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Spatial profile reconstruction of individual components
of the nonlinear susceptibility tensors 7% (z, ', 0’, —0, ®)
and 7% (z,20 + o', +o', », ») of a one-dimensionally

inhomogeneous medium

A.A. Golubkov, V.A. Makarov

Abstract. We have proved for the first time and proposed an
algorithm of unique spatial profile reconstruction of the
components ;(S}y of complex tensors 7 ¥ (z,0 0, —0, 0)
and 2(3) (z,20+ 0, 0", 0, »), describing four-photon inter-
action of light waves in a one-dimensionally inhomogeneous
plate, whose medium has a symmetry plane m, that is
perpendicular to its surface. For the media with an additional
symmetry axis 2., 4., 6, or oo, that is perpendicular to the
plate surface, the proposed method can be used to reconstruct
about one-fifth of all independent components of the above
tensors.

Keywords: cubic susceptibility, one-dimensionally inhomogeneous
medium, inverse problem, reflection coefficient, transmission coeffi-
cient, conversion factor.

Reconstruction of the spatial dependence of nonlinear
optical properties of one-dimensionally inhomogeneous
structures is becoming a popular practical problem [1-3].
We proposed for the first time [4] a method for unique
reconstruction of profiles of some components of the cubic
nonlinearity tensor 5{(3> (z,w, —w, w, ®) in a one-dimension-
ally inhomogeneous plate. It was assumed that its dielectric
properties vary only along the z axis, that is perpendicular
to two parallel flat surfaces of the plate, and are arbitrary
frequency-dependent. In this paper we prove that a similar
method can be used to uniquely determine the coordinate
dependence of the complex components of the tensor
~(3) 1 l = (3) ’ ’

PV (oo, —o,0), 1V (20-o0',-0',o,0) and
73z, 20+ o', 0, w, w), responsible for frequently used
in practice four-photon nonlinear interactions of two waves
with different frequencies [5]. Such a reconstruction can be
implemented using two series of experiments on the
interaction between a plate and signal waves with
frequencies w; and w,, incident on the plate at different
angles within a certain range of angles, in the presence of a
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high-power wave with the frequency ws;; in this case,
w3 = 05((,01 + Cl)z) or w; = 05(6{)2 — Cl)l).

Consider a plate, which borders linear homogeneous
isotropic nonabsorbing and nondispersive media with the
real permittivity &, along the planes z=1z, and z =1z,
(z; > z;). We assume that the point symmetry groups of
the various layers of a one-dimensionally inhomogeneous
plate are such that one of their common elements of
symmetry is a symmetry plane perpendicular to the surfaces
of the plate. Let us direct the axis x L z along this symmetry
plane. Suppose that a low-intensity s-polarised plane signal
wave propagating in the positive or negative direction of the
z axis is incident on a plate at an angle o;. In the first case,
its electric field strength is equal to Ej e,exp{ifw t—
kyx —ki.(z—z)]} +cc. (for z<z)), and in the second
case, it is equal to Ej_e,exp{ilwt — k. x + ki.(z — zp)]}+
c.c (for z > z,). Here, e, is the unit vector perpendicular to
the incidence plane; k, = ko sina;; kj. = koj cosay; ko =
w/g/c; ¢ is the speed of light in a vacuum. Suppose,
moreover, that a plane high-power fundamental wave with
frequency ws falls on a plate, perpendicular to its surface in
the positive direction of the z axis; for z < z; the electric field
vector of this wave is equal to Eye,exp{i[w;t—
ko3(z — z1)]} + c.c., where ko3 = w3,/g9/c. In other words,
we consider simultaneously two independent problems. In
the first problem a high-power and signal waves fall on the
same side of the plate under study (subscript ‘plus’). In the
second problem they fall on the opposite sides of the plate
(subscript ‘minus’). In the experiment use can be made of
any of these measurement schemes, and if necessary to
obtain results with high accuracy, measurements can be
carried out using both schemes.

We assume for definiteness that the frequencies w; and
w;, where w; < 2ws, and nonlinear dielectric properties of
the plate medium are such that if the plate is exposed to a
high-power wave with frequency w; and to a fairly weak
signal wave with frequency w,, only three waves effectively
interact in the medium, namely one high-power wave
E¢(2)e, exp (iw3f) + c.c. and two weak waves — an original
signal wave Eqi(2)e,expli(wt — kyx)] +cc. and a new
wave Eg,(2)e, expli(w, + k.x)] + c.c., produced in a non-
linear medium. Hereinafter, w, = 2w3; — w;. The new wave
Eg . (2)e, expli(w,yt + k,x)] 4 c.c. arises as a result of non-
linear interaction of a high-power and signal waves, the
interaction being described by the cubic susceptibility tensor
1V @1+ @y + @3, By, @, @3).

Our assumption, in particular, means that the nonlinear
interaction of a new and high-power waves, affecting the
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propagation of the original signal wave, does not lead to any
noticeable generation of the waves with other frequencies.
Then, taking into account self-action of a high-power wave
and weak signal and new waves in the linear approximation
in the amplitudes, for the selected polarisation of the
incident waves due to the presence of the local symmetry
plane m, in the medium, only the y component of electric
induction vector in the plate is different from zero [6]:

Dyi = [8}9’(27 (1)3) + 4“%}(}3’})@'(27 @3, —(1)37603,(1)3)|Ef|2]Ef
X exp(iw3l)+{ [8}7}'(27 w1 )+ 8“%}?3}:}:(27 Wy, Wy, —W3, w3)|Ef|2]
Eq. + 4my ) - EE}
X Eqz + 41y, (2, 01, —0y, 03, 03) Ef o4}

x expli(wt — kx)] + {[e,,(z, 1)

3
+ 8751)(»_\,';)1(27 Wy, Wy, —W3, (1)3)

X | E*] Egs + 47TX,§)%}):};(Z7 Wy, —y, 03,03) EFEg . }

x expli(wat + k.x)] + c.c. (1)

Substituting (1) into the wave equation for the electric field
strength and equating separately the terms that do not
depend on the coordinate x and the terms that are
proportional to expli(w;f — k.x)] and expli(wyt + kX)),
after some transformations we obtain

d’E E,

dz 2f+05w3[\}(z 603) n?( )]C_zf:()’ (2)
d’E, . o7 en (2) oir2(2)Ede

e =R

2 2 2 ®)
ddzszzi n {0)28:22(2) _ /1} E5. +w2rzlc(§) SES

where A= k r2(z)= 471:/})‘}(22 W, — wz,w3,w3)Ef (2);
I‘21(Z)— 4“7\)2)(2 Wy, — w17w3’w3)Ef (Z): Fnk(Z)—FU(Z a)k)+
8y (2, g, g, — 03, 03)|Er(2)]%s k=1, 2, 3.

Now suppose that instead of a signal wave with
frequency w;, the same plate is exposed to a signal wave
with frequency w, = 2w; — w; at an angle o, such that

koysinay =k, where kg = wyy/gy/c. The electric field
strength of the signal wave is equal to E, e Xx
exp{i[wyt — k. x — ky.(z — z;)]} + c.c. as it propagates in

the positive direction of z axis (z < z;) and to E,_e,x
exp{i[w,t — kX + ky.(z — 25)]} + c.c. as it propagates in the
negative direction of z axis (z > z,). Here, k,. = kg, cosa,
and we assume that k, < ko,.

It follows from the previously formulated hypothesis
that the nonlinear interaction of this signal wave with the
high-power wave E¢(z)e, exp (iwsf) + c.c. propagating in the
plate will lead to the emergence of a new weak wave with
frequency w; = 2w; — w,, whose electric field strength is
E . (2)e, expli(w 1+ kyx)] +c.c. In this case, the equations,
describing the change in the values of E;,(z) and Ej. (z) in
the plate, will still have the form of (3).

Thus, when the signal wave Eg,, (z) with frequency o,
propagates in the plate, the resultant nonlinear interaction
leads to the emergence of a new wave E. (z) with frequency

;. Hereinafter, ¢g=1,2 and /=2 at ¢g=1 and /=1 at
g=2,ie.,/=1+3,, where §, is the Kronecker delta. The
new wave arising in the plate continues to spread in the
ad(jacent homogeneous linear media in the form of a wave
el i feyx + k(2 — in the regi
o eyexplilof + kx +k.(z—z))]} +cc in the region
z <z and in the form of a wave E;”e,exp{i[wf + k,x
—ki.(z — z5)]} + c.c. in the region z > z,. At the same time,
the quantities Es(il), E.” and E . (z) on the plate surfaces

S.
meet the Maxwell boundary conditions:

dEsl:t

1 1
Esli(zl) = Es<i )’ dz 7=z kh gi )7
) dE n
Eslj:(ZZ) = Es(:t )’ dSZ]:t - _lklesgc )
=z,

Thus, this paper describes simultaneously four different
situations. Propagation of a signal and new waves in these
situations is described by the system of equations (3), but the
boundary conditions in each of them are different. Below we
present the boundary conditions for each of the situations
under study. If the signal wave with frequency w; is incident
on the plate from the region z < z;, then the boundary
conditions have the form

Eg(z1)) =1+ Ri)E, Eg.(z)=TE,
dE; .
d;+ . = —iki.(1 = Ry, )E 4,
dE .
TS; . = —ik. T\, Ei,
. 21)y % 21
Eai(z) = (EFV) = GPVE,, 4.1)
* 22
Egi(z) = (Es<+ )) G E1+,
dEs§+
— —ik VE s
dz . 2. G I+
dE@EJr
. =ik Vg
dz i 22 14

In the case when the signal wave with frequency w; is
incident on the plate from the region z > z,, the boundary
conditions are given by the expressions

Eg (z1)=T\E_. Eg (z22)=(0+R_)E_,

deSZF . =ik T\_E,_,

d§27 . =iki.(1 = Ri_)E_,

Ey () = (E2V) =6PVE,_, (4.2)

Ej () = (E2Y) = GPYE,,

dES.

dz lkz,G 21 El N

z=z]



536

A.A. Golubkov, V.A. Makarov

dESH_
dz

Z=2Zy

= iky,GPYE, .

When the signal wave with frequency w, falls on the plate
from the region z < z;, they have the form

11 11 *

Eqgi(z1) = Es(+ )= (GS— )E2+) )

12 12 *
Ey.(n)=E" = (Gi "B

dE,
d_;H - = ik (1" E2+) ,
dE
e o 43)
Eoi(z) = (1 + R2*+)E2*+> Ey(z) = T\ By,
dEE . * *
d;+ . = 1k22(1 - R2+)E2+,
d522+ = =iky. 1o By

zZ=2Z)

In the latter case, when the signal wave with frequency w, is
incident on the plate from the region z > z,, the boundary
conditions are given by the formulas

Eg_(z1) = B!V = (GU"VE, ),
Eq_(z) = E!M = (GUYE,_ )",
dE _ . *
dEg . \
dsz‘ - —ik.(GUVE,_), (4.4)
Ey (21) =T B, EH (z)=(1+R:)ES,
dEs- = —iky.T)_E5_,
dz o,
dES_ . e\
dj . = —lkzz(l — R2,)E2,.

Here R, and R, are the amplitude coefficients of
reflection of signal waves E,, and E,  from the plate;

T,. and T,_ are the arnphtude coefﬁ01ents of transmlssmn
of these waves through the plate; G i )/Eqi,
G([2 = (E< )) /E . are the conversion coefﬁ01ents of the

51gnal wave FE,,. The latter characterise the conversion
efficiency of the signal wave with frequency o, into two
waves with frequency w;, propagating on opposite sides of
the plate. Given the linearity of boundary conditions (4)
with respect to E;; and E,,, and the linearity of the system
of equations (3) with respect to E;;,(z) and Eg,(z), we find
that all introduced coefficients are independent of E

Recall that a high-power fundamental wave in all four cases

falls onto the plate in the positive direction of the z axis.

If the dependences ¢,;(2), €y(2), r12(2) and ry(z) are
known, then by solving system (3), (4) we can uniquely
calculate the coefficients Ry, Ty, G (m , Gy ") for any angles
of incidence of a plane wave 51gnal w1th frequency o, and,
hence, solve the direct problem. We are interested in a more
complex inverse problem: determination of &,1(2), &,(2),
r12(z) and ry;(z) for a layer of given thickness by eight
amplitude complex coefficients of reflection, transmission
and conversion of signal waves, namely, R, T,,, G @) op
R,,T,, G (v =1, 2), known for a certain 1nterval of
angles of incidence. In Appendix 1 we prove that if such an
inverse problem has a solution then it is unique. At the same
time, comp%nents X}(j},},(z,wl,wl, —w3, W3), X}(,f,;,y(z, Wy, W9,
—ws, (L)3), X_\,vy)g,v(za Wy, =Wy, W3, (U3) and Xy:vyy(z7 W3, —Wy, W3,
w3) can be reconstructed, in particular, by finding a single
zero minimum of a specially constructed functional on test
functions, describing the coordinate dependence of the
dielectric properties of the investigated plate. Principles
of construction of such a functional are described in detail
in [4], and its form is given in Appendix 2. In this case, the
profiles ¢,,(z, wy) (k =1, 2, 3) of the linear permittivity of
the medium (the reconstruction method of such profiles was
proposed in [7] and tested in a numerical experiment in [8])
and the distribution of the electric field Ey(z) of a high-
power wave in the medium [4] are considered to be known.
Note that changing two of the three frequencies or all the
three frequencies (w;, w, and w3), we can obtain informa-
tion not only about the spatial profile, but also about the
frequency dispersion of the components y}‘ oy of the tensors

(zw cu,—a)w)dndy (sz o', —o',0,v).

Until now, we have assumed that the medium forming a
layer has only a symmetry plane m, that is perpendicular to
its surface. We now consider media with the symmetry axis
2., 4., 6. or co.. Without changing polarisation of a high-
power pump wave, we will change polarisation by 90° and
rotate the plane of the signal wave incidence by 90°:

Ej e exp{ifoit — k,y Fki.(z — 215)]} +cc.

or
Es e exp{ilwyt — k,y F ko (z — 215)]} +cc.,

where k, = kg, sino; = kg sina,. Then, in the above for-

mulated approximations, the expression for the nonzero

components of the electric induction vector will have the
form [6]:

Dy = {[exc(z,01) + 871'/(551(2 1, 01, —03,03)| Ef ] sl+
+any ), (2, 01, w2, 3, 03) EF ES Y expli(w t — k,p)]
+{ [exx(z, 02) + 8“%8—}_1(2, W, 3, —03,03)| Ef]*] Eg
+any ), (2,00, —1, 03, 03) EFE s }
x expli(wst + k,y)] +c.c.,
(z, 03, —w37w37w3)|Ef|2}Ef

Dy = [g,(z,03) + 4"5%)(’_\%})’}*

x exp(iwt) + c.c.
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Because the parameters of a high-power pump wave
remained unchanged, equation (2) and the dependence of
E¢(z) do not change compared with the previous geometry.
Boundary conditions (4) also retain their form. Equations
for E . (z) and Eg . (2) still have the form of (3), but with
the parameter A replaced by 1 = k> 3 the coefficients &,,(z)
replaced by &,,(2) = e, (z, wq)+8n,(m}(z o, q — w3, W3)X
|Ef(z)\ and rg(z) replaced by 7, (z)= 41ty£,c}1(2 w,, —wy,
w3, 03)EF (2) (¢ =1.2; [=1484).

Therefore, by measuring new coefficients of transmission
(R,_, R,.), reflection (7,_, T».) and conversion [G",
v =1, 2] for each of the signal waves in some interval of
angles of incidence, we can uniquely reconstruct the depend-
ences &,1(2), €,5(2), F12(2) and 7,,(z) and, hence, the profiles

q>

of the components X@y(z, Wy, 01, —w3, W3),
E\l}(z W, 3, —0)3,603) Xxxyy(zawla — Wy, (1)3,(,03) and
yx\yt (Z W, =Wy, w3,w3)
(3) _ = Sxx(z7wq)
Ty (2, 0g, g, =03, 03) = Eyg(2) = ———5
XXyy g Vg ) ng 8TC‘Ef(Z)‘2 5
3 Fai(2)
X)(Cxl)vy(z7 wq7 —;, W3, 603) 4752—2()

Recall that the spatial distribution of the electric field E¢(z)
of a high-power wave in the plate can be reconstructed
using the method proposed in [4]. A change in two of the
three frequencies or in all the three frequencies (w;, w, and
w3), which does not violate the equality w; + w, = 2w;,
makes it possrble to study the fre(%uency dispersion of the
component y,(m} of the tensors j (z o',0', —o0,0) and

V(z20 -, —o',0,0). For medla w1th the axis of
symmetry of the lowest order (2.), we can also reconstruct
the profiles and to investigate the frequency dispersion of
the components /\(i)w y‘(f)w of these tensors. To do this, we
should rotate the plate by 90° around the z axis and fully
repeat all the above measurements. For media with the
symmetry axis 4., 6. or co., these extra measurements are
not necessary, since for them X@W = ,(y] oy and ym y = yf})w
[6].

Until now we believed that o; < 2w;. We can consider
also the case w; > 2ws;. Then, w, = w; — 2w; and the
interaction of three waves with frequencies w;, w; and
@, is described by the components 11(}331’ X;;ii,x, ,{f?)w or yQU
(depending on the symmetry of the medium and the
orientation of the planes of incidence of an s-polarised
high-power and signal waves) of the tensors
7 (Za y, W, —W3, w_’a)a 2(3) (Z’ Wy, Wy, —W3, 603), 5/(3) (Za i,
Wy, w3, w3) and 7' (z, w,, w;, —w3, —w3). Therefore, their
profiles can be reconstructed as described above. Changing
two of the three frequencies, or all the three frequencies (w;,
w3, and w,), we can investigate the frequency dispersion of
the corresponding components of the cubic nonlinearity
tensors 7 (z,w w —w,m), 1V 20+0’,0',0,0) and
}2(3) (z,0' = 2w,w', —w, —w). In this case, the possibility of
reconstructing from one to four components of these tensors
is determined by the local spatial symmetry of the medium
of the studied inhomogeneous plate. As is known, the
spatial symmetry of one-dimensionally inhomogeneous
media, strictly speaking, refers to one of ten classes
(1, 2, m, mm2, 3, 4, 6, 3m, 4mm, 6mm) or to two limiting
symmetry groups (oo, oom) [4]. Unfortunately, our method
does not make it possible to determine and control the cubic
nonlinearity of one-dimensionally inhomogeneous media

with the symmetry classes 1, 2, 3, 4, 6 and oco. For media
with the symmetry m (more precisely m;) or 3m, we can
reconstruct only the component /C\(j))1 of each of the above
tensors. The components )(}(13})}, ,(EH}, 73 and /uw of these
tensors can be found for the media with the symmetry
classes mm2. In addition, for media with the symmetry class
4mm, 6mm or oom we can reconstruct the components
7}73’)7 = yiwv and yw}J = )/J‘W Finally, for media with the
symmetry classes mm2, 4mm, 6mm or com it is possible to
reconstruct approximately one-fifth of all independent
components of the cubic nonlinearity tensors
7G) (z o, o' —o, w) as well as (20—,
—o',», ) and (or) ,( (z 20+ 0o, w)

Thus, we have fully investigated the case when the
frequencies of the used waves and nonlinear properties
of the plate are such that in the case of incidence of a
high-power wave with frequency w; and of a relatively weak
signal wave with frequency w; on the plate, only one new
wave is efficiently generated in it. In this case, the nonlinear
interaction of the latter with a high-power wave affects the
propagation of the signal wave, but does not lead to any
noticeable generation of waves with other frequencies. The
frequency of this new wave m, can be equal to 2w; — w; (at
()] < 2(,03), W] — 2603 (at ()] > 2(,03) or m, + 2(})3. Note that
the last two cases are physically equivalent, since they are
obtained one from another by replacing the indices 1 < 2.

The obtained results can be generalised to more com-
plicated cases, when a medium with a cubic nonlinearity
exhibits effective interaction of one high-power wave and
three (or more) weak waves affecting propagation of each
other only through interaction with a high-power wave,
which does not lead to the generation of waves with other
frequencies. Such a situation occurs, for example, if the
medium exhibits possible effective interaction between a
high-power wave with frequency ws; and three weak waves
with frequencies w;, 2w3; + w; and 2w; — w; (or w; — 2w3)
and there does not appear any noticeable generation of
waves at other frequencies (e.g., at a frequency 4w; + ).
However, in this case, reconstruction of the corresponding
components of the nonlinear susceptibility tensor
}2(3) (z, 01 + @y + @3, @Dy, My, @3) will require three series
of measurements. In each of these series, for different
angles of incidence it is necessary to determine the trans-
mission and reflection coefficients of the signal wave with
one of the three frequencies and four conversion coefficients
of this signal wave into weak waves with other two
frequencies. As a result, the number of necessary measure-
ments increases more than twofold compared to the case
described in detail in this paper.

Appendix 1. Proof of the uniqueness
of the solution of the inverse
electrodynamic problem

Recall that for a sufficiently wide class of functions &,(z),
emn(2), r12(2) and ry1(2) (piecewise continuous and bounded,
or even only integrable [9]) the system of equations (3) has
continuously differentiable solutions that we will sometimes
write for brevity in the form of a column

wa-(3)- (1)
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Let the columns (?,n(z, A), where m =1, 2, 3, 4, be the
solutions of system (3) with boundary conditions

- (3). e8] (1)

s (0), 22| - (3),

z=z7

o= (3). 2| -(3)

an = (). 28] (1),

Then for any /4 they form a fundamental system of

solutlons of equatlons (3) and the solutions ¢ + (z A),

- ( A), qo+ (z A) and q), (z A) of four problems (3),
(4) can be written as

(AL1)

79z =9 0,(z,2) + CY 0,(z,2)

+ O 932, 2) + L 94(z,4), (A1.2)

where ¢ = 1 corresponds to the case when a signal wave
with frequency w; is incident on the plate, and g =2
corresponds to the case when a signal wave with frequency
@, is incident on the plane; the plus sign corresponds to the
incidence of the signal wave in the positive direction of z
axis, and the minus sign — in the negative direction.

Consider the most important and easily implemented
experimentally case 1 € (0, min{kg,, kg, }), when k. and k,,
are real values. Substituting g?i(q from (A1.2) in (4) and
us(il%g (A1.1), we obtain the expressions for the coefficients
Cﬂ’lqi:

Clqr) =1 +R)E ., Cl(l) =T E._, C2(li) = Gj(;21>Eli>
O = —iki.(1 = Ry )Ey,, € =ik Ty E,_,

c) = —ikp.GPVE ., ) = (GMVEL),

O =1+ Ry ) By )", €Y =

2 =(T,_E,_)",

) =ik, (G E2i)7 CL ik [(1 = Ry ) Eny ',

2 . *
CyY = —ikp.(Tr E, ).

In addition, we find sixteen linear equations relating the
elements of columns (pm(z )) and their derivatives at point

with coefficients R,,, T,. and Gq‘) g=1,2,

Z=12) q

v=1,2):

T fi+G3fh=1+R_, (G

( 12)) ,

(A1.3)

)f1+T2 =

T fi+G3f=6%, (GUD)f+T5 fi=1+R;,

Ry fi+ G Vs 4 fs = Ty,

(G H)) N+ R fo+Te= (Gilz))*,

R i+ GVt fr =GP, (G i+ Re fa+ fy = T3,

Ti_fo + GPVfio = iki.(1 — R,),
(GUNY Sy + T3 fig = =ik (G1P),

2 .
Ry fo+ G2 g+ /s = —iki- o (A14)

(G) fo + Ris fro +.fis = =ik (GLP)),
Ty fi +GPVfy = iky.GPY,
(G(fll))*fn + T3 fin = —iky.(1 — R3_),

Ry fu+ Gfl)flz +fis = ikz:Gim,

(G N+ Ri fia + fro = ko TS

In (A1.3), (A1.4) we have used the notations

fis(kiz) = Pin(4) £k Pan(4),

fz,e(k2z) = Yo () Fiky, Pan(4),

f3,7(k1:) = 'Plg(/L) iiklzgl3g(/1)’

Jag(kao) = Wau(4) Fiky. Wae(4),

(A1.5)

Sou3(ki2) = Vin-(4) £k P3p-(4),

Sr01a(kaz) = Pono(4) F iko. Pan-(4),

Sinis(kr) = Pig-(4) £k, P3,-(4),

Si216(kaz) = Wau-(4) F ikp-Pag-(4),

where
_ d(pmg (27 /1) .
dz . ’

¥un (A) = lIlmg ()) =

From equations (Al.3), (Al.4) and the constancy of the
Wronskian of (3), we can, in particular, obtain that Dy, =
T, T5 — (GG =1 15 — (G')'GEY %0 at
klszZ 7& 0.

Thus, for 4 € (0, min{kg;, ki»}) from equations (A1.3)
we can find the functions f;(k,.), f>(k».), f3(ki.) and f4(k».):

(pmh(z%)‘); (ng(z27 j')

75 (1+R,.) - G2 (G"?)

fl (klz) = Do s




Spatial profile reconstruction of individual components of the nonlinear susceptibility 539

7, (GU) —(1+R)(G"Y)”
f (kZZ) D 5
0
(A1.6)
T*,ng) —(1+RE GEZI)
f3(k1:): : (D : ) >
0
Ty (1+R; ) -G (MDY
f4(k2:) = D
0

On the other hand, the system of equations (3), obtained
for nonnegative values of A, can formally be considered at
all, including complex, values of 1. For each fixed
z € [z1,2,] its solutions @,4(z,4) and @,,(z,4) are the
single-valued analytic functions of A without any singular
points in the final part of the plane, i.e., integer functions of

A9, 10]. Hence, 'th and ‘ng are also mteger functions of
/ and, therefore, ki, = k¢; — 4 or ki. = k¢, — 4. The latter
means that ¥, and ¥,, are even integer functions of k.
or k., while f} 5 and f,4 by the definitions (A1.5) are the
integer functions of k. and k,., respectively. Given the
parity of the functions ¥,;, and ¥,, relative to kj.,. from
(A1.5) we obtain the relations:

Si3(ki) +fis(=ki2)

Yinieg(4) = 3 ,
k —ky.
W nal) = Si3(kyz )zikfm( 1-)’
2 (AL.7)
k
Wopsg(2) = Sfralks:) +2f24( )’
Wy ag(2) = —fralkaz) + fra(—ks.)

21k22 ’

where A= k2 =k —ki. = kg — ki.. Applying the results
f [11] to system (3), we immediately obtain that to
determine unambiguously &,(2), €,2(2), r12(2) and ry(2) it is
sufficient to know ¥,; and ¥,, on the whole complex
plane of A4 values.
Let the coefficients T;_, R,_, G?" (v =1, 2) be known
for some interval of angles of 1n01dence 0< ocl(l) <

o < ocf ) < n/2 and the coefficients 7,_, R,_, " — for
some interval 0 <ol <o, < a22 <mn/2. In this case,
ko; sin oc](l) = kg, sin ocz( ) and kop sin ocfz) = kgpsino, ™.
Then, usmg (A1.6), for real wvalues of k. €

[ko1 cos ocl(2 ko) cos ocl(l)] and k. € [ky, cos oc2< , ko> cos ocgl)]

we can find fi3(ki;) and fy4(k,.), which are the integer
functions. This is sufficient for their unambiguous analytical
continuation onto the whole complex plane of k. and k,.
values, respectively [10]. Knowing f; ;(k;.) and f5 4(k,.), and
using (A1.7) we can find ¥,,,(1) and ¥,,s(2) for any 4, and
thus uniquely determine &,,(2), €n(2), ri2(2) and ry(z). A
similar result can be obtained usm]g the known coefficients
Tiy, Ry, va) and Ty, Ry, G+ K

Appendix 2. Functional for the unique
reconstruction of profiles of the coefficients
&n1(2)s €n2(2), r12(2) and ry(2) in the system

of equations (3)

Suppose that for some range K of values k, we exactly
know the coefficients of transmission, reflection and

conversion of the signal waves with frequencies w; and
w, for a layer whose boundaries have coordinates z = z;
and z—22 In other words, we know T+(kx) R, (ky),

‘” (ky) and (or) T, (k,), R, (k,), G“ @(k,). To recon-
truct the coefﬁc1ents &n1(2), 8n2(z), ri2(z) and r,(2) of the
system of equations (3) we find eight solutions

0z 7) = <$hf’) (P=1.23....8)

gp

of an auxiliary system of equations with four test functions
g;;(z), coinciding with system (3) at ¢;;(2)= & (2),
422(2) = €n2(2), q12(2)=112(2), 421(2)=r21(2):

d oy w121111(2) w12912(2)¢g
d2+{ 2 =2y +———=0,
(A2.1)
dz(p wz*() mz*()
I 2q22(Z 4 2421(2)Pn
dz? +[ c? _A]q)g—’—T 0

Eight solutions (A2.1) we
boundary conditions:

are interested in satisfy the

®n1(21) = an, dzll’zm T bya,
Pq1 (z1) = Ag,s dc(/;zgl - = bg2,
Pra(22) = ani, % T b1,
P (22) = ag, dZ’ZgZ . = by,
Pn3(21) = ang, délpzm . = by,
Pg3(21) = dgas d:ff . =by,
Pra(22) = aps, d((jp;4 . = b3,
Pea(22) = ag, d(qjozg4 . = bg3,
(A2.2)
Pns(21) = dnes % . = by,
Pgs(21) = ags, d:;zgs . = by,
Pre(22) = ans, d;p;6 . = bys,
Pg6(22) = ags, d:;zgé . = bys,
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Pu7(21) = ang, dfjo; ) = bns,
(Pg7(21) = dgg, d:; . = ng
Prs(22) = an7, d(;ozhg '222 = by,
(pg8(22) = g7, % . = bg7'

12)\%
Here, nt s = —Tlia apppz =1+ Ryy; ah5h7:(Gi )y

Anehg = (G b, hzﬁ = Fik. Ty b, Pf’ Fik(1-
R1<-2t2), bpspr = éllﬁ (G5 by ns = 1k12(GL )5 gy 3 =
G A2 g4 = G5 ags, 3,8(2 ] T3y; Qg7 =1 + Ry.; by g3 =

ikZzG;(t 3 b =—1ky. G5 byses = Fiky, Toy; b
Fiky.(1— Rys).
Consider now a nonnegative functional

8
ol = | 4t Y- iyl @) = a1
p=1

26,87

& 2 d(php b ?
+'“gp‘q’gp( ) = dgp|” + By daz |, " Pw

do 2
+ B 4o o by, } (A23)

on the set of four test profiles §(z) = {qi1(2), ¢12(2),
¢21(2), g22(2)}, constructed in accordance with the principles
described in detail in [4]. In (A2.3), a’m.7 23, dy, s = 71
and the weight coefficients wy,, iy, i, and f,, are any

fixed nonnegdtlve numbers. Moreover, if we only know
Tyvs Ry qu (g=1,2; v=1,2), then uy pynsne # 0
Hgl,g2.05,06 7é 0 ﬁhl,hZ,hS‘h(u 7& O ﬁgl,g2,g5‘g6 7& O while  the
remaining weight coefficients are equal to zero. If only
T,., R, G are known, then, on the contrary,
Hh3.ha,h7.08 #0, g3 g4.07,68 #0, ﬁh37h4,h7,h8 #0,
Bo3 40708 7 0, while the remaining weight coefficients are
equal to zero.
The functional G,[g] is a measure of the difference of the
coefﬁc1ents of transmission, reflection and conversion qu,
Ty, G @) for a layer with a set of profiles G(z) from the
measured coefficients. Indeed, a comparison of formulas (4)
at £, = 1 with (A2.2), (A2.3) shows that G, = 0 only in the
case of complete coincidence of the coefficients T 0+ (),
R, (ky) and G“(k,) and (or) T, (ko). R, (k, ) and
‘%"" )(k,) with the coefficients T, (k, ) R, (k, ) G\ (k,)
and (or) T,_(k,), R,_(k,), G (kv) in the range of K. In
Appendix 1 it was proved that this coincidence is only
possible in one case. Thus, the reconstruction of &,(z),
e (2), r12(2) and ry (2) is reduced to finding a set of test
functions q<°)(z), which correspond to the only zero mini-
mum of the functional G,[g]. Note that the profiles ¢,,(z, ®,)
of the linear permittivity of the medium and the spatial
distribution of the electric field Ef(z) of a high-power wave
in the plate can be reconstructed using the method I;roposed
in [7] and [4], respectively. Having found q (z) and
knowing ¢,,(z, w,) and Ei(z), we obtain

where ¢ =1,2; =149

/)
3) g 2
nyyy(z70) —y;, (03,(03) 4 EZ(Z)
(0) z) —&,,(z,0,)
(,3.),,27w7w —3, ® qqq( - =,
Ly (2,04 3 03) = 81t|Ef(Z)|

ql; (O] +CO2 = 2(})3.
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