsequently recorded in laboratory experiments on élam-
entation of femtosecond laser pulses in air [6 ë 8]. However,
at atmospheric paths of length of several hundred meters,
Mechain et al. [9] failed to register the laser plasma along

the entire length of the élament. The dynamic balance of
the Kerr self-focusing and plasma defocusing leads to the
stability of parameters in the extended élament of a
femtosecond pulse. At present, the inêuence of higher-
order nonlinearities of a medium on the limitation of the
laser intensity rise in the élament is being discussed [10, 11].

The élament parameters are determined by the nonlinear
optical properties of a medium, the wavelength of pulsed
laser radiation and its focusing. According to various
experimental data, in air at a wavelength of 800 nm the
self-focusing critical power Pcr � 2ÿ 5 GW, the radius of
the élament of a collimated beam rfil � 50 mm, the radius of
the plasma channel rpl � 20 mm, and the peak intensity
Ipeak � 1013ÿ 1014 W cmÿ2 [4]. To evaluate the light éeld
intensity and the electron density, Braun et al. [12] used the
Javan ëKelley analysis [13], according to which both the
phase shift caused by the Kerr nonlinearity and the phase
shift due to diffraction and plasma nonlinearity are equal in
magnitude. The maximum light éeld intensity upon élam-
entation in air, obtained in [14] from this condition
involving the experimental data on the photoionisation
rate of nitrogen and oxygen, is 5� 1013 W cmÿ2, which
is consistent with the results of experiments using a
Ti : sapphire laser. However, the fact that the Kerr and
plasma refractive index additives on the beam axis of pulsed
radiation are equal in magnitude does not mean that the
optical powers of nonlinear lenses, focusing and defocusing
radiation, also become equal in magnitude. Indeed, the
diameter of the plasma channel, in which the refractive
index additive is negative, is much smaller than the diameter
of the élament, i.e., a region where the refractive index
additive is positive [15]. With this ratio of the geometric
parameters of the élament, the equality of optical powers of
induced nonlinear lenses is possible only when refractive
index additives arising from plasma and Kerr nonlinearities
on the beam axis of pulsed radiation are signiécantly
different in magnitude [16].

In this paper we study the dependence of the intensity
distributions of femtosecond laser radiation as well as of the
phase shifts and refractive index additives caused in air by
the Kerr nonlinearity and the nonlinearity of the induced
laser plasma on distance. It is shown that the saturation of
the avalanche growth in the intensity upon self-focusing of
the temporal slices of the pulse is determined by the optical
power of lenses associated with the Kerr and plasma
nonlinearities. Based on the analysis of the optical power
of nonlinear optical lenses induced in the medium, we obtain
the relation for the geometric parameters of the élament and
the plasma channel, as well as for the peak intensity and
electron density.
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2. Optical power of nonlinear lenses

In gases, the refractive index additive DnK(r; z; t) caused by
the cubic nonlinearity is determined by the contribution of
the electronic component, which can be considered
instantaneous for a femtosecond pulse, and the contribu-
tion of stimulated Raman scattering on rotational
transitions of molecules for which the characteristic
response time in air is tnl � 70 fs [17]. According to [18],
for the additive DnK(r; z; t) in air we can use the
approximation

DnK�r; z; t� �
1

2
n2

�
I�r; z; t� �

�
H�tÿ t 0�I�r; z; t 0�dt 0

�
; (1)

where I(r; z; t) is the laser intensity; H(t) is a function of the
nonlinear response of air, caused by stimulated scattering;
n2 is the air nonlinearity coefécient determined for pulses
with duration t0 4 tnl.

The change Dnpl(r; z; t) in the refractive index of air,
induced by the generation of laser-produced plasma, is
determined by the photoionisation process, because the
contribution of avalanche ionisation in atmospheric pres-
sure gases is negligible:

Dnpl�r; z; t� � ÿ
e 2 l 2

8p 2mee0c 20
Ne�r; z; t�; (2)

where e and me are the electron charge and mass; e0 is the
dielectric constant; c0 is the speed of light; l is the central
wavelength in the spectrum of the pulse. A change in the
electron density Ne while neglecting recombination and
avalanche ionisation in air at atmospheric pressure is
described by the kinetic equation

qNe�r; z; t�
qt

� R�I ��N0 ÿNe�r; z; t��; (3)

where R(I ) and N0 � 1019 cmÿ3 is the ionisation rate of gas
components of air and their concentration.

Upon élamentation of femtosecond radiation, an axi-
symmetric Townes mode and, therefore, axisymmetric
distributions of the induced refractive index additive are
formed in the plane of the laser beam cross section. The
induced additives DnK(r; z; t) and Dnpl(r; z; t) vary with time
during the pulse and with the distance z along the pulse
propagation direction. Evolution of the intensity proéle
I(r; z; t �) in some temporal slice of the pulse (t � t �) with
distance is determined by the radial distribution of changes
in the phase of the complex amplitude, caused by the Kerr
[DjK(r; z; t

�)] and plasma [Djpl(r; z; t
�)] nonlinearities. As

follows from the eikonal equation of the complex amplitude
in a nonlinear medium [19], the changes in the phase
DjK;pl(r; z; t

�) are proportional to the additives of medium's
refractive index DnK; pl(r; z; t

�). Let us represent in the
vicinity of the élament axis the radial dependences of the
additives DnK(r; z; t

�) and Dnpl(r; z; t
�) as series, keeping the

érst two terms of the expansion:

DnK�r; z; t �� � DnK�r � 0; z; t �� � 1

2

q 2DnK�r; z; t ��
qr 2

����
r�0

r 2;

(4)

Dnpl�r; z; t �� � Dnpl�r � 0; z; t �� � 1

2

q 2Dnpl�r; z; t ��
qr 2

����
r�0

r 2:

The érst terms in (4) are the refractive index additives on
the élament axis which are caused by the Kerr
[DnK(r � 0; z; t �)] and plasma [Dnpl(r � 0; z; t �)] nonlinear-
ities. The fact that the absolute values of these terms are
equal forms the basis for the analysis carried out in [12, 14]
to estimate the peak intensity in the élament. The second
term in (4) determines the curvature of the radial
distributions of the refractive index additives and, hence,
the radiation-induced shifts of the phase of the complex
amplitude. Representation (4) corresponds to the parabolic
approximation in the theory of propagation of light beams.
One can introduce (for some small interval at the length of
the pulse propagation Dz) the optical powers of the Kerr
[DK(z; t

�)] and plasma [Dpl(z; t
�)] nonlinear lenses:

DK�z; t �� �
q 2DnK�r; z; t ��

qr 2

����
r�0

Dz;

(5)

Dpl�z; t �� �
q 2Dnpl�r; z; t ��

qr 2

����
r�0

Dz:

The relation between the optical powers of nonlinear lenses
induced by laser radiation in the medium determines the
evolution of the intensity distribution in the temporal slice
t � of the pulse.

3. Spatial distributions of the laser radiation
intensity and the induced changes
in the refractive index

To analyse the evolution of the light éeld intensity and the
refractive index additives of the Kerr [DnK(r; z; t)] and
plasma [Dnpl(r; z; t)] nonlinearities, we solved numerically
the self-consistent nonstationary problem of femtosecond
laser radiation élamentation in air, which includes expres-
sions (1) ë (3) and the equation for the pulse envelope
E(r; z; t) in the moving coordinate system

2ik0
qE�r; z; t�

qz
� D?E�r; z; t� � k0k2

q 2E�r; z; t�
qt 2

� 2k 2
0 �DnK�r; z; t� � Dnpl�r; z; t��E�r; z; t� � iaE�r; z; t�; (6)

where k0 � 2p=l. The érst and third terms on the right-
hand side of (6) describe the `pulse diffraction' and
nonlinear changes in the envelope phase, the second term
with the coefécient k2 � q 2k0=qo

2 ë the group-velocity
dispersion, and the last term with the coefécient a ë a
decrease in the amplitude during the photoionisation of air.
Equation (6) does not take into account higher orders of
the theory of dispersion. We consider collimated radiation
with a Gaussian distribution of the éeld amplitude in space
and time:

E�r; z � 0; t� � E0 exp�ÿr 2=�2a 2
0 �� exp�ÿt 2=�2t 20 ��: (7)

As an example, we present below the results of simu-
lations for the central temporal slice (t � 0) of the pulse at a
wavelength of 800 nm with an energy W � 2:6 mJ, peak
power Ppeak � 14:5 GW and the distribution parameters
a0 � 1:2 mm, t0 � 100 fs. Pulses with close parameters are
used in laboratory experiments on élamentation of radiation
in air. Figure 1 shows the spatial intensity distributions
I(r)jt�0 and phase shifts caused by the Kerr [DjK(r)jt�0 ] and
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plasma [Djpl(r)jt�0] nonlinearities plotted for some distances
z in the vicinity of the élament onset in a plane perpen-
dicular to the propagation direction. The radial
distributions of the Kerr refractive index additive DnK(r)
in the medium and of the pulse intensity I(r) are similar. At a
distance z � z1 the additive DnK(r) is positive, and the
nonlinear phase in the paraxial region of the pulse is
negative (DjK < 0), which corresponds to a lens with
positive optical power [DK(z1) > 0] focusing radiation.

Then, the intensity grows and the electron density
increases in the laser plasma whose negative contribution
to the refractive index additive [Dnpl(r) < 0] becomes notice-
able at z � z2. This causes a positive shift of the nonlinear
phase (Djpl > 0) and, as a result, the emergence of a lens
with negative optical power [Dpl(z2) < 0] on the élament
axis. The plasma lens aperture size is determined by the
diameter of the plasma channel, which is smaller than the
élament diameter determining the Kerr lens aperture.
Therefore, the intensity on the élament axis increases due
to `radiation êow' from the periphery of the cross section of
the beam, which is being focused by a wide-aperture Kerr
lens.

At a distance z � z3, the pulse intensity stops growing.
However, the absolute values of the refractive index additive
and, hence, the phase shift, caused by the Kerr nonlinearity,
are signiécantly larger than those due to the plasma
nonlinearity: jDnK(r)j4 jDnpl(r)j and jDjKj4 jDjplj. At a
distance z � z4, on the axis (r � 0) the absolute values of the
refractive index additives and phase shifts, caused by the
Kerr and plasma nonlinearities, are equal: jDnK(r � 0)j �
jDnpl(r � 0)j and jDjK(r � 0)j � jDjpl(r � 0)j. In this case,
the intensity is smaller than the peak value achieved at
z � z3.

4. Evolution of the parameters of the élament
and optical power of nonlinear lenses

Figure 2a illustrates the change in the axial intensity I(z)jr�0
and electron density Ne(z)jr�0 for the central temporal slice
(t � 0) of the pulse under study with distance. Figure 2b
presents the refractive index additives due to the Kerr
[DnK(z�jr�0] and plasma [Dnpl(z)jr�0] nonlinearities, and
their sum �DnK(z)� Dnpl(z)�jr�0. Figure 2c shows the
optical power of the Kerr [DK(z)] and plasma [Dpl(z)]
nonlinear lenses as well as their sum versus distance. Up to
a distance z � z1, the density of electrons on the axis is four
orders of magnitude smaller than that of neutral molecules
(N0 � 1019 cmÿ3), the refractive index additive Dnpl(z)jr�0

and optical power of the lens Dpl(z), formed by the plasma,
are close to zero and do not affect the collapsing growth of
the pulse intensity caused by the Kerr nonlinearity, for
which the DnK(z)jr�0 > 0 and DK(z) > 0. At z2 � 3:41 m,
the electron density on the axis increases to � 1016 cmÿ3

x
y

z1 z2 z3 z4

I

Djpl

DjK

Figure 1. Intensity distributions I�r�jt�0 (top row), as well as nonlinear phase shifts due to the Kerr [DjK�r�] and plasma [Djpl�r�] nonlinearities
(bottom row) for the central temporal slice of the pulse (t � 0) at some distances z in the vicinity of the élament onset in the air, shown in half plane
perpendicular to the direction of radiation propagation. The pulse parameters are given in the text.
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Figure 2. Dependences of axial intensities I�z�jr�0 (solid curve) and
electron densities Ne�z�jr�0 (dashed curve) in the central temporal slice of
the pulse (t � 0) in the vicinity of the élament onset (a), of the Kerr
[DnK(z)jr�0] (solid line) and plasma [Dnpl(z)jr�0] (dashed curve) refractive
index additives and their sum (dot-dashed curve) in air (b), and of the
optical powers of the Kerr [DK�z�] (solid curve) and plasma [Dpl�z�]
(dashed curve) lenses and their sum (dash-and-dot curve) (c) on the
distance z. Pulse parameters are the same as in Fig. 1.
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(Fig. 2a), the plasma refractive index additive is much
smaller in magnitude than the Kerr additive (jDnplj5
jDnKj) (Fig. 2b). However, the absolute values of the optical
powers of the plasma (jDplj) and Kerr (jDKj) lenses are
comparable, which stops a further increase in the total
focusing power with distance (Fig. 2c). This leads to slower
avalanche growth of the intensity on the axis, which is
characteristic of the laser beam self-focusing.

The light éeld intensity is clamped in the élament when
the optical powers of the Kerr and plasma lenses are equal
in magnitude:

jDK�z3�j � jDpl�z3�j. (8)

For the pulse under study, the intensity at z3 � 3:42 m is
equal with a high accuracy to the peak intensity Ipeak in the
élament (Fig. 2a). A slight difference of z3 from the
distance where the intensity clamping found from equation
(6) actually occurs, is due to an error of axial aberration-
free approximation (4). The absolute values of axial
refractive index additives caused by the Kerr and plasma
nonlinearities become equal at z � z4, when the intensity is
approximately one and a half times smaller than the peak
intensity (Figs 2a, b). At z � z4, the optical power of the
Kerr lens is close to zero and the net effect of the
nonlinearities is reduced to plasma defocusing (Fig. 2c),
which results in the formation of a ring in the intensity
distribution (Fig. 1). With a decrease in the intensity at
z > z4, the ionisation rate, for which the estimate R(I) � IK

is valid, drastically decreases, where K is the multiphotonity
order equal to 8 for oxygen molecules and 11 for nitrogen
molecules.

Figure 3 demonstrates the effect of the scales of the
spatial distribution of the induced refractive index additives
on the optical power of the nonlinear lens. The plasma

channel diameter is approximately half the élament diam-
eter, within which the Kerr nonlinearity is induced.
Therefore, the plasma produces a lens whose optical power
is equal in magnitude to the optical power of the Kerr lens
at the axial refractive index additive Dnpljr�0, which is half
DnKjr�0 (Fig. 3a). When the axial refractive index additives
are equal in magnitude, the scale of the spatial distribution
of the Kerr additive jDnK(r�j is much larger than that of the
plasma additive jDnpl(r�j; and the optical power of the Kerr
lens is much smaller than that of the plasma one (Fig. 3b).

The numerical experiments have shown that the
obtained regularities hold true for different temporal slices
at the leading and trailing edges of the pulses at different
radiation wavelengths.

5. Modiéed Javan ëKelley analysis

At a distance, where the optical powers of nonlinear lenses
are equal in magnitude, the intensity of the light éeld on the
beam axis of pulsed radiation almost coincides with the
peak intensity Ipeak; and the electron density in the induced
plasma is close to the maximum value Ne peak (Fig. 2a). This
allows one to obtain from condition (8) an analytical
relation between the peak values of the intensity and the
electron density on the axis as well as between the
transverse sizes of the élament and plasma channel.

Let us approximate in the vicinity of the axis the radial
distributions of the intensity I(r) and the electron density
Ne(r) by the Gaussian functions:

I�r� � Ipeak exp (ÿr 2=r 2int�,
(9)

Ne�r� � Ne peak exp�ÿr 2=r 2pl�:
In the experiments, the élament radius rfil is determined by
the distribution of the surface energy density in the élament
cross section F (r; z), measured at a distance z:

F �r; z� � � I�r; z; t�dt: (10)

Because in the vicinity of the élament axis the main
contribution to the distribution F (r; z) is made by a
temporal slice where the intensity is maximal, we can
assume that

rfil � rint: (11)

The parameter rpl in (9) is equal to the radius of the plasma
channel.

We assume that the pulse duration is large enough and
the delay of the response of the cubic nonlinearity of air can
be neglected. Then, expression (1) takes the form

DnK�r; z; t� � n2I�r; z; t�: (12)

Substituting (2) and (12) into (5), using approximation (9)
and approximation (11), we obtain from (8) the relation-
ship:

n2
Ipeak
r 2fil
� e 2 l 2

8p 2e0mec
2
0

Ne peak

r 2pl
: (13)

This relationship makes it possible to estimate one of the
unknown élament parameters, to identify tendencies for
changes in the peak intensities Ipeakand the electron density
Ne peak, as well as the radii rfill and rpl by varying the
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Figure 3. Radial distributions of the moduli of the Kerr [jDnK(r)j] (solid
curves) and plasma [jDnpl(r)j] (dashed curves) refractive index additives
in the central temporal slice of the pulse (t � 0) for distances where
optical powers of nonlinear lenses (a) and additives on the axis (r � 0) (b)
are equal.
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radiation wavelengths. According to the results of computer
simulations performed for laser pulses with wavelengths
0.4 ë 1.24 mm, the accuracy of estimates (13) is relatively
small. The ratio of the radii of the élament and the plasma
channel rfil=rpl, estimated by (13), is approximately twice
the value obtained in the computer simulations when
determining rfill by the proéle of the surface energy density
in the élament cross section.

6. Conclusions

The intensity clamping in the femtosecond laser élament
results from the dynamic balance of optical powers of lenses
induced by laser radiation: a focusing lens, which is due to
the Kerr nonlinearity of the medium, and a defocusing lens,
which is produced by the laser plasma. During the pulse
propagation the avalanche increase in the intensity in its
temporal slices, caused by the Kerr nonlinearity, is replaced
by its slow increase at a distance, where the growth of the
total focusing power of nonlinear lenses stops upon the
emergence of the laser plasma. The intensity is clamped and
reaches a peak value in the élament if the optical powers of
lenses associated with the Kerr and plasma nonlinearities
rather than absolute refractive index additives caused by
these nonlinearities are equal in magnitude. From the
condition of the balance of optical powers of nonlinear
lenses induced by radiation we can estimate the relation
between the peak values of the intensity and electron
density as well as between the transverse sizes of the
élament and plasma channel.

The considered scenario of intensity clamping is gener-
alised to terrawatt pulses, which form a beam consisting of a
random set of interacting élaments and plasma channels
[20].
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