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Abstract.  The filamentation of a femtosecond laser pulse with a 
non-Gaussian transverse intensity profile has been studied experi-
mentally and by numerical simulation. The results demonstrate 
that the distance to the filamentation region can be evaluated using 
the Marburger formula in which the critical power of self-focusing 
at a beam quality factor M 2 exceeds that for a Gaussian beam by a 
factor of (M 2)2. The characteristics of the filament resulting from 
self-focusing depend little on the beam quality factor: both the fila-
ment energy and diameter coincide. If the beam is passed through 
an aperture, a filament forms on a diffraction ring, and its param-
eters coincide with those of a filament formed with no slit (provided 
the initial pulse parameters coincide).

Keywords: femtosecond laser pulse, filamentation, critical power 
for self-focusing, multimode radiation.

1. Introduction

The formation of extended channels of nanosecond laser 
radiation due to self-focusing in air was demonstrated experi-
mentally by Basov et al. [1] in the late 1960s, and the filamen-
tation of high-power femtosecond laser pulses in gases at 
atmospheric pressure was first reported in the mid-1990s [2]. 
The filamentation of laser radiation has since been the subject of 
intense research [3, 4]. This phenomenon is of interest in relation 
to remote sensing [5], generation of high-power few-cycle optical 
pulses [6], terahertz radiation generation [7, 8], third-harmonic 
generation [9, 10], polarisation ellipse rotation at the fundamen-
tal [11, 12] and second-harmonic [13, 14] frequencies, four-
wave mixing in filaments [15] and other issues and effects.

Most filamentation-related nonlinear optical phenomena 
were studied experimentally using a focused beam [3, 4] gen-
erating a single filament. For a number of applications, how-
ever, a collimated geometry was shown to be more advanta-
geous [16 – 18]. The peak pulse power in Refs [16 – 18] exceeded 
the critical power only slightly, so no multiple filamentation 
developed. In theoretical and numerical studies of filamenta-
tion-induced nonlinear processes, the beam incident on a 
nonlinear medium is usually taken to be axisymmetric [3, 4]. 
At the same time, amplitude and phase distortions of the 
transverse intensity profile in real laser systems accumulate in 

the amplifier cascade, and the output beam profile turns out to 
be amplitude- and phase-modulated, i.e. the beam becomes 
multimode. This is of particular importance for high-power 
laser systems with a 10-Hz pulse repetition rate because they 
have a considerable number of amplifiers and are subject to 
transient thermal lensing (the beam quality factor of such sys-
tems without adaptive mirrors is typically well above unity).

In this paper, we present an experimental study and 
numerical simulation of the formation and evolution of a fila-
ment produced by the beam of a Ti : sapphire laser system 
pulsed at a repetition rate of 10 Hz.

2. Filamentation of a multimode beam: 
experiment and computer simulation

In our experiments (Fig. 1), 55-fs pulses of 805-nm radiation 
(pulse energy in the range 0.5 – 2.5 mJ, repetition rate of 
10 Hz) travelled a distance l = 6 m from the output of the 
compressor of the laser system [19] to a telescope (the slit 
shown in Fig. 1 was not used). The average full width at 
half   maximum (FWHM) diameter of the multimode beam  
( 1.4 0.1)M 2 !.  was 7 mm, and the peak intensity was I ≈ 
1011 W cm–2, so the phase shift due to Kerr nonlinearity, n2Ikl, 
over a distance of 6 m was within 0.5 rad (n2 = 10–19 cm2 W –1; 
k is the wavenumber corresponding to wavelength l). Using a 
telescope consisting of a lens (F = 4.52 m) and spherical 
dielectric mirror (F = –1 m), the beam was compressed to an 
FWHM diameter of 1.5 mm and directed to the required path 
(the path length was measured from the surface of the spheri-
cal mirror of the telescope, z = 0) for filament formation.

In the beam path from the spherical mirror, a photodetec-
tor system was mounted on a purpose-designed rail. The sys-
tem comprised a quartz wedge reflecting 4 % of incident radi-
ation, calibrated attenuation filters and an Ormins Model 
U2C-14S415 CCD camera (782 ´ 582 pixels; pixel size, 
8.3 mm). To measure the transverse energy density distribu-
tion, the wedge holder, rigidly connected to the CCD camera, 
was translated along the filament on the rail (z = 1.3 – 4 m). 
The image from the CCD camera was fed to a computer for 
analysis and comparison with numerical simulation results. 
The main characteristic to be measured was the energy den-
sity distribution, F(x, y, z), which was found as the time inte-
gral of the intensity at a distance z:
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The transverse energy density distribution measured a dis-
tance z = 1.3 m from the spherical mirror (Fig. 2a) had a cha
racteristic FWHM size of 500 mm (Fig. 2a, black contours).
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In the beam path accessible for measurements, filament 
formation was observed starting at pulse energies of 1.5 mJ. 
The front end of the filament corresponded to an axisymmet-
ric mode (Fig. 2b, z = 2.3 m), which correlates with evidence 
for beam profile symmetrisation and ‘cleaning’ upon femto-
second pulse filamentation in air [20] and water [21]. The axi-
symmetric profile persisted throughout the filament.

The z-coordinate where filament formation begins can be 
evaluated as [22]
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where a is the 1/e beam radius. At a pulse energy of 2.5 mJ, the 
self-focusing distance, zf, coincides with the experimentally 
determined value (Fig. 3, square and asterisk at z = 2.3 m) if 
the critical power for multimode beam self-focusing, Pcrit, is 
taken to be 20 GW, i.e. twice the critical power for an axisym-
metric Gaussian beam in air (Pcrit G = 10 GW [3, 4]). The ini-
tial pulse energy of 1.5 mJ is the lowest possible for filamenta-
tion under the conditions of our experiments (P/Pcrit = 1.3). 
Because of the high critical power for self-focusing, no multiple 

filamentation was observed in our experiments at pulse ener-
gies of up to 2.5 mJ.

The beam quality factor, M 2, is the ratio of the divergence 
of a beam to that of a Gaussian beam, and the critical power 
for self-focusing of a Gaussian beam is near the lowest level 
[3, 4]. It is therefore reasonable to expect that the first to focus 
will be a nearly Gaussian mode, with a critical power Pcrit G. 
The critical power for a multimode beam is then

.P M Pcrit critG
2 2. ^ h 	 (3)

Indeed, according to experimental data we have M 2 » 1.4, 
Pcrit G = 10 GW. Since we take Pcrit » 20 GW in (2), relation (3) 
is fulfilled.

In numerical simulation of multimode beam filamenta-
tion, we used a three-dimensional (3D) time-dependent model 
for light propagation (in x, y, z, and t coordinates) [23, 24]. 
The energy density distribution in Fig. 2a, with a flat phase 
front, was used as the initial condition. The initial pulse 
energy was W0 = 2.5 mJ, and the pulse FWHM was 55 fs. 
Figure 2c shows the simulated energy density distribution at a 
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Figure 1.  Schematic of the experimental setup for investigation of the filamentation of high-power laser pulses with a multimode beam structure.
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Figure 2.  Energy density distributions for pulse filamentation: (a) mul-
timode distribution, (b) distribution containing an axisymmetric mode, 
(c) simulated distribution. The black contours indicate the half-maxi-
mum level of the energy density at a given z value.
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Figure 3.  Beam diameter as a function of z (experimental data and nu-
merical simulation in a 3D time-dependent model) and peak intensity as 
a function of z (simulation results).
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distance corresponding to filament formation (z = 2.3 m). 
Like in our experiments, higher order modes are eliminated 
in  the simulation, leading to the formation of an axisym
metric mode as a result of self-focusing [25] in the filament 
(Figs 2b, 2c, black contours), and the low-energy-density 
background has a quasi-elliptical distribution, in reasonable 
agreement with the experimental data (Figs 2b, 2c, white 
contours).

The formation of an axisymmetric mode in our experi-
ments and numerical simulations is illustrated by the varia-
tions of the filament FWHM in two mutually perpendicular 
directions (dx and dy) with z in Fig. 3. In the initial stage of 
filament formation, at relatively low intensities (z = 
1.3 – 1.7 m), both dx and dy vary markedly. For z > 1.7 m, they 
decrease monotonically. After filament formation, at z = 
2.3 m, dx = dy = d to within ~ 2 %, i.e. the transverse energy 
density distribution is axisymmetric. The simulated beam size 
(minimum diameter, 160 mm) agrees with experimental data 
(200 mm) if the diffraction-induced beam divergence in the 
measurement system is taken into account. According to 
Kosareva et al. [26], the calculated peak intensity is limited to 
75 TW cm–2 by a self-induced laser plasma. In our simula-
tions, the high-intensity region with an axisymmetric spatial 
profile about 200 mm in diameter extends over about 1.5 m (z 
= 2.5 – 4 m). Note that it is in this region where efficient com-
pression of a 50-fs laser pulse to several femtoseconds is pos-
sible [6, 16 – 18].

When a multimode laser beam is used in experiments, the 
energy of the axisymmetric mode of the filament (Figs 2b, 2c) 
would be expected to be lower in comparison with an origi-
nally Gaussian beam. It is necessary to evaluate the filament 
energy because the efficiency of nonlinear optical conversion 
of the input pulse energy may be lower in the case of a multi-
mode beam. In both experiments and numerical simulations, 
the filament energy, W1/2, can be found by integrating over 
the region of the beam, S, where the energy density, F(x, y, z), 
is at least half the maximum energy density, Fmax, at the same 
value of z:

( , , ) .d dW z F x y z x y/1 2 =

S
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At the beginning of the beam path (z = 0 for a Gaussian 
beam and z = 1.3 m for a multimode beam), W1/2 is ~1 mJ for 
both an axisymmetric Gaussian beam and a multimode beam 
(Fig. 4, dashed and solid lines, respectively). Beam self-com-
pression as a result of self-focusing reduces W1/2 (the area of 
integration with respect to transverse coordinates decreases 
more rapidly in comparison with the increase in energy den-
sity in it), which drops to a local minimum at the beginning of 
the filament: at z = 0.75 m in the case of an ideal Gaussian 
beam and at z = 2.3 m in the case of a multimode beam (Fig. 4, 
dashed and solid lines). With increasing distance along the 
filament, W1/2 drops to 80 – 100 mJ for both a Gaussian and a 
multimode initial spatial distribution. The compressed pulse 
duration in the axisymmetric mode of a filament 160 – 200 mm 
in diameter (Fig. 3) reaches 7 – 8 fs [6, 16 – 18] and is indepen-
dent of the initial energy density distribution across the beam. 
Thus, the energy of a pulse compressed to a minimum dura-
tion of 7 – 8 fs is ~100 mJ and depends only slightly on initial 
beam quality. Note however that the distance where such a 
pulse forms depends significantly on initial beam quality.

3. Filament formation in an apertured beam

Travelling over a few to tens of metres, a light beam always 
encounters apertures whose diameter exceeds the beam diam-
eter (mirrors, beam splitters, polarisers, etc.). This changes 
the convergence and transverse intensity profile of the beam 
through diffraction effects. In connection with this, we car-
ried out a number of experiments concerned with filament 
formation when a beam was passed through an 18-mm-diam-
eter aperture mounted 2 m from the compressor (recall that 
the FWHM beam diameter in our experiments was 7 mm; see 
Fig. 1). For comparison, an experiment was performed with 
no slit. The beam parameters in that experiment were the 
same as in the preceding experiment except that the pulse 
energy was 4.5 mJ both in the presence of the slit and without 
it, and the beam quality factor was M 2 = 1.8 ± 0.1.

Filament formation in a beam passed through an aper-
ture (Fig. 5a) differs from that with no slit (Fig. 5b): as a 
result of the diffraction from the edge of the slit, the beam 
acquires a ring structure in which the inhomogeneity of the 
transverse intensity profile above the critical power for self-
focusing produces a filament. Filament formation from a ring 
structure similar to that in Fig. 5a was also demonstrated 
by numerical simulation [27]. At the same time, when there 
was no slit, a filament was produced approximately at the 
beam axis.

When a slit is mounted in the beam path, filamentation 
develops earlier (see also experimental data and simulation 
results in Daigle et al. [27]) than with no slit because there is a 
primary disturbance in the beam and its effective diameter is 
smaller than the total beam diameter [see Eqn (2)]. This is 
supported by the data in Fig. 6, which shows the beam dia
meter, d, as a function of beam path, z, in experiments with a 
slit (z = 1.5 m; at smaller distances, the beam diameter cannot 
be evaluated because of the ring structure) and without it. 
Indeed, the beam diameter drops to ~500 mm at z = 1.5 m 
after the aperture and at z = 2.4 m when there is no slit. 
Subsequent evolution of the filament with increasing distance 
differs little from that with no slit: its parameters stabilise. 
Note also that, when there is no slit, the filament formation 
distance is consistent with Eqns (2) and (3) given that both the 
pulse energy and beam quality factor in this experiment 
exceed those in the first experiment.
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Figure 4.  Energy in the highest intensity part of the beam, W1/2, as a 
function of z.
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4. Conclusions

Our experiments and numerical simulations demonstrate that 
the self-focusing distance of high-power multimode femtosec-
ond radiation from a typical Ti:sapphire laser system can be 
evaluated using the Marburger formula (2), in which the criti-
cal power of self-focusing exceeds that for an ideal Gaussian 
beam by a factor of M 2 2^ h . The characteristics of the filament 
resulting from self-focusing depend little on the beam quality 
factor: both the filament energy and diameter coincide. This 
means that various nonlinear effects can be detected in a fila-
ment formed from a collimated multimode beam, but the dis-
tance from the telescope where they can be detected will 
exceed that in the case of a beam with an initially Gaussian 
intensity profile.

If the beam is passed (before the telescope) through an 
aperture whose diameter exceeds the FWHM beam diameter, 
filament formation occurs on a ring structure that results 
from diffraction by the edge of the slit. Nevertheless, the dis-
tance to the beginning of a quasi-steady-state filament formed 
under such conditions, its dynamics and its energy are not 
influenced by the slit.
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Figure 5.  Comparison of filament formation dynamics (a) with a slit 
and (b) without it.
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Figure 6.  Beam diameter as a function of distance z along the beam 
path with a slit and without it.
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