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Abstract.  A two-dimensional numerical model of the active medium 
of a fast-flow electron-beam-controlled CO laser, taking the latest 
achievements of state-to-state vibrational kinetics into account, is 
developed. The model includes detailed kinetics and spatial descrip-
tion of non-self-sustained discharge in the gas flow. Using this model 
the basic characteristics of two schemes of a gas-flow CO laser with 
subsonic and supersonic flow of the gas mixture are compared. 

Keywords: CO laser, two-dimensional numerical model, non-self-
sustained discharge, vibrational kinetics, energy balance.

1. Introduction

The CO laser holds a high position among cw gas lasers, and 
numerous papers are devoted to theoretical studies of kinetic 
processes in its active medium [1 – 4]. Originally the analytical 
[5 – 7] and simplified [8] models of the vibrational kinetics were 
developed, which allowed estimation of the characteristics of 
CO lasers. With the appearance of high-efficiency computation 
technique, besides the analytical models, numerical models of 
the active medium appeared that allow simultaneous solution 
of one-dimensional equations of gas dynamics, kinetic equa-
tions for vibrational energy levels, and Boltzmann equations 
for the electron energy distribution function (EEDF) [9, 10], 
as well as calculation of the radiation intensity in the diffrac-
tion approximation [11].

The necessity for modelling high-power gas lasers is still 
urgent. In this case an important problem is the appropriate 
account  for  spatial  inhomogeneity  of  the  excitation  power 
density and the active medium heating, arising from non-uni-
form  ionisation  of  the  gas  by  fast  electrons  and  boundary 
effects. Spatial inhomogeneities of the discharge may lead to 
worsening the quality of laser radiation, the characteristic of 
primary importance in laser design. 

In the present paper we describe a two-dimensional model 
that  accounts  for  the  spatial  inhomogeneities  of  the  active 
medium ionisation, of  the electric  field and of  the gas  flow. 
The model includes detailed description of vibrational kinet-
ics,  based on  the  results of  semiclassical  calculations of  the 

rate  constants  for  different  processes,  including multiquan-
tum ones.

2. Numerical model

The numerical model is based on the earlier one that includes 
the equations of gas dynamics in the thin-flux-tube approxi-
mation, the equations of electrodynamics, the equations for 
concentration of electrons, and the equations of vibrational 
kinetics in the approximation of the analytical theory [12, 13]. 
The new model is completed with the Boltzmann equation for 
EEDF  in  the  two-term  approximation  with  the  collisions 
between electrons and vibrationally excited molecules taken 
into account, and with the equations of state-to-state vibra-
tional kinetics. The present model allows the most complete 
description of the processes of the vibrational energy acquisition 
and relaxation at any degree of excitation, including very high 
vibrational energy levels. 

To calculate the rate of ionisation of the CO-laser active 
medium by a beam of fast electrons, we used the Monte Carlo 
method in the approximation of ‘effective collisions’ [14, 15] that 
correctly  takes  into  account  the  specific  features  of  the  gas 
discharge chamber (GDC) construction and the spatial inho-
mogeneity of the current density distribution in the electron 
beam.
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Figure 1. Block  diagram  of  the  two-dimensional  numerical model  of 
the active medium in a fast-flow CO-laser:  
E(x, y) is the electric field strength; ne(x, y) is the concentration of elec-
trons; T (x, y) is the translational gas temperature; r(x, y) is the density 
of the mixture; Q(x, y) is the specific power of gas heating; qion(x, y) is 
the rate of the active medium ionisation. 
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The model comprises several computational units describ-
ing  different  physical  processes.  The  equations  that  enter 
these units are solved sequentially and the values of parame-
ters are exchanged between the units. The block diagram of 
the numerical model is presented in Fig. 1.

2.1. Gas dynamics calculation in the thin-flux-tube  
approximation

We consider a steady-state flow of the gas mixture in the dis-
charge chamber, whose cross section may vary along the flow. 
In  the  vertical  direction  the  flow  is  divided  into  thin  (one-
dimensional)  flux  tubes  such  that  in a cross  section of each 
individual  flux tube the parameters of  the flow are uniform 
and the velocity of the flow has a fixed direction. 

In the equations of gas dynamics, alongside with the heat-
ing due to dissipation of vibrational energy, the direct heating 
of the gas in the discharge was taken into account. The direct 
heating is caused by the presence of elastic losses in the colli-
sions of electrons with heavy particles and by the excitation of 
rotational states, whose energy quickly relaxes into heat. The 
results of the experimental studies of the fraction of the pump 
power that goes straight into heating of N2 and CO – N2 mix-
tures under discharge are presented in a number or papers. In 
nitrogen the experimentally measured fraction of power that 
goes directly  into heat  is  in good agreement with  the calcu-
lated one  [16]. For CO – N2 mixtures the difference between 
the results reported by different authors is very large, and the 
question is still far from clarity [16]. Determination of the pump 
power fraction, lost in such mixtures due to direct heating in 
a non-self-sustained discharge, by solving the Boltzmann equa-
tion for EEDF [17] yields strongly underestimated values, as 
compared with the results of the experiments [18 – 20]. Possible 
reasons of  this  fact were analysed  in  [16, 21].  In  the present 
work we used the fraction of the pump power 15 % (lost by 
direct heating), which is close to the experimental data, obtained 
under the conditions, typical for operation of electron-beam-
controlled CO lasers  [18 – 20]. This approach provides satis-
factory agreement between theory and experiments aimed to 
determine the energy characteristics of CO lasers and the initial 
growth dynamics of the small-signal gain [22].

2.2. Equations of vibrational kinetics

We solved numerically the equations of the state-to-state vibra-
tional  kinetics  for  the molecules CO and N2, which  can be 
presented in a simplified form as
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The terms in the right-hand side of the equations describe the 
variation of the population Nu of the vibrational energy level 
with  the number u,  caused by  the  following processes:  the 
collisions of molecules in different vibrational states with the 
electrons of plasma (excitation and de-excitation of vibrational 
states) and with each other (VV exchange),  the exchange of 
vibrational energy between different molecules (VV' exchange), 
the transfer of vibrational energy into translational one under 
collisions with atoms and molecules (VT relaxation), the spon-

taneous and  induced  emission,  as well  as  the  change  in  the 
pressure p and the temperature T in the gas flow; V(x) is the 
velocity of the gas flow.

In  the  description  of  the  vibrational  energy  exchange 
between  the CO molecules we used physically  justified and, 
up to date, the most complete set of VV-exchange rate con-
stants,  including  those  of  both  single-quantum  and  multi-
quantum processes. The role of  the  latter becomes essential 
for high vibrational levels [23], which is of particular impor-
tance for modelling the characteristics of the active medium 
of a CO laser in the absence of radiation and under the oscil-
lation at the transitions of the first vibrational overtone of the 
CO molecule [22]. The rate constants of the single-quantum 
VV exchange between the N2 molecules, CO and N2 molecules 
were chosen in correspondence with [24]. The rate constants of 
asymmetric VV exchange (two quanta for one) between highly 
excited and nonexcited CO molecules were taken from [23], 
and for the processes of asymmetric VV exchange between the 
CO and N2 molecules from [24]. 

2.3. Boltzmann equation for EEDF

In  the  solution of  the  stationary Boltzmann  equation  for  a 
spherically symmetric component of EEDF within  the  two-
term approximation [25, 26] the excitation of molecular rota-
tional  energy  levels  of N2  and CO was  taken  into  account 
using the diffusion approximation [16]. The cross sections of 
scattering of electrons by nonexcited CO molecules were taken 
from [27 – 29] and for N2 molecules from [30]. The cross sec-
tions  for  the  resonance part of  the vibrational excitation of 
CO molecule  from  the  ground  state,  taken  from  [29], were 
multiplied by 1.3 following the recommendations of [28, 31]. 
The collisions of the electrons with vibrationally excited CO 
molecules were taken into account. To determine the cross sec-
tions for the collisions of the second kind we used the principle 
of detailed balance. The  interaction of electrons with vibra-
tionally-excited molecules has different character depending 
on the energy  level number u  [32]. For u £ 9  the scattering 
occurs mainly via the state of a short-lived negative ion and 
possesses a large resonance cross section. For u > 9 the poten-
tial  scattering becomes  essential, whose  cross  section grows 
monotonically with the energy level number, attaining ~10–16 
cm2 at u ³ 30 [33]. Considering the collision of electrons with 
the CO molecules, occupying high (u > 10) vibrational energy 
levels,  we  took  the  processes  of  potential  interaction  into 
account.

The numerical algorithm for solving the Boltzmann equa-
tion for EEDF is described in [34]. The differential equation 
was replaced with a finite-difference scheme, defined on the 
energy-uniform mesh. The resulting set of linear equations was 
solved using the sweep method followed by iterations for the 
right-hand sides of the equations.

2.4. Equation for electron concentration and current  
continuity equation

The distributions of the electric field strength E and the dis-
charge current density j were calculated in the approximation 
of quasi-neutral plasma from the equation div j = 0 using a 
finite-difference scheme under the condition of total current 
conservation, where j = |e|me neE; E = –grad j; e is the elec-
tron charge; me and ne are the mobility and concentration of 
electrons; j is the field potential. The mobilities me were deter-
mined using EEDF.
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The balance equation  for  the concentration of  electrons 
has the form

( , ) ,
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where r is the density of the mixture; q(x, y) is the distribution 
of the rate of electron – ion pair creation in the discharge gap 
under  the  action  of  an  external  source,  calculated  using  the 
Monte  Carlo  method  [14, 15];  be  is  the  coefficient  of  elec-
tron – ion recombination. The values of be were obtained by 
approximating the experimental data, presented in [35].

2.5. Calculation of power and spectrum of laser radiation

To  calculate  the multiple-frequency  radiation  spectrum  the 
following balance  equations  for  photons  in  the  cavity were 
used:
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where Iu, j is the intensity for the given vibrational – rotational 
transition; Gu, j is the gain; j is the number of P-branch rota-
tional components; c  is  the velocity of  light; L  is  the cavity 
length; W is the outlet mirror aperture; G  is the threshold gain 
for the given transition; Au is the Einstein coefficient for the 
considered transition. Equations (3) were integrated using the 
explicit – implicit scheme [36] together with the rest equations 
for  the  active medium.  Because  of  fast  transition  to  quasi-
stationary regime, the condition Gu, j = G  was satisfied almost 
in the entire lasing region, which demonstrates the applicability 
of the ‘constant gain’ method for the active medium of the CO 
laser [37].

This method implies a number of essential simplifications. 
The oscillation spectrum is calculated at each point indepen-
dently, whereas in a real cavity the efficient ‘mixing’ of radia-
tion  between  different  regions  of  the  gas  flow  is  provided. 
Within the framework of this method the intensity variation 
along the cavity axis is also neglected. To verify the practical 
applicability of the method, the authors of [37] compared its 
results with those of a more precise one, based on the solution of 
a set of parabolic equations for the field in an unstable cavity. 
In the balance equation for photons the threshold gain was 
calculated using the formula
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where Rrefl is the effective reflection coefficient of the mirrors; 
La is the transverse size of the active medium with respect to 
the flow; Мr is the magnification coefficient of the cylindrical 
cavity. Under the conditions, typical for fast-flow CO lasers, 
it was  found  that  the  lasing  power  values,  calculated  using 
both methods, agree with good accuracy [11, 37].

The lasing spectrum, calculated using Eqns (3), contains 
2 – 3  rotational  components  of  the  P  branch  at  each  vibra-
tional  transition, whereas  in  the diffraction model only one 
rotational component corresponds to each vibrational transi-
tion.  However,  as  follows  from  the  calculated  results,  the 
radiation power distributions, obtained using both methods, 
are rather close to each other. Moreover, at the cavity axis the 
diffraction model yields the same number of P-branch rota-
tional components, as the method of ‘constant amplification’.

3. Numerical implementation of the model

The  model  is  realised  using  the  FORTRAN  programming 
language. In the zero-order approximation the temperature, 
velocity and density of the gas in each flux tube were taken 
equal to their values at the entrance of the GDC. The initial 
concentration  ne  of  electrons  was  taken  equal  to  the  small 
‘background’ concentration. It was assumed that at the metallic 
cathode the potential j = –U (U being the voltage applied to 
the discharge gap), and at  the metallic anode j = 0. Along 
each  flux  tube  the  electron mobilities, previously  calculated 
by solving the Boltzmann equation for EEDF, were specified, 
as well as the rate of ionisation of molecules and atoms by fast 
electrons.

The set of equations, described above, is solved using the 
iteration method. The main  computation  cycle  includes  the 
calculation  of  the  concentration  of  electrons,  the  potential 
and  strength of  the  electric  field,  and  the discharge  current 
density. The elliptic equation for the potential is approximated 
using the conservative (conserving the full current) finite-dif-
ference  scheme,  constructed  on  the  orthogonal  mesh.  The 
kinetic equations for vibrational energy levels are integrated 
along each flux tube using the Gear method [38]. The result-
ing data arrays for the radiation power, heating power, and 
the populations of the vibrational states are returned to the 
main cycle of the program to perform the next iteration.

The exit from the iteration cycle is determined by the con-
vergence of the temperature T(x, y) in all nodes of the mesh 
with the prescribed accuracy. The PC time consumption per 
cycle depends on the number of thin flux tubes, e.g., for 10 flux 
tubes it was nearly 5 minutes. To provide the relative accuracy 
of 10–3 about five iterations were necessary.

4. Numerical modelling results and discussion

The model was used for comparative analysis of two schemes 
of an electron-beam-controlled CO laser, one with subsonic 
[39] and the other with supersonic [40] flow of the gas mixture. 
In the subsonic scheme the gas mixture is cooled in special cool-
ing units before entering the GDC, while in the supersonic one 
the  cooling  is  implemented  via  adiabatic  expansion  of  the 
mixture in the supersonic jet. 

The calculation was performed with the input parameters 
listed below. The present choice of the parameters provided 
nearly  the same  input energy  for both schemes at  the given 
voltage applied to the discharge gap. Note, that for the sub-
sonic CO laser the input energy ~150 J g–1 is easily accessible, 
whereas for the supersonic CO laser this value is close to an 
extreme one because of the necessity to provide a large cur-
rent density  in  the beam of  fast electrons. For  the subsonic 
CO laser the divergence of the gas dynamical tract along the 
flow  was  introduced  to  prevent  transition  into  transonic 
regime  under  the  considered  conditions.  The  change  in  the 
voltage applied to the discharge gap led to the change in the 
reduced electric field strength E/N (N  is the gas number den-
sity) in the centre of the discharge from 5 to 15 Td and to the 
growth of the specific input energy from 50 to 350 J g–1.

Input parameters for calculation

  Subsonic  Supersonic 
  laser  laser
Gas mixture  . . . . . . . . . . . . . . .  CO : N2 = 1:9  CO : N2 = 1:9
Temperature/K. . . . . . . . . . . . . . . . . . 80  80
Pressure/Torr  . . . . . . . . . . . . . . . . . . . 45  45
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Gas velocity/m s–1. . . . . . . . . . . . . . . . 90  640
Summary divergence angle  
of the jet/grad . . . . . . . . . . . . . . . . . . . .6  0
Electron beam current density  
in the ionisation source/mA cm–2  . . . . 10  160

The results of numerical modelling  show that  the varia-
tions of  temperature  in the GDC along the flow are almost 
similar for the two lasers, while the gas density distributions are 
different. Figure 2 presents the gas density distribution in the 
discharge zone. It is seen that in the supersonic CO laser the 
variation of the gas density (at the input energy 150 J g–1) does 
not exceed 6 %, while in the subsonic laser (at the same input 
energy) the gas density decreases by 40 %.

Figure 3 shows the dependence of the specific input energy 
on  the  reduced  electric  field  strength  for  the  considered CO 
laser schemes. The specific  input energy grows quadratically 
with the growth of E/N, virtually independently of the chosen 
scheme. To increase the specific input energy one needs higher 
values of E/N; however, in practice increasing E/N leads to dis-
charge instability at E/N ³ 15 Td [41].

Figure 4 shows the calculated dependence of the specific 
extracted energy on the specific input energy for the subsonic 
and supersonic CO lasers. At the values of the specific input 
energy smaller than 200 J g–1 this dependence is close to lin-
ear.

Figure 5 presents the efficiency of the CO lasers versus the 
reduced electric  field  strength E/N.  It  is  seen  that  the value 
of  E/N  exists  at  which  the  efficiency  is  maximal.  For  the 
supersonic system the maximal efficiency (32 %) is attained at 
E/N = 11 Td and for the subsonic one it is somewhat lower 
and equals 27 % at E/N = 12.5 Td.

To explain the dependence of the efficiency on E/N, it is 
necessary to analyse what happens with the energy deposited 
into  the  vibrational  states  of  the molecules  at  the moment 
they leave the discharge zone. Figure 6 presents the fractions 
of the pump power ki = Wi /Wtot (Wi being the power lost in 
the  ith  process, Wtot  being  the  discharge  power)  deposited 
into  the  induced radiation of CO molecules and  lost  in dif-
ferent processes, namely, the removal of vibrationally excited 
CO and N2 molecules from the active zone by the gas flow, 
the VV exchange, and the spontaneous emission. Note that in 
Fig. 6 the power fraction directly transformed into heat (15 %) 
is not presented.

The maxima demonstrated by the dependences  in Fig. 5 
are  caused  by  the  increase  in  the  discharge  power  fraction 
deposited into the vibrational states of N2 molecules with the 
growth of E/N, as well as by the increasing vibrational energy, 
stored by N2 and CO molecules, because of the growth of the 
gas  translational  temperature.  As  a  consequence,  the  frac-
tion of energy removed by the gas flow from the lasing zone 
(kN2

 + kCO) increases.
Comparing the results of the efficiency calculations for two 

CO lasers considered, we may explain the efficiency decrease 
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Figure 2. Distribution of the gas density in the discharge zone for the 
subsonic  (a)  and  supersonic  (b) CO  lasers.  The  height  and  length  of 
GDC are scaled to the channel height at the GDC entrance. The specific 
input energy is Qin = 150 J g–1.
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Figure 3. Dependences of specific input energy on E/N for supersonic 
(solid line) and subsonic (dashed line) CO laser schemes.
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Figure 4. Specific extracted energy versus specific input energy for the su-
personic (solid line) and subsonic (dashed line) schemes of the CO laser.
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and subsonic (dashed line) schemes
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for the subsonic laser by greater energy losses via VV exchange 
and spontaneous emission, which is due to longer time spent 
by the working gas in the GDC. Note, that the energy fraction 
transformed  into heat due  to VT  relaxation did not  exceed 

a  few  thousandths  per  cent  of  the  input  energy  for  both 
schemes (for the considered composition of the gas mixture).

In  the  calculations  of  the  laser  radiation  spectrum  the 
number j of the rotational component of the P branch at each 
point of the aperture corresponded to the maximal gain coef-
ficient. Therefore, the values of j changed along the flux tubes 
independently. Then the summation of the emission intensity 
for each vibrational – rotational transition over the flux tubes 
was performed. Figure 7 presents the vibrational – rotational 
spectra for both CO laser schemes, calculated in this way, at 
the same specific energy of excitation. The lasing spectrum for 
the  subsonic  scheme  is  shifted  to  the  long-wave  side due  to 
significantly lower discharge power.

5. Conclusions

The developed two-dimensional numerical model of the CO 
laser active medium allows  the calculation of spatially non-
uniform  distributions  of  the  pump  power  density  and  the 
laser  radiation  power  density,  the  small-signal  gains,  the 
power of relaxation losses in the active medium, and the flow 
parameters. The model uses the most complete description of 
the energy exchange processes in the active medium, known 
to date. 

The comparison of the gas density distribution in the two 
CO  laser  schemes  under  the  considered  conditions  showed 
that in the supersonic CO laser the variation of density along 
the  flow  is  6.5  times  smaller  than  in  the  subsonic  one. The 
efficiency of the laser with the supersonic gas flow velocity is 
slightly greater than that of the subsonic one. Under the con-
ditions of the calculations the short-wave edge of the emission 
spectrum  of  the  supersonic  CO  laser  corresponds  to  lower 
number of the vibrational transition, than in the case of sub-
sonic laser.
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